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Abstract
The induced polarization (IP) decay curve of natural shaly sand can be modeled as a weighted superposition of exponential relaxations with different relaxation time constant. The IP relaxation time spectrum, which is defined as plot of weight versus the relaxation time constant, has been previously demonstrated as a significant tool for capillary pressure curve, pore size distribution and permeability of reservoir. Earlier works successfully used singular value decomposition (SVD) method to extract the relaxation time spectra from the decay data. However, those works were obtained from the measured data with very high signal to noise ratio (SNR). The developed algorithm is suitable for these data. But for the practice use downhole, the obtained decay data have low SNR and then the obtained spectra from these decay data using the algorithm may be unstable and invalid. 

In this work, the method of regularization is applied to extracting continuous IP relaxation time spectra from decay data. The regularization operator is a unit matrix. To illustrate the influences of regularization parameters on the inversion of IP relaxation time spectra, the used decay data is generated from starting relaxation time spectra. Varying levels of random noise are added to these data sets and the IP relaxation time spectra are calculated for comparison to the starting distribution.
 Results show that for the data contains noise, the obtained spectra of the simulated decay data become smoother with increasing the regularization parameter. There exists an optimum regularization parameter which can be used to get the most reasonable spectrum. The logarithmical optimum parameter decreases linearly with increasing the logarithmical SNR. The developed algorithm and the prediction of the optimum parameter are very reasonable for the real rock sample. The results also show that the best number of relaxation distribution points ranges from 16 to 64. 
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1 Introduction

In recent years, induced polarization (IP) for estimation of hydraulic properties has received much attention (Böner et al. 1996; Marshall and Madden 1959; de Lima and Niwas 2000; Slater and Lesmes 2002; Titov et al. 2004). The often-used parameter in time-domain IP is chargeability which is affected by the formation water salinity. For the water-flooding oil field, such as Daqing Oil Field, the formation water salinity various greatly and can not be measured preciously, so the chargeability is difficult to be used for achieving this goal. The IP decay curves of natural shaly sands can be modeled as a weighted superposition of exponential relaxations with different relaxation time constant. The IP relaxation time spectrum is defined as plot of weight versus the relaxation time constant. The salinity of formation water shows little effects on the spectrum which can be used to determine not only the pore size distribution and the capillary pressure curve, but also the permeability of the reservoir (Tong et al. 2004; Tong et al. 2006).

The analysis requires the solution of a Fredholm linear integral equation of the first kind to extract the desired IP relaxation time spectra. It can be recast as a least-squares minimization problem with non-negativity constraint. Earlier works successfully used singular value decomposition (SVD) method to solve this problem (Tong et al. 2004; Tong et al. 2006). However, those works were obtained from the measured data with very high signal to noise ratio (SNR). The developed algorithm is suitable for these data. But for the practice use downhole, the obtained decay data have low SNR and this algorithm may be unsuitable for the target. In order to overcome this problem, a regularization method can be used (Weng et al. 2006). 

This paper has three parts. In the first part, we show the theory of the IP relaxation. In the second part, beginning from the first kind of Fredholm integral equation, a method of regularization which is fit for the inversion calculation of IP multi-relaxation data from rock has been derived. In the third part, the influences of regularization parameters and SNR on the inversed of IP relaxation time spectra were discussed.  

2 Relaxation theory of IP in rock

A schematic of a pore contained within shaly sand is shown in Fig.1. The pore is shown to be spherical in shape with a radius R, and has a plurality of pore throats of radius r less than R which enter the pore. The pore contains a series of clay-rich and clay-free zones. The induced polarization method applies a substantially constant electric field to the formation in the direction shown in Fig.1. The clay-rich zones act as cation-selective membranes and restrict the flow of negatively charged cations under the influence of the electric field. Thus, after sufficient time an electrochemical gradient is established across the clay-free zones by the buildup of electrolyte concentration at the edge of the clay-rich zone. Upon current termination, ions relax to the equilibrium positions and the concentration gradient decreases, which constitute the induced polarization decay curve. (Marshall and Madden 1959; Vinegar, and Waxman 1984; Vinegar and Waxman 1987; Vinegar and Waxman 1988).

If the porous medium consisted of clay-free zones of all the same size, the induced polarization decay curve would consist of a single exponential decay of time constant, T (Vinegar, and Waxman, 1984; Vinegar and waxman, 1987; Vinegar and waxman, 1988). 
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where D is the diffusion constant of electrolyte ions in the aqueous solution at formation temperature, and L is the relaxation distance of the clay-free zone along the direction of the applied electric field. The clay-free relaxation distances are substantially the same as the pore size distribution. The explanation for this is that the clay occurs naturally as a pore lining material (Vinegar and waxman 1987; Vinegar and waxman 1988). In particular, referring to Fig.1, the clay particles in the pore throat are the most effective membranes for the electrolyte contained in the pore. Thus, the scale of relaxation distances is substantially the same as the pore scale. Then the following equation can be obtained:
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where R is the pore size as shown in Fig.1. As natural rocks contain a distribution of pore sizes the IP decay voltage V(t) can be modeled as a weighted superposition of exponential relaxations. When t=0, i.e. the instant at which the applied electric field is terminated, the voltage is V(0). The normalized IP decay signal y(t)=V(t)/V(0) can be represented by the following equation:
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where f(T) is coefficient, 
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 is noise, Tmin and Tmax are the shortest and the longest time constants, respectively. 

3 Multi-exponential inversion of IP relaxation data
Equation (3) is the first kind Fredholm linear integral equation. It can be recast as a least-squares minimization problem with non-negativity constraint:
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            subject to 
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where y=(y1,y2,…,ym)T is the IP decay signal, f=(f1,f2,…,fn)T is the amplitude of the component with relaxation time constant Tj, and Tj (j=1,2,…,n) are the relaxation time constants which are determined in advance. A typical predefined relaxation time constant T series, which is named as T arrangement, is n points logarithmically selected from Tmin to Tmax in uniform steps. fi is a volume proportion of pore i in total pores of total pore volume in which the time constant equals Ti. The longest time constant in the IP decay curve is contributed by those ions with the longest relaxation distance. The curve of f versus T is called induced polarization relaxation time spectrum. 
  Equation (4) can be solved by the SVD method. The obtained solution is heavily influenced by the noise. It is very unlikely that the solution comes even close to the true solution. So this algorithm can only used for the decay data with high SNR. If the SNR is low, the solution obtained using this method may be unstable and invalid for the real measurement downhole. In order to overcome this problem, the least-square problem can be regularized as follows:
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where ( is regularization parameter and B is regularization operator. The regularization parameter can improve the stability of the matrix inversion (Prammer 1994; Weng et al. 2006).
A variety of regularization operators have been proposed for different problems. In the context of IP relaxation time spectrum inversion, the simplest choices, the unit matrix I appears to be most appropriate. Then the regularized problem can be transformed as follows:
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We can get the solution of equation (6) if we use the SVD method for M:
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where 
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 is an orthogonal matrix whose columns are eigenvectors of M(MT, Vn(n is an orthogonal matrix whose columns are eigenvectors of MT(M. 
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is a non-negative diagonal matrix and wj (1≤ j≤n) are the singular values of M. By convention, the ordering of the singular vectors is determined by high-to-low sorting of singular values, with the highest singular value in the upper left index of W. Furthermore, wk > 0 for 1 ≤ k ≤ r, and wi = 0 for (r+1) ≤ k ≤ n, where r is the rank of M.
The resulting inverse solution is
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It is possible to obtain negative terms when inverting for the amplitudes of the relaxation time spectrum which is not physically meaningful. Therefore a non-negative restriction, i.e. fi(0 (j=1,2,…,n) must be added when we solve for the model using the following steps (Prammer 1994):
(1) Starting with a full matrix M, a tentative solution 
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is computed;

(2) If all components are non-negative, the solution f is accepted. Otherwise the column of M corresponding to the least amplitude is eliminated, and a reduced matrix M’ is obtained. At the same time the corresponding component in f is set to zero and also eliminated to form a reduced vector 
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(3) M(M’, back to step (1). 

We repeat the above steps until all components of f are greater than or equal to zero.

4 Results and discussion

4.1 Results obtained on simulated data

Testing the algorithm on simulated data is very important before applying it to real data. In this way, one may control both input data and the results obtained at different stages of running the problem. In the following we have applied the algorithm to identify the relaxation time spectra of a set of simulated curves, which may be written in the following theoretic form:
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The SNR is defined as follows:
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where ( is the standard division of the noise
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We construct a smooth IP relaxation time spectrum which has two peaks, as shown in Fig.2. This spectrum was used to form the IP decay curves using equation (9). Different level of Gaussian noise was added to the constructed decay curves. The SNR can be calculated from equation (10). Then the inversion of the spectra using the developed algorithm was conducted on these decay curves. 

Inversion results from noise-free data (SNR=() using different regularization parameters are shown in Fig.2. The relaxation time constant arrangements used in the inversions are 64 points from 0.1ms to 10000ms in a logarithmical uniform step. It can be seen from Fig.2 that the parameter affects the inversion results. When the parameter increases up to 10-4, the obtained relaxation time spectra are similar to the constructed one. With the further increasing of the parameter, the obtained spectra are different from the starting one. When the parameter is higher than 1, the spectrum only has one peak.
In this paper we also investigated the effects of T arrangements on the solution. Fig.3 gives the obtained spectra of noise-free decay curve under different points (128, 64, 32, 16 and 8) of T arrangement with a logarithmical uniform step from 0.1ms to 10000ms. The regularization parameter is 10-4. Results show that compared with the starting spectrum, the relaxation time spectrum has small diversity when the points of T arrangement are more than 32. However, the resolution of the relaxation spectrum becomes poor when the points of T arrangement are 16 and 8. In order to ensure the reliability of inversion, the points and scope of T arrangement should be kept in a suitable range. Our research results show that the suitable points of T arrangement are from 32 to 64.

For the decay data with SNR of 100 and 20, the inversed spectra using different regularization parameters are shown in Fig.4a and Fig.4b, respectively. The T arrangements used in the inversions are 64 points from 0.1ms to 10000ms in a logarithmical uniform step. It is clearly that the value of the parameter effect greatly on the solutions of the decay curves with noise. As shown in Fig.4(a) for the decay data with SNR of 100, when the parameter increases from 0.01 to 10, the number of the peak of the obtained spectra decreases from 4 to 1. This result shows that spectra become smoother with increasing the parameter. The optimum parameter is 0.2 and can be used to get the reasonable spectrum. As shown in Fig.4(b), for the decay data with SNR of 20, there also has a similar results and the optimum parameter is 2. These results mean that for the decay curve with noise, the parameter determines the effect of the restriction matrix on the results. Increasing the parameter may make the residual error far from the minimum and make the solution intending to satisfy the restriction of the unit matrix. But the too small parameter may make the resulted solution containing information of the noise. For the noise-free decay curve, as shown in Fig.2, when the parameters are lower than 10-4, no other peaks arise in the spectra and the agreement between the starting and the calculated distributions is good. 

The major problem with the practical application of regularization is estimating the magnitude of optimum regularization parameter ((opt). Its value should depend on the SNR. The relationship between (opt and SNR can be obtained empirically. This can be performed on the simulated data. So we construct IP decay data from the starting IP relaxation spectrum and different noise was added in these decay data. For each decay curve, we can generate a set of solutions with increasing (, from which the optimum parameter can be picked by comparing the obtained solutions with the starting spectrum. If the error between the obtained spectrum and the starting one is the lowest, the corresponding parameter is (opt.

The relationship between (opt and SNR of simulated decay data is shown in Fig.5. It can be seen that (opt decreases with increasing of the SNR. The relationship can be written as follow equation:
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The correlation coefficient is 0.994. In order to evaluate the validity of this equation which can be used to calculate (opt, we constructed another starting IP relaxation time spectrum which was used to form the decay curve with a SNR of 40. The peak number is three. From equation (11), (opt is 0.75 for this SNR. The parameter of 0.1(opt, (opt and 10(opt are used to inverse the relaxation time spectra. The obtained the spectra and the starting spectrum are shown in Fig.6. It is clearly that the spectrum using (opt is most similar to the starting spectrum. The other two spectra show no agreement with the starting spectrum. So equation (11) can be used to get the reasonable relaxation time spectra.

4.2 Results obtained on real data

For a better evaluation of the possibilities offered by the developed algorithm, we have done an IP experiment on a real rock from a formation of Daqing Oil-field using a four-electrode method. The experimental setup and the procedure can be seen in the literatures (Tong et al, 2006). The porosity and permeability of the sample are 15.6% and 5.36mD, respectively. For the real data, the SNR is about 50, so (opt is about 0.55. The parameter of 0.1(opt, (opt and 10(opt are used to inverse the relaxation time spectra. The obtained the spectra and the pore-throat size distribution from mercury injection method are shown in Fig.7. It is clearly that the spectrum using (opt is most similar to the pore-throat size distribution. The other two spectra show no agreement with pore-throat size distribution. So equation (11) can be used to get the reasonable relaxation time spectra from the decay curve of the real rock sample with low SNR. This result shows that the inversion method developed here is useful to the inversion of the IP relaxation time spectra from the decay curve of the real rock sample with low SNR and can be used in practice.
5 Conclusions

(1) The method of regularization is useful to extract continuous IP relaxation time spectra from decay data with noise. The best number of relaxation distribution points ranges from 32 to 64.

(2) The obtained spectra of the simulated decay data become smoother with increasing the regularization parameter. There is an optimum regularization parameter which can be used to get the most reasonable spectrum. The logarithmical optimum parameter decreases linearly with increasing the logarithmical SNR.
(3) For the real data, the agreement between the obtained spectrum using the predicted optimum parameters and pore-throat size distribution from mercury injection method is good.
ACKNOWLEDGEMENTS

The work was supported by the Postdoctoral Research Project of Daqing Oil Field and the Major Project of Daqing Petroleum Administrative Bureau (No.DQKJZB200318). 

REFERENCES
Böner, F. D., Schopper, J. R. and Weller A., 1996, Evaluation of transport and storage properties in the soil and groundwater zone from induced polarization measurements: Geophysical Prospecting, 44, 583-602.
de Lima O.A.L. and Niwas S., 2000, Estimation of hydraulic parameters of shaly sandstone aquifers form geoelectrical measurements: Journal of hydrology, 235, 12-26.

Marshall, D. J. and Madden, T. R., 1959, Induced polarization, a study of its causes. Geophysics, 24, 790-816.
Prammer, M.G. 1994, NMR pore size distributions and permeability at the well site: SPE28368.

Slater, L. and Lesmes, D. P., 2002, Electical-hydraulic relationships observed for unconsolidated sediments: Water Resources Research 38, 31-1 - 31-10.
Titov, K., Kemna, A., Tarasov, A. and Vereecken, H., 2004,  Theoretical and experimental study of time domain-induced polarization in water-saturated sands: Journal of Applied Geophysics, 50, 417-433.
Tong, M.S., Wang, W.N., Li, L., Jiang, Y.Z. and Shi, D.Q., 2004. Estimation of permeability of shaly sand reservoir from induced polarization relaxation time spectra. Journal of Petroleum Science and Engineering, 45, 1-10.

Tong, M.S., Li, L., Wang, W.N. and Jiang, Y.Z., 2006. A time-domain induced-polarization method for estimating permeability of a shaly sand reservoir. Geophysical Prospecting, 54, 623-631.

Vinegar, H. J. and Waxman, M. H., 1984, Induced polarization of shaly sands. Geophysics, 49, 1267-1287.
Vinegar, H. J., and Waxman, M. H., 1987, In-situ method for determining pore size distribution, capillary pressure and permeability: U.S. Patent 4,644,283.

Vinegar, H. J., and Waxman, M. H., 1988, In-situ method for determining formation permeability: U.S. Patent 4,743,854. 

Weng A.,Xu S. Xu and Wang X., 2006, On inversion method of surface nuclear magnetic resonance data, Goephysical Solutions for Environment and Engineering----Proceedings of the 2nd International Conference on Environmental and Engineering Geophysics(Vol.1), Wuhan, China, 456-459.
FIG. 1 An idealized pore in a shaly sand and the charges carried by clay counterions and by sodium and chloride ions in the free electrolyte.
Fig.2 Inversion results from noise-free data (SNR=() using different regularization parameters
FIG. 3 Constructed relaxation time spectrum and the comparison inversion for five T arrangements

FIG.4 Inversion results from decay data with different SNR using different regularization parameter, (a) SNR=100, (b) SNR=20
FIG. 5 Relationship between the optimum regularization parameter and SNR of simulated decay data
FIG. 6 Inversion results from data using different regularization parameters 

FIG. 7 Relaxation time spectra and pore-throat size distribution of real core
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