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Abstract: High-latitude ionospheric plasma constitutes a very complex environment, which is charac-
terized by turbulent dynamics in the presence of different ion species. The turbulent plasma motion
produces statistical features of both electromagnetic and velocity fields, which have been broadly
studied over the years. In this work, we use electric field high-resolution observations provided
by the China-Seismo Electromagnetic Satellite-01 in order to investigate the properties of plasma
turbulence within the Earth’s polar cap. We adopt a model of turbulence in which the fluctuations of
the electric field are assimilated to a stochastic process evolving throughout the scales, and we show
that such a process (i) satisfies the Markov condition (ii) can be modeled as a continuous diffusion
process. These observations enable us to use a Fokker–Planck equation to model the changes in the
statistics of turbulent fluctuations throughout the scales. In this context, we discuss the advantages
and limitations of the proposed approach in modeling plasma electric field fluctuations.

Keywords: polar ionosphere; electric field turbulence; Markov processes

1. Introduction

The dynamics of high-latitude ionospheric plasma are very complex and characterized
by nonlinearity, chaos and turbulence. This region is indeed strongly connected to remote
regions of the Earth’s magnetosphere, as well as with the interplanetary environment, being
affected by changes in solar wind conditions. In particular, in the auroral oval and in the
polar cusp, the particle precipitation is accompanied by enhanced electromagnetic field
turbulent fluctuations, mainly during magnetospheric substorms, especially in Ultra Low
Frequency (ULF) and Extra Low Frequency (ELF) spectral ranges [1–4]. Power-law spectral
densities, scaling properties of magnetic and electric field fluctuations, and non-Gaussian
distribution functions of small-scale increments of velocity and magnetic field are some of
the typical hallmarks of the occurrence of turbulence in the high-latitude ionosphere [5,6].

The study of ionospheric turbulence dates back to the late 1950s [5], and it has been
widely demonstrated to be an extremely relevant phenomenon to understanding the
formation of ionospheric irregularities, which are capable of affecting radio communication
and global navigation and positioning systems (GNSS and GPS) [5,7–10]. In the topside F
layer of the high-latitude ionosphere, where significant magnetic and electric field variations
have been recorded, the range of scale where turbulence is relevant varies from a few meters
up to over 1000 km [5]. Moreover, recent studies have shown that scale-invariance and
intermittency are features of high-latitude magnetic and electric field fluctuations as well as
plasma density variations and E× B drift velocity [6,11–18]. The emergence of broadband
ELF electric field fluctuations and turbulent magnetic field fluctuations have been explained
by a variety of physical mechanisms, such as the occurrence of strong shear flows, particle
precipitation, and sporadic fast interactions between localized coherent plasma structures
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(e.g., spatial irregularities, density depletion, convective structures, electron and ion holes,
etc.) [19,20].

In the last twenty years, the availability of high-quality magnetic field and plasma
density measurements from several rockets and space missions, such as, for instance, the
ESA-Swarm mission, as well as ground-based observations, allowed researchers to better
characterize the scaling and spectral features of magnetic field and plasma parameters.
As a result of these recent studies, the intermittent character of the ionospheric magnetic
and electric field fluctuations has been clearly demonstrated [11–13,15,17,18,21–29].

Recently, the multifractal character of the electric field fluctuations has been studied
over a wide range of scales, proving that there is a different degree of multifractality of
electric field fluctuations in the top-F2 ionospheric region between the polar cap trailing
edge and the auroral region [17]. The observed differences were interpreted in terms of the
different nature of turbulence due to the particle precipitation between the two polar regions.

The phenomenon of turbulence develops as a result of the formation of the Richardson
cascade, accounting for the transfer of the energy injected at large scales towards small ones
until dissipation occurs [30]. In the past Pedrizzetti and Novikov [31] and later Friedrich and
Peinke [32] showed that the energy transfer among the different scales can be described as a
Markov process in the inertial range. A similar scenario has been investigated in the frame-
work of space plasma turbulence by Strumik and Macek [33,34] and by Benella et al. [35]
from magnetohydrodynamic (MHD) scales to sub-ion ones. The common outcome of all the
aforementioned works is that the coupling among different scales in a turbulent regime can
be modeled by means of a Langevin equation [35,36].

These approaches allowed us to infer several useful facts about the nature of the
coupling among the scales and the energy transfer both in fluid and MHD turbulence.
In comparison to the fluid and interplanetary space plasma, the dynamics of ionospheric
plasma are more complex, involving many different species, such as electrons, protons,
oxygen, nitrogen, neutrals, etc. This implies that, at some scales, the resulting dynamics are
a mix of fluid and kinetic processes so that the observed turbulence shows a higher degree of
complexity. In this framework, the study of the ionospheric electric field fluctuations using
non-traditional approaches, such as Markov analysis, may unveil some specific features of
the observed turbulence. We remark that the investigation of electric field fluctuations could
provide useful insights on the plasma drift motion, being the dynamics of plasma controlled
by E× B drift.

In this work, the same approach applied to fluid turbulence by Renner et al. [37] is used
to investigate the nature of the coupling of fluctuations at different scales for the electric field
horizontal components as measured by the China Seismo-Electromagnetic Satellite-01 (CSES-
01) in crossing the southern polar ionosphere. The specific aim of this work is to provide a
model of the ionospheric turbulence within the polar cap by using high-resolution electric
field data, using the electric field as a proxy for plasma drift velocity in this region where
the magnetic field is essentially directed towards the Earth. The underlying assumption is
that the energy transfer between different scales can be modeled as a stochastic process, and
we seek evidence that the Fokker–Planck equation (FPE), resembling a rather simple drift-
diffusion process, can represent a suited model also for high-latitude ionospheric turbulence.

The article is organized as follows. The electric field data sample gathered by the CSES-
01 satellite during a polar cap crossing is introduced and characterized in Section 2. In order
to apply the theory of Markov turbulence, we test the validity of the Markov condition on
the polar cap electric field data sample in Section 3.1. The analysis of the Kramers–Moyal
(KM) coefficients is presented in Section 3.2, and the outcome of the Fokker–Planck model
is illustrated in Section 3.3. Finally, discussion and conclusions are drawn in Section 4.

2. Data

Data used in this work refer to the electric field measurements onboard CSES-01. The
CSES-01 satellite was launched in February 2018 and is the first of a constellation of satellites
devoted to monitoring seismo-electromagnetic phenomena. It flies on a Sun-synchronous
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orbit at an altitude of∼500 km; this means that it is in the topside F2 ionosphere. A large set
of instruments, including an electric field detector (EFD) with a high sampling frequency
(up to 5 kHz) and a Langmuir probe, equipped this satellite. Although CSES-01 is designed
to monitor seismo-electromagnetic phenomena, its orbit, and the onboard instrumentation
allow us to investigate the features of magnetic and electric field fluctuations in the iono-
spheric environment. In particular, because CSES-01 satellite is principally operative in a
limited range of geographic latitudes (| Lat |< 65◦), it is only occasionally operative during
the crossing of the polar ionosphere. However, as a consequence of the North-South asym-
metry of the geomagnetic field, the CSES-01 satellite is capable of exploring the southern
polar ionosphere in some crossings.

In this work, we consider electric field data recorded by EFD instrument [38] with a
sampling frequency of 5 kHz during a crossing of the southern polar cap region on 10 August
2018. We remark that we limit our analysis to this single passage because this is one of the
southern polar ionosphere crossings in which CSES-01 is operative at the higher magnetic
latitude so as to be able to collect data in the polar cap. Data have been downloaded from the
CSES-01 site http://www.leos.ac.cn/#/home (accessed on 11 November 2020). According
to a previous study [39], the selected time interval refers to a quasi-quiet period being the
corresponding average values of AE-index and SYM-H index below 100 nT and above 0 nT,
respectively. Here, these indices, although not specifically related to the southern polar cap
status, are used as general proxies of the global magnetospheric-ionospheric status.

The electric field components used in this study are reported in Figure 1. As shown in
this figure, the three components are rotated in the reference frame of the magnetic field,
where x is the direction parallel to the vertical magnetic field, whereas y and z lie on the
transverse plane.
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Figure 1. Electric field data of the southern polar cap crossing on 2018 August 10 gathered by EFD
onboard the CSES-01 satellite.

By computing the power spectrum of the electric field components, we observe a
certain degree of isotropy since the power of the three components, along vertical and trans-
verse directions, overlap each other, Figure 2. The trend shown by the three components
exhibits the typical flattening due to instrumental noise at frequencies above ∼2000 Hz.
At lower frequencies, different regions can be identified. For frequencies f ∈ [40, 600] Hz,
a flattening of the electric field PSD is observed, whereas at f ∈ [600, 1000] Hz, a cutoff
is present. The PSD flattening could be a consequence of the multi-ion character of iono-
spheric plasma, which manifests in contiguous multiple regimes, both MHD and kinetic,
due to different physical processes [28,29]. We may note that assuming an average electron
density of ne ∼ 105 cm−3, we obtain an inertial length ηe ∼ 0.017 km which roughly corre-
sponds to a frequency f = vs/ηe ' 500 Hz where vs = 7.8 km/s is the satellite velocity.
This frequency is well in agreement with the end of the flattening region observed in the
PSD. We remark that similar spectral features were observed by Consolini et al. [17] by

http://www.leos.ac.cn/#/home
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analyzing the spectral features of electric field components at the trailing edge of the polar
cap, a region where the plasma motion could be characterized by strong shear flows.
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Figure 2. Power spectral density of the electric field components. Vertical dashed lines indicate the
frequency interval used in the data analysis. The black solid line shows the f−5/3 trend as a reference.

At lower frequencies, all the three power spectra have a quasi power-law trend, PSD '
f−5/3 whose spectral exponents β ' 5/3 is consistent with that predicted by Kolmogorov
K41 theory of turbulence at fluid scales, as well as, with the occurrence of electrostatic drift
wave, shear-flow or density gradient turbulence [5,40], see Figure 2. Similar spectral features
have been observed in the range of frequencies from 10 Hz to 100 Hz in the high-latitude
ionosphere at altitudes about 430 km by the Aureol 3 satellite according to Mounir et al. [41],
and from the ICI-2 sounding rocket according to Spicher et al. [11].

Another relevant feature to be noted is that the spectra in the investigated domain
overlap, suggesting that the turbulence is also nearly-isotropic in this region, Mounir et al. [41].
In order to investigate the properties of turbulence of the ionospheric plasma within the polar
cap, we test the Markov condition on the electric field fluctuations at fluid scales. The vertical
dashed lines in Figure 2 indicate the time-scale interval considered in the following section.
We limit ourselves to this short interval of frequencies/time scales because of the limited
statistics available at small/longer frequencies/time scales. Assuming that there is a linear
correspondence between frequencies and wavenumbers, i.e., supposing Taylor’s hypothesis
to be valid, k = f /vs where vs ' 7.8 km/s is the satellite velocity, the selected time interval
corresponds to the explored scales between ∼ 390 m and ∼ 3900 m. The validity of Taylor’s
hypothesis stands on the assumption that transit time is faster than the evolution time of
the electric field at the investigated time scale. This corresponds to the assumption that the
observed temporal fluctuations are principally due to Doppler-shifted and stationary spatial
variations (see, e.g., [17–19,42] and references therein).

3. Analysis and Results
3.1. Testing the Markov Property

The fundamental quantity that we use in the analysis are the fluctuations of the electric
field, defined as follows

ei(τ)
.
= Ei(t + τ)− Ei(t). (1)

The index i = {x, y, z} denotes the three components in the magnetic field reference frame.
In order to envision electric field fluctuations in the Markov process theory, we assume
ei(τ) to be a stochastic process across the time scales τ. In order to deal with Markov
processes, it is then necessary to introduce the transition probabilities of the process barely
mentioned. The probability of observing the electric field increment ei, 1 at the scale τ1 given
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the increments ei, 2 at the scale τ2, under the condition τ1 < τ2, can be defined through the
Bayes’ formula as

p(ei, 1, τ1|ei, 2, τ2) =
p(ei, 1, τ1; ei, 2, τ2)

p(ei, 2, τ2)
. (2)

The function p(ei, 1, τ1; ei, 2, τ2) indicates the joint probability density of the increments.
The same definition can be extended to define high-order conditional probabilities. The
stochastic process ei(τ) is a Markov process if the transition probabilities fulfill the condition

p(ei, 1, τ1|ei, 2, τ2; . . . ; en,i, τn) = p(ei, 1, τ1|ei, 2, τ2), (3)

with τ1 < τ2 < ... < τn. A natural consequence of Equation (3) is that the n-point joint
probability density can be written as a product of n two-point transition probabilities, i.e.,

p(ei, 1, τ1; ei, 2, τ2; . . . ; en,i, τn) = p(ei, 1, τ1|ei, 2, τ2) . . . p(en−1,i, τn−1|en,i, τn)p(en,i, τn). (4)

The two-point transition probability between the states ei, 1 and ei, 3, i.e., the probability
of observing the value ei, 1 of the increment at scale τ1 given the value ei, 3 at scale τ3,
can be rewritten by using the Markov condition (3) in the Chapman–Kolmogorov (CK)
equation [43],

p(ei, 1, τ1|ei, 3, τ3) =
∫ +∞

−∞
p(ei, 1, τ1|ei, 2, τ2)p(ei, 2, τ2|ei, 3, τ3)dei, 2, (5)

where the integral is evaluated on any value ei, 2 of the increment at an intermediate scale
τ2 such that τ1 < τ2 < τ3. It is sometimes convenient to deal with joint PDFs instead
of conditional ones, as in the case of small data samples or, more in general, for those
processes that are not properly sampled in a given number of available data points. In this
case, by applying the Bayes’ Formula (2) to the CK integral (5) we obtain

p(ei, 1, τ1; ei, 3, τ3) =
∫ +∞

−∞
p(ei, 1, τ1|ei, 2, τ2)p(ei, 2, τ2; ei, 3, τ3)dei, 2. (6)

Since the polar cap crossing last few tens of seconds and we are interested in fairly large
scales—fluid scales, i.e., up to ∼0.5 s—we used Equation (6) to perform the test. Results
obtained by analyzing the y-component are shown in Figure 3 for three separations τ2 − τ1:
0.005 (corresponding to the magenta line in Figure 2), 0.05 and 0.5 s, (corresponding to the
dashed lines appearing in Figure 2).
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Figure 3. CK test on the fluctuations of the y-component of the electric field at three different scale
separations: 0.005 (a), 0.05 (b) and 0.5 (c) s. The empirical joint PDF (red) is reported along with the PDF
estimated through the CK relation (blue), and they are compared by superimposing PDF level curves.

By inspecting the comparison between level curves of the l.h.s. of Equation (6)—
empirical PDF, reported in red—and the integral on the r.h.s.—CK PDF, reported in blue—
we conclude that a remarkable deviation is observed in the case τ2 − τ1 = 0.005 s, whereas
for fluctuations evaluated at larger time separations the contours are in agreement. These
results suggest that at fluid scales the stochastic process described by electric field fluctua-
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tions satisfies the Markov property whereas, when typical scales in the mixed MHD/kinetic
domain are considered, the dynamics in scale may have a more complex character, e.g., the
information necessary to describe the fluctuation observed at a certain scale in not fully en-
closed in the scale immediately above, i.e., the Markov condition is not satisfied. Analogous
results can be obtained also for the other components.

We conclude this section by stating that electric field fluctuations of ionospheric
plasma, and in particular of the plasma drift velocity, satisfy the Markov condition at
fluid scales. This property can be explained as a memoryless process throughout the scales,
meaning that the information about a state of the system at a given scale is contained
in the next higher one. The validity of the Markov condition allows us to perform the
Kramers–Moyal (KM) analysis and then build a model of electric field fluctuations based
on the FPE.

3.2. Kramers–Moyal Coefficient Analysis

The aim of this work is to investigate the properties of turbulence in the ionospheric
plasma, focusing on the electric field components contributing to the plasma drift motion;
hence, in the following section, we analyze the set of transverse electric field fluctuations
e⊥ = {ey, ez}. The differential form of the CK equation expresses the time evolution of the
transition probability, and it is called master equation, which can be expressed into the form
of a KM expansion, i.e.,

− ∂

∂τ
p(e⊥, τ|e′⊥, τ′) = LKM(e⊥, τ)p(e⊥, τ|e′⊥, τ′). (7)

The operator LKM(e⊥) is the KM operator, which is defined as

LKM(e⊥, τ) =
∞

∑
k=1

(
− ∂

∂e⊥

)k

D(k)(e⊥, τ), (8)

where the functions D(k)(e⊥, τ) denote the KM coefficients. Such coefficients are, in a
general case, functions depending on both increment value e⊥ and time scale τ and are
defined as the limit δ→ 0 of the conditional moments M(k)(e⊥, τ, δ), i.e.,

D(k)(e⊥, τ) =
1
k!

lim
δ→0

M(k)(e⊥, τ, δ), (9)

where
M(k)(e⊥, τ, δ) =

1
δ
E[(e⊥(τ − δ)− e⊥(τ))k|e⊥(τ)]. (10)

The governing equation introduced in Equation (7), unlike the usual definition, presents a
minus sign on the l.h.s. which accounts for the direction of the cascade, i.e., from large to
small scales, according to Renner et al. [37]. The time evolution of the transition probability
expressed by the KM expansion depends on an infinite number of coefficients contributing
to the dynamics. According to Pawula’s theorem, an important simplification holds for the
class of stochastic processes of continuous diffusion. Indeed, it has been proven that for
this class of stochastic processes, the fourth-order KM coefficient vanishes [43]. In other
words, Pawula’s theorem ensures that all the coefficients of order k ≥ 3 vanish when
D(k)(e⊥, τ) = 0. In this fashion, the KM expansion reduces to the FPE, i.e.,

− ∂

∂τ
p(e⊥, τ|e′⊥, τ′) =

[
− ∂

∂e⊥
D(1)(e⊥, τ) +

∂2

∂e2
⊥

D(2)(e⊥, τ)

]
p(e⊥, τ|e′⊥, τ′), (11)

where the drift D(1)(e⊥, τ) is represented by the first-order KM coefficient and the diffusion
D(2)(e⊥, τ) by the second-order one. It is worth reminding that the FPE that governs the
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probability distribution function (PDF) of a certain stochastic process is equivalent to the
Langevin equation:

−de⊥ = D(1)(e⊥, τ)dτ +
√

2D(2)(e⊥, τ)dτ ξ(τ), (12)

where the Itô’s definition is used [43]. The term ξ(τ) denotes a delta-correlated Gaussian
noise with unit variance. For the purposes of this work, we will approximate the KM
coefficients as their finite-time version in the smallest value of δ∗, i.e.,

D(k)
δ∗ (e⊥, τ) =

1
k!δ∗

M(k)(e⊥, τ, δ∗). (13)

As depicted in Figure 4 (circles), first- and second-order KM coefficients are both func-
tions of the intensity of the fluctuation e⊥ and the separation time scale τ. The dependence
on the fluctuation intensity can be parameterized via linear/quadratic functions as follows

D(1)
δ∗ (e⊥, τ) = −γ(τ)e⊥ (14)

D(2)
δ∗ (e⊥, τ) = α(τ) + β(τ)e2

⊥. (15)

The best fit of drift and diffusion scale-dependent parameters γ(τ), α(τ) and β(τ) are
indicated by solid lines of Figure 4. Concerning Pawula’s theorem and the possibility of
reducing the scale-to-scale process to a continuous diffusion one, the right panel of Figure 4
shows the trend of the fourth-order KM coefficient. Since it vanishes approximately over
the whole interval of scales considered in our analysis, we assume Pawula’s theorem to be
reasonably satisfied.
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Figure 4. First-, second-, and fourth-order KM coefficients (circles) evaluated at different time scales.
Black solid lines indicate the parameterizations of Equations (14) and (15).

The dependence of drift and diffusion parameters on the separation time scale τ is
found to follow approximately a power-law trend

{α, β, γ}(τ) = Aτµ. (16)

The prefactors A and the exponents µ can then be fitted from electric field data, and the
values obtained are listed in Table 1.
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Table 1. Parameters of KM coefficients estimated from electric field fluctuations e⊥ measured along
the transverse direction to the mean magnetic field.

α β γ

A [2.13± 0.02]× 10−3 0.79± 0.02 3.35± 0.03
µ 0.25± 0.01 −0.87± 0.02 −0.56± 0.01

3.3. Fokker–Planck Model of Electric Field Fluctuations

In the previous section, we provided a rather compact analytic expression for first-
and second-order KM coefficients as a function of both fluctuation intensity and time scale.
Moreover, the fourth-order coefficient vanishes, and then the master equation of the process
is the FPE. In the following section, we solve numerically the FPE starting from a large-scale
PDF in order to provide a consistency check of such a continuous diffusion modeling of
turbulent electric field fluctuations. The numeric integration of the model is performed by
using the CK Equation (5) in order to propagate the approximate solution for small steps
δ. According to Risken and Caugheyz [43], the transition PDF for a continuous diffusion
process with arbitrary D(1) and D(2) is the so-called Fokker–Planck propagator

p(e⊥, τ, δ) =
1√

2πD(2)(e⊥, τ)δ
exp

{
[e⊥ − D(1)(e⊥, τ)δ]2

2D(2)(e⊥, τ)

}
. (17)

Iterating this procedure, we can obtain the conditional PDF of the process at any scale.
Finally, we compute the marginal PDF by multiplying with an initial condition p(e⊥, 0, τ0)
and integrating with respect to e⊥, 0. The comparison between empirical PDFs (circles)
and those obtained through the numerical solution of the FPE (solid lines) is reported in
Figure 5. The large-scale PDF is marked with a dashed line since it corresponds to the
initial condition p(e⊥, 0, τ0) and it has been obtained by parametrizing the PDF at τ = 0.5 s
with the Castaing distribution [44–46].
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Figure 5. Comparison between the empirical PDFs (circles) and those obtained through the numerical
solution of the FPE (solid lines). The dashed line marks the initial condition, whereas the dotted lines
refer to the instantaneously steady-state solution of FPE.

Turbulent energy transfer constitutes a strongly out-of-equilibrium process, and since
the energy is unevenly redistributed from one scale to another, thus constituting a fluctuat-
ing quantity, we expect that solutions of the Fokker–Planck model, which approximates
a steady state, should fail in reproducing the observed statistics [47]. The simple form
assumed for the KM coefficients, Equation (9), allows us to analytically solve the associated
stationary FPE, i.e., ∂/∂τ = 0. The solution is of the form
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pST(e⊥, τ) = N
[

α(τ) + β(τ)e2
⊥

]− γ(τ)
2β(τ)

−1

, (18)

where N is a normalization factor. There is still a dependence upon the time scale τ in
Equation (18), which is due to the scale dependence of the drift and diffusion coefficients.
This allows us to interpret the steady-state solution for a given τ as a local assumption of
stationarity in the proximity of the scale τ. Predictions of this instantaneous steady-state
approximation are indicated by dotted curves of Figure 5. As expected, a remarkable
deviation between empirical PDFs (circles) and local, steady-state solution of FPE is found,
resembling previous results obtained in the case of hydrodynamic turbulence [47].

4. Discussion and Conclusions

In this work, we presented a data-driven model of turbulent electric field fluctuations
in the high-latitude ionosphere by using a polar cap crossing of the CSES-01 satellite. By in-
specting the PSD, we have identified an interval at frequencies below 25 Hz where it is
possible to find a spectral domain ∼ f−5/3, which corresponds to turbulent fluctuations
related to the plasma motions at scales larger than 300 m. In this range of frequencies,
i.e., for 2.5 Hz ≤ f ≤ 25 Hz, we have explored the Markovian character of the electric field
fluctuations and our results support its validity at fluid scales, whereas a deviation between
the empirical PDFs and the CK prediction is found when approaching the kinetic range.
These results highlight that fluctuations of transverse electric field components, and thus,
of the plasma drift velocity, constitute a proper test sample for stochastic modeling. The ob-
served Markovian nature of the fluctuations is expected to hold for turbulent media since it
has been widely tested on a great variety of data samples, ranging from fluid experiments
and/or direct numerical simulations to space plasmas [33,37,48]. The reason behind this
is that the Markov property in this context can be interpreted as the manifestation of a
memoryless process throughout the scales, in which the information necessary to predict
the observed state of the system at a given scale is fully contained in the next higher scale.
Hence, the turbulence cascade, when envisioned as a Markovian process, loses memory
about its origin (i.e., forcing), thus relating such a statistical property to the universality of
turbulence. At smaller scales, the Markovian character of fluctuations breaks, suggesting
that the inertial energy transfer mechanism is affected by kinetic processes associated with
different ionic species and/or by the occurrence of energy dissipation.

The analysis of the KM coefficients has demonstrated how KM expansion can be
truncated at the second order so that the evolution of the conditional probability reduces
to the FPE. This allows us to model the electric field fluctuations through the Langevin
equation. Furthermore, by solving the associated FPE, we have shown that such a model is
capable of reproducing the observed time-scale evolution of the electric field fluctuation
statistics. On the other hand, we observe a small deviation between empirical and predicted
distributions around the core of the PDFs, especially when moving towards small scales.
Such a deviation can be interpreted in terms of the accuracy in the parameterization of
the KM coefficients, as we show below. In order to support this hypothesis and provide
a quantitative indication of the goodness of the model, in fact, we analyze the noise term
obtained by inverting the Langevin equation:

ξ(τ) =
e⊥(τ)− e⊥(τ + δ)− D(1)(e⊥, τ)δ√

2D(2)(e⊥, τ)δ
. (19)

By using the analytical expression of Equations (14) and (15) for drift and diffusion terms, we
calculate the noise term scale-by-scale by using electric field measurements in Equation (19).
Despite the statistics of the noise results in a close to zero average value, i.e., 〈ξ〉 ∼ 0.004,
and an approximately unit variance, i.e., |1− (〈ξ2〉 − 〈ξ〉2)| ∼ 0.067, its distribution is far
from how it should be. The statistics of the noise term at different scales are shown in the
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left panel of Figure 6 (circles) and are compared with the Gaussian (dashed line) distribution
expected from the theory.
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Figure 6. Left panel: PDFs of the noise at different scales. The dashed line refers to the Gaussian
PDF expected from the theory. Right panel: the autocorrelation function of the noise term at the
different timescales. The time lag n is given in units of 0.05 s.

As a second step, we investigate the autocorrelation of the noise for different time lags.
In this case, Figure 6 (right panel), the autocorrelation function shows how the noise is delta-
correlated in the inertial range, confirming the validity of the Markov condition previously
tested by means of the CK equation. Thus, we conclude that the Fokker–Planck model
proposed in this work satisfies the conditions of zero-mean, unit-variance, delta-correlated
noise of the associated Langevin process, but a part of the heavy-tailed statistics of turbulent
electric field fluctuations is not captured by the simple drift and diffusion parameterizations
introduced here, resulting in a heavy-tail distribution of the noise term, which instead
should have been Gaussian. Analogous results have been previously found in the field of
hydrodynamic turbulence, highlighting the non-Gaussian nature of the random force of the
turbulent fluctuations for a Langevin model of turbulent fluctuations [49,50]. In connection
with this, we argue that in our case, such a Langevin model can be improved by refining
the parameterization of drift and diffusion terms since by inspecting Figure 4 it is evident
how the simple parametric form introduced in Equations (14) and (15) is sometimes unable
to accurately describe the empirical KM coefficients, especially in the case of diffusion.

According to some previous studies (see, e.g., refs. [11,42], and references therein) a pos-
sible mechanism generating the turbulence inside the polar cap is the gradient-drift instability,
which is capable of generating coherent plasma structures, generally named plasma patches.
The stochastic dynamics of such coherent structures may be at the basis of the observed
turbulence in the polar cusp, as suggested in some previous works [20,51,52], generating also
turbulent electric field fluctuations, as clearly shown by Gondarenko and Gudzar [53,54].
These turbulent fluctuations in the electric field are generated by the nonlinear evolution
of the primary gradient drift instability and are related to the horizontal motion of these
structures [54]. In this framework, our results would represent a starting point to investigate
via the electric field the turbulent dynamics of coherent density plasma structures in the polar
cusp. Clearly, at the present stage, this is just a speculation that has to be substantiated by
further studies and analysis.

In conclusion, here we have presented a different approach to investigating the statis-
tical features of ionospheric plasma turbulence that may be put to use in order to better
comprehend the role played by turbulence in producing, for instance, aberrations in the
high-latitude F2 region. Further studies and analyses are necessary to better relate our
model of electric field fluctuations to the dynamics of ionospheric plasma irregularities and
to extend it to different ionospheric and/or geomagnetic disturbance conditions.
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