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ABSTRACT

Maxwell's equations beautifully describe the electromagnetic fields properties: in what follows we will be interested in giving a new perspective to the divergence-free Maxwell’s equations regarding the magnetic induction field: 
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. To this end we will consider some physical aspects of a system consisting of massive non-relativistic charged particles, as sources of an electromagnetic field (e.m.) propagating in free space. In particular the link between conservation of total momentum and divergence-free condition for the magnetic induction 
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-field will be deeply investigated. This study presents a new context in which the necessary condition for the divergence-free property of the magnetic induction field in the whole space, known as solenoidality condition, directly comes from the conservation of total momentum for the system, i.e. sources and field. This work, in general, leads to results that leave some open questions on the existence, or at least the observability, of magnetic monopoles, theoretically plausible only under suitable symmetry assumptions as we will show. 

1. INTRODUCTION

The elegant description of the electromagnetic field given by Maxwell’s equations is an universally accepted milestone in physics. Many text books describe these equations in details, together with their relative applications [1]. In what follows we will essentially discuss the Maxwell equation regarding the divergence-free property of the magnetic induction field, in order to give a new interpretation of it. We will consider a system formed by massive, non relativistic charged particles as moving sources of the electromagnetic field propagating in a homogeneous, isotropic and linear space.

The main idea concerning the link between total momentum [2] and solenoidality of 
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 field has been suggested by the structure of Lorentz’s equation in which magnetic induction acts perpendicularly to the particle’s velocities such that no work variation occurs. In an isolated system, total momentum is a constant of motion [3-4]: starting from this invariance we will deduce the necessary condition for the solenoidality of 
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.

This work leaves some open questions on the existence, or at least the observability, of magnetic monopoles: the reader interested in these topics can refer to the extensive bibliography in the literature for details [5-7]. Anyway this paper will discuss special symmetries in which the assumption of non-solenoidality for the magnetic induction field, and the consequently existence of magnetic monopoles, could subsist consistently with the conservation of the total momentum. In the present paper we will assume as a starting hypothesis that the magnetic sources are absents or, if present, their effects on the dynamics are smaller than the ones generated by electric sources. From a classical standpoint this is a reasonable hypothesis since magnetic monopoles have never been observed.
2. CHARGED PARTICLES MOVING IN FREE SPACE
Let us consider the physical problem in which a finite number of discrete moving sources, consisting of massive and non-relativistic point-like charges, create an electromagnetic field. The entire space can be thought as homogeneous isotropic and linear.  Each particle of mass 
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 [m] and non-relativistic velocity 
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 [m/s] is subject to the following Newton-Lorentz equation [1]:



[image: image9.wmf]2

2

()

((),)()((),)

drt

mqErttvtBrtt

dt

a

aaaaa

éù

=+´

ëû

r

rr

rrr


(1)


where 
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 [V/m] is the electric field and 
[image: image11.wmf]B

r

 [T] is the magnetic induction field (linked to the magnetic field 
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[H/m] is the vacuum magnetic constant and 
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 is the relative permeability). Equation (1) is the evolution equation for our system (charged particles and  e.m. field). Total momentum for this system is
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where 
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 [C/m2] is the electric displacement vector and 
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 [C2/(N m2)] is the vacuum dielectric constant and 
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 is the relative permittivity). In our assumptions, electric and magnetic fields are generated by the above mentioned moving point-like charges by means of the volumetric density of charge 
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 [C/m3] (since 
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) and the superficial density of electrical current 
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). By using equation (1) and the expressions of 
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 just defined, equation (2) can be recast  as it follows 
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where the mechanical momentum density 
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 is linked to the first term on right hand side of equation (2) by
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while the electromagnetic momentum density 
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 is the second term on right hand side of the same equation (2). The latter is the Minkowsky definition for the e.m. momentum density [8]. We’ve chosen this definition because in our opinion, with respect to the other possible Abraham definition [9], according with [10] the macroscopic description of the e.m. stress tensor, introduced by Minkowsky, it is conceptually better than the vacuum-like definition offered by Abraham. More details about this choice can be found in [11] and in references therein. Before proceeding further, it is important to point out that the expression of the e.m. momentum density 
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, used in equation (2), is independent by the assumption of existence or not of magnetic monopoles and currents, but it is an intrinsic property of the electromagnetic field [12], known as a consequence of charge symmetry of Maxwell equations [13]. In Appendix, for reader convenience, is reported a simplified vectorial proof of the above mentioned property. The integral in eq. (2) can be extended to any closed volume, large enough but finite, so as to include all e.m. sources and the e.m. field itself. Such a closed volume, called Г, is in the general case not symmetric with respect to the reference system. We discuss this last assertion in the next subsection. Г volume encloses an isolated system in which total momentum is conserved. Stating this for Г it means that total momentum is an invariant: in other words Eq. (2) becomes a constant of motion and is not more time dependent. 

The time derivative of total momentum (3) is, by using eq. (4),
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Inserting Maxwell Equations 
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 and 
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 in (5) and rearranging the terms we easily obtain
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This last equality gives rise to the heralded result. Observing eq. (6), if total momentum 
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 is conserved then the following stationary condition holds: 
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; therefore the right hand side of eq. (6) must vanish, too. Such a term must vanish for “any” choice of the volume therefore, so that it remains to adopt the cancellation property of multiplication applied to the function 
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. Since the magnetic induction field 
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 is general a not null function, this field must be solenoidal, i.e. 
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. In the next sections we will show in some details that the just obtained conclusion regarding the divergenceless of vector 
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 is not unique.
2.1 SYMMETRY CONSIDERATIONS OF INTEGRAL’S DOMAINS
Some simple considerations about symmetry properties of the integral domains Γ in equations (2-4) deserve to be better investigated. To this end let’s consider the system of massive charged particles, described in the previous section, symbolically depicted in figure 1 as striped (positives) and black (negatives) dots. In fig. 1 Center of Mass (CM) of particles is symbolically shown. As discussed in advance, if Γ volume is large enough the system enclosed in 
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 is isolated (no external forces). For this motivation CM will be in a state of inertial motion with respect to any fixed reference system R.

Since the involved particle’s velocities are non-relativistics, CM could have a non-relativistic (or zero), constant velocity with respect the origin O of reference system R. Since velocity of CM 
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 is non-relativistic: 
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 is a suitable observation time of the process under consideration, the closed system hypothesis entails that the following condition 
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 must holds. Depending on how large the observation time 
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 is, 
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 has to be large, too.  With reference to Fig. 1 we can imagine the Γ region (symmetrization’s principle) as given by two contributions: symmetric part 
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 (with respect to the origin O) and anti-symmetric part 
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. In the special case in which the distance between CM and the origin O is such that 
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 and in this case the region Γ  is essentially totally symmetric with respect the origin O i.e. 
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. But, since equations (2)-(5) must be valid for “any” closed region Γ, they must still be valid even if 
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, i.e. if the distance between CM and the origin O is of the same order of magnitude of 
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 can be considered as a negligible contribution to the volume 
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. Summarizing: 
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region doesn’t have any particular “a priori” given symmetry with respect to the assigned reference system R.
3. DIVERGENCELESS PROPERTY OF MAGNETIC INDUCTION FIELD

In section §2 we shown that since the system under consideration is isolated, the magnetic induction field 
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 must be solenoidal. By reversing this proposition, “ceteris paribus”, if 
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. This result shows that, in general, the existence of magnetic monopoles infringes the conservation principle of the total momentum for an isolated system. We used italics in writing in general because the existence of magnetic monopoles (i.e. 
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) can still remain consistent with the conservation principle of total momentum in our hypothesis (i.e. 
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) provided that particular symmetry conditions on 
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 field and over the Γ region hold. In fact, with the exception of the trivial case 
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, the second term in Eq. (5) can vanish despite 
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, but the integration domain Γ must be completely symmetric with respect the origin O of the reference system (see fig. 1), i.e. 
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, and the field 
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 must also possess a well defined parity. In this case, as a matter of fact, the divergence 
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 also have a well defined parity (converse to the parity of 
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) in such a way that the product 
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 has an odd parity. So, if the right hand side of Eq. (5) consists in an integral of an odd function over a symmetrical domain, it vanishes notwithstanding the field 
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 and its divergence are different from zero. 
The mechanical counterpart of momentum density, as obtained from Lorentz equation (1), together with the electromagnetic component of the total momentum, form a constant of motion in two cases: 

(a) 
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(b) 
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 with 
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 having a well defined parity and the observation domain Γ is symmetric. 
The first case (a) is an expected result since the expression of the used Lorentz equation requires this as an implicit assumption. It’s just considering the former case (a) that we done the assertion whereby the necessary condition for the divergenceless property of the magnetic induction field in the whole space directly comes from the conservation of total momentum for the total system (particles and field). The latter case (b) allowed us to extend the validity of the presented conservation scheme to the larger case of existence of magnetic monopoles (with appropriate restrictions on the observation domain). However, the rigorously converse proof i.e. to assert that the condition 
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, where 
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 has a well defined parity (that it means to make as an assumption the existence of magnetic monopoles), entails the conservation of total momentum, it was not explicitly showed in details in this work since it’s only a particular consequence of a more general conservation property of the electromagnetic energy-momentum tensor valid in presence of magnetic sources [13]. In fact, if we postulate the existence of magnetic monopoles
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 (and currents 
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), Lorentz equation must be symmetrized (adding the terms that include magnetic forces 
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) but the total momentum is still a conserved quantity. This is true without any restriction on the magnetic induction field 
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 therefore it’s still valid for the particular case in which the field 
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 has a well defined parity. In ref. [13] can be found a simple demonstration of the total momentum conservation in the special case of existence of magnetic sources as an initial assumption. Here we emphasize again that in the present treatise we built a theory without postulating the existence of magnetic monopoles i.e. “how if” they are absent or their effect is smaller with respect to the one of the electric sources.
Before summarizing all the novelties of the presented interpretation about the solenoidality of 
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 field, the entire logical structure of this study deserve to be briefly tackled: in order to obtain the conservation of total momentum (Eq. 6) we used the expression of Lorentz force valid in the case of electric-only sources 
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 (see Eq. 1). From a physical standpoint this is true only if the magnetic sources affect the dynamics in a weakly way (with respect to the electric sources), as formally showed in the Appendix,  that is precisely the aim of the present paper. This is not a restriction because up to now magnetic monopoles have never been observed. Is exactly in this framework that we propose a possible way of observing magnetic monopoles, only by using non-relativistic and classical particles and fields system.
4. CONCLUSIONS

Therefore, the possibility of having not null divergence of the magnetic induction field (and consequently the existence of the magnetic monopoles) can be deduced starting from first principles and applying just the classical electrodynamics. So far, the hypothesis of magnetic monopoles was born and has been discussed only within the quantum-relativistic physics. In fact, many experiments have been dedicated to the discovery of such monopoles with techniques inspired from string theory, to particle physics, until to astrophysics [6-7]. According to the authors, the necessary condition for the observability of these monopoles, which is the homogeneous distribution of sources, could collapse at limit in those conditions of singularity assumed by the cosmological theory in the instants just before the Big Bang. A conceptual experiment could be proposed tending to recover those original conditions.

Concluding, the particular parity conditions discussed above regarding the field 
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 and the domain Γ is true from a Mathematician's point of view, since the integral in Eq. (2) is null for an even or odd field defined in the symmetric domain Γ; anyway it remains indeterminate from a Physician's view point, having still to prove if the solution deduced as true from Mathematics must be rejected as absurd or may have also a real meaning in Physics; and finally it leaves open the question even for a Philosopher of Nature and Science: indeed, assuming that the existence of magnetic monopole would be experimentally verified, it would remain to justify theoretically, but even logically and so philosophically, the reasonableness of the natural subsistence only in preferential symmetries, including the radial one, for that magnetic induction field.

5. ACKNOWLEDGMENTS

Authors are grateful to INTERSCIENZE s.r.l. group for their support in developing this research project.

6. REFERENCES

[1] L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields, Fourth Revised English Edition, Course of Theoretical Physics, Volume 2 (Butterworth-Heinemann, Oxford, 1975), 402 pp.
[2] T. H. Boyer, Connecting linear momentum and energy for electromagnetic systems, Am. J.

Phys., 74 (8), 742 (2006).

[3] G. H. Goedecke, On electromagnetic conservation laws, Am. J. Phys., 68 (4), 380 (2000). 
[4] A. L. Kholmetskii, Apparent paradoxes in classical electrodynamics: the energy–momentum conservation law for a bound electromagnetic field, Eur. J. Phys., 27 (4), 825 (2006). 

[5] P. Dirac, Quantised singularities of the electromagnetic field, Proc. Roy. Soc. (London) A 133, 60 (1931).

[6] J Preskill, Magnetic Monopoles - Annual Review of Nuclear and Particle Science, Vol. 34: 461-530 (1984)

[7] Kimball A Milton, Theoretical and experimental status of magnetic monopoles, Rep. Prog. Phys. 69 1637 (2006).

[8] H. Minkowski, Nachr. Ges. Wiss. Gottingen, Die Grundgleichungen für die elektromagnetischen Vorgänge in bewegten Körpern, 53-111 (1908); English translation: The Fundamental Equations for Electromagnetic Processes in Moving Bodies. In: The Principle of Relativity, Calcutta: University Press, 1-69 (1920).

[9] M. Abraham, Zur Elektrodynamik bewegter Körper,  Rend. Circ. Matem. Palermo, 28 (1) (1909); Sull’elettrodinamica di Minkowsky, ibid 30 (1) (1910) p.33-46.

[10] R. N. C. Pfeifer, T. A. Nieminen, N. R. Heckenberg, and H. Rubinsztein-Dunlop, Constraining Validity of the Minkowski Energy–Momentum Tensor, Phys. Rev. A 79 (2), 023813 [7 pp.] (2009).

[11] S. Severini, A. Settimi, Solenoidalitá e quantitá di moto - Antinomie sull'esistenza dei monopoli magnetici, INTERSCIENZE Edizioni Scientifiche (Milano, Italia, 2012), I Edition (Italian/English), 60 pp. [ISBN 978-88-96623-01-5].
[12] F. Moulin, Magnetic monopoles and Lorentz Force, Il Nuovo Cimento B, 116B,  869-877 (2001).

[13] B. Felsager, Geometry, Particles and Fields,Springer-Verlag New York (1998) 

[14] J.D. Jackson, Classical Electrodynamics, 3rd ed. John Wiley and Sons, Inc. (1999).

APPENDIX 
Electromegnetic momentum density

In what follows we show that the expression of the electromagnetic momentum 
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is independently from the assumption of existence/absence of magnetic monopoles. 

In order to demonstrate this assertion we consider the simplified deduction of the electromagnetic momentum density as presented in [14], considering the ordinary case of absence of magnetic monopoles and the special case of a postulated existence of magnetic monopoles. 
Ordinary electrodynamics (absence of magnetic monopoles)  

In presence of electric sources and currents Maxwell equations are 
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The microscopic Lorentz force density in this case is (subscript “e” stands for “electric-only” sources) 
[image: image97.wmf]e

f

r

, in an infinitesimal volume 
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The evaluation of the e.m. momentum density can be easily done considering field sources generated only by the field itself [14]; by using equations (A2.a) and (A2.c) with some simple algebra we obtain:
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If we add 
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to the right hand side of equation (A4), since equation (A2.b) holds, it’s like adding nothing. But with this simple trick, as equation (A4) must be integrated (for obtaining macroscopic Lorentz equation), the terms 
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 can be neglected because they are a divergence that give no contribution to the integral [14]. The only remaining term 
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,  equation (A1) it’s proved. 
Special electrodynamics containing magnetic sources
If  we postulate the existence of magnetic monopoles (
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) and currents (
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The microscopic Lorentz force in this case can be written as [12-13]:
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By using equations (A5) we obtain:
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In this case we have to adding nothing in order to obtain a total divergence term in (A7). The first four terms in right hand side of equation (A7) are not essential (because their integral contributions vanish) so we proved that equation (A1) it’s still valid in presence of magnetic monopoles. In equation (A6) the existence of the only magnetic sources (without considering electric sources terms) is not relevant because the associated Lorentz force expression can always be recast as in Eq. (A3) by a Charge Rotation [13].
Links between the two expressions of Lorentz Forces 
From a mathematical point of view we can write, from Eqq. (A3) and (A6),
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i.e. in the limit of absence of magnetic sources the Lorentz force obviously coincides with 
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 , given by equation (A3). From a physical standpoint this condition can be explicated as:
 
if 
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then
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that it means we can still consider 
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 as Lorentz force in the case 
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, but the magnetic sources must have smaller effects on the dynamics with respect to the electric sources. 
FIGURE 1
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CAPTION OF FIGURE 1 

Region Γ which encloses an isolated system is represented. Striped and black dots symbolically represent positive and negative massive point-like charges. Center of Mass (CM) is shown together with a fixed reference system R and its origin O.  Distance between origin O and CM is reported as d(CM,O).
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