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Abstract: Lagrangian dispersion of fluid particle pairs refers to the study of how individual fluid
particles disperse and move in a fluid flow, providing insights to understand transport phenomena
in various environments, from laminar to turbulent conditions. Here, we explore this phenomenon in
synthetic velocity and magnetic fields generated through a reduced-order model of the magnetohy-
drodynamic equations, which is able to mimic both a laminar and a turbulent environment. In the
case of laminar conditions, we find that the average square distance between particle pairs increases
linearly with time, implying a dispersion pattern similar to Brownian motion at all time steps. On
the other hand, under turbulent conditions, surprisingly enough we observe a Richardson scaling,
indicating a super-ballistic dispersion pattern, which aligns with the expected scaling properties for a
turbulent environment. Additionally, our study reveals that the magnetic field plays an organizing
role. Lastly, we explore a purely hydrodynamic case without magnetic field effects, showing that,
even in a turbulent environment, the behavior remains Brownian-like, highlighting the crucial role of
the magnetic field in generating the Richardson scaling observed in our model.

Keywords: magnetohydrodynamic turbulence; Lagrangian dispersion; dynamical systems

1. Introduction

Magnetohydrodynamic (MHD) turbulence is a fascinating and complex phenomenon
that occurs both in astrophysical and laboratory plasma environments where magnetic
fields and fluid flows actively interact [1,2]. Understanding MHD turbulence is crucial for
unraveling the behavior of various cosmic objects, such as stars, accretion disks, and galax-
ies, as well as for advancing the field of fusion energy, e.g., [3–6]. The study of MHD
turbulence combines theoretical, computational, and experimental approaches. Numerical
simulations based on MHD equations provide valuable insights into the complex inter-
play between fluid motions and magnetic fields, e.g., [7–9]. Experimental investigations
in laboratory devices, such as magnetized plasma devices or liquid metal experiments,
offer the opportunity to probe the intricate dynamics of MHD turbulence under controlled
conditions, e.g., [10,11]. Theoretical models and analytical techniques, including statisti-
cal theories and spectral analysis, provide frameworks to understand the fundamental
aspects of MHD turbulence and predict its behavior in different regimes, e.g., [2,12–16].
Despite the significant progress that has been made in advancing our understanding of
MHD turbulence in recent years, many challenges remain, such as the role of turbulence
in energizing/accelerating neutral and charged particles, which is important for many
applications, e.g., [17,18].

Turbulence is usually described in the Eulerian framework, i.e., from the point of view
of a still observer, and in a statistical way, i.e., by searching for high-order statistics of
fluctuations at a given scale, e.g., [19–21]. The scaling of fluctuations accounts for spatial
intermittency in the turbulence cascade, which implies, statistically, non-Gaussian tails
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for the probability distributions of both velocity and magnetic field increments, leading to
abrupt energizations/accelerations of particles. Similar considerations can be drawn for
Lagrangian turbulence, e.g., [22,23], where a universal form can be retrieved for a locally
averaged energy transfer rate along particle trajectories. Nevertheless, the Lagrangian
statistic is still intermittent, thus questioning how it affects the dispersion of particles [24].

Due to the inherent complexity and multi-scale behavior of turbulence, it is widely
approached from a reduced-order modeling point of view, such as that for cascade models,
which provides a valuable and relatively simple framework for understanding the energy
transfer processes and the emergence of different scales in fluid and MHD
turbulence [25–29]. These models describe the transfer of energy from large-scale structures
to smaller scales through a series of cascades, capturing the essential dynamics of MHD
turbulence, ultimately determining the distribution of energy and the formation of coherent
structures in the turbulent flow. Cascade models can be seen as a low-order description of
the MHD equations following some prescribed rules on the coupling between the different
scales, generally relying on the so-called triad interactions [25,29]. An even more simplified
low-order model, known as poor man’s MHD equations, has been recently derived by
Alberti et al. [13]. It captures the essential behavior of magnetohydrodynamics in a reduced
form and can be used as a simplified model to study certain aspects of MHD systems while
neglecting certain complexities. Despite its simplifications, the PMMHD model is able
to preserve the total energy in the ideal MHD approximation to recover all fixed points
of the usual MHD equations, to reproduce a kinematic dynamo action, and to show a
Kolmogorov-like spectral scaling, as expected for turbulent plasmas [2,13].

In this paper, we exploit Lagrangian particle dispersion in synthetic velocity and
magnetic fields generated via the PMMHD model under both laminar and turbulent
conditions. We show that under laminar conditions the average square distance between
particle pairs behaves linearly in time, thus suggesting a Brownian-like dispersion for all
time steps. Conversely, under turbulent conditions, a Richardson scaling, corresponding to
a super-ballistic dispersion, is observed, in agreement with the scaling properties expected
for a turbulent environment. Indeed, the observed scaling is observed along the inertial sub-
range of turbulence reproduced by the PMMHD model. We also show that the magnetic
field is much more efficient in dispersing particle pairs with respect to the velocity one
in a turbulent environment, while no differences are found for a laminar one. However,
stronger anisotropies are generated by the velocity field with respect to the magnetic one,
thus suggesting an ordering role of the magnetic field. Finally, by exploiting a purely
hydrodynamic case (with no magnetic field effects) we show that, also for a turbulent
environment, a Brownian-like behavior is observed, thus pointing out a key role of the
magnetic field in generating a Richardson scaling. This paper is organized as follows.
Section 2 describes the suitable theoretical framework for Lagrangian dispersion, while
Section 3 briefly recaps the PMMHD model. Then, in Section 4, we present our Lagrangian
model setup to inspect the dispersion of particles in laminar and turbulent fields generated
via the PMMHD model under three different scenarios: velocity dispersion (Section 5),
alfvénic dispersion (Section 6), and purely hydrodynamic dispersion (Section 7). Finally,
we summarize our results and possible future outlooks in Section 8.

2. Lagrangian Dispersion of Particle Pairs

Particle pair separation in a turbulent environment is a classical issue of fluid flows [30],
which is important not only from a theoretical point of view, but even for practical is-
sues [31]. In MHD turbulence, this is not yet well-established, in particular the existence of
a Richardson law. Numerical simulations have been widely used to describe pair dispersion
properties [32], although it is interesting to use turbulent environments AND not direct
numerical simulations to verify the robustness of the classical laws for pair dispersion. This
is particularly true for MHD turbulence, where anisotropy cannot be ruled out.
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The main variable we can investigate [30] is the concentration θ(x, t) of a cloud of
particles at the time t, so that we can define a continuous function q(r, t) as the relative
number of particle pairs whose coordinates differ by an amount r

q(r, t) =
∫

θ(x, t)θ(x + r, t)dx, (1)

normalized in a way that the integral over all pairs of q(r, t) is equal to one. The dispersive
process can then be fully described through the probability that, given q0(r0), the averaged
concentration at the time t = 0, we recover the concentration at a time t, namely

q(r, t) =
∫

p(r|r0, t)q0(r0)dr0 (2)

However, the determination of the probability requires the estimate of the quantity
q(r, t), which could be quite difficult from experiments or numerical simulations. As an
alternative, we can estimate the components of the relative dispersion tensor `ij(t). Given a
cloud of N particles which move dispersively within a fluctuating environment, for every
pair of particles, (n, m), identified at time t by the coordinates X(n)(t) and X(m)(t), we
calculate the relative distance ∆(n,m)

i (t) = X(n)
i (t) − X(m)

i (t) along each direction, thus
defining the dispersion tensor as

`ij(t) = 〈∆
(n,m)
i (t)∆(n,m)

j (t)〉 (3)

where brackets means average over all N(N − 1)/2 particle pairs. In an isotropic situation
where every direction plays the same role, then the out-of-diagonal elements of the tensor
are, in principle, identically zero and the trace of the tensor `2(t) = `ii represents the
average radius of the cloud of particles at the time t, being `xx ' `yy ' `zz. In this case, we
can define an effective eddy diffusivity K(`, t) for the cloud.

Assuming that the eddy diffusivity must depend solely on the average energy dissi-
pation rate ε and on the length scale `, it immediately follows that the eddy diffusivity is
related to the trace of the dispersion tensor through the celebrated Richardson fourth-third
law [33,34]

K(`, t) = K0ε`4/3 (4)

By defining an eddy diffusivity equation d`2(t)/dt = 6K(`, t), it follows that particle
pairs separate in time following a super-ballistic law

`2(t) = gεt3 (5)

where g is a constant. Both fundamental laws (4) and (5) have been verified in fluid
flows and numerical simulations [23,24,31,34]. As an important consequence, since `(t)
is obviously related to the turbulent velocity fluctuations δu` across eddies at that scale
d`/dt ∼ δu`, it follows that scaling property (4) requires a turbulent environment with a
Kolmogorov scaling δu` ∼ `1/3 saying the Richardson pair dispersion law is valid in the
inertial sub-range of turbulence.

The Richardson law is an asymptotic property of dispersion within the inertial sub-
range of turbulence, where particles lost memory of their infinitesimal initial separation
∆n,m

i (0) [34]. This is a rough approximation, as shown in some recent papers [35–37].
We can introduce a revised version of the model by conjecturing instead that the eddy-
diffusivity must depend on the initial pair average separation, say, `0, on the average
dissipation rate ε, and explicitly on time, so that the eddy diffusivity can assume a more
generic form

K(`, t) = K0`
α
0εβtζ (6)

Dimensional arguments lead to α = 2− (ζ + 1)/3 and β = (ζ + 1)/3, where ζ is
arbitrary. By assuming a quadratic dependence of the eddy diffusivity on time, say, ζ = 2,
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we recover the Richardson’s law. However, according to the considerations by Elsinga
et al. [37], if we assume a linear dependence on time, it follows that

K(`, t) = K0(ε`0)
2/3t (7)

which means a ballistic separation of particle pairs

`2(t) = g1ε2/3t2 (8)

This corresponds to the Batchelor’s law of particle pair dispersion, and is valid for
times less than, say, t0, the eddy-turnover-time at the scale `0. On the contrary, the Richard-
son law is valid in the intermediate range of times t0 � t� tL, with tL being the large-scale
eddy-turnover-time [37], or the time needed for the particle to loose memory of the initial
conditions. As particles separate enough, say, for t � tL, they decorrelate, so that they
must evolve without any correlation and the eddy diffusivity must be constant, say, ζ = 0,
thus obtaining a Brownian-like Taylor’s dispersion

`2(t) = g2ε1/3t. (9)

3. The Poor Man’s Magnetohydrodynamic (PMMHD) Model

In the low-frequency approximation, fluctuations in plasmas are usually described in
an incompressible framework via the MHD equations, which read as

∂tui = −uj∂jui − ∂i

(
c2

s + c2
A

)
+ bj∂jbi + ν∂2ui, (10)

∂tbi = −uj∂jbi + bj∂jui + η∂2bi, (11)

∂iui = ∂jbj = 0, (12)

with ui(r, t) and bi(r, t) being the velocity and magnetic fields, respectively, cs and cA
the sound and Alfvén speeds, ν and η the kinematic viscosity and magnetic diffusivity,
respectively, and we assumed, for simplicity, a unitary mass density ρ0 = 1. Equation (10)
describes the collective motion of a plasma in a single-fluid approximation (ions are in-
ertial, electrons are at rest) and Equation (11) is the induction equation derived from the
Maxwell–Faraday law, while Equation (12) is the incompressibility condition for both fields.

Equations (10) and (11) can be projected over a divergence-free space, without loss of
generality, by using the Leray operator that allows us to neglect the term ∂i

(
c2

s + c2
A
)
. Then,

by using dimensionless variables and by adopting a Galerkin truncation retaining a single
fixed wavevector [38], Alberti et al. [13] derived the poor man’s magnetohydrodynamic
(PMMHD) model

u̇i = βiui + Γj
i

(
bibj − uiuj

)
, (13)

ḃi = αibi + γ
j
i

(
uibj − biuj

)
, (14)

where (non-)dotted variables refer to the value at the time (tn)tn+1.
Equations (13) and (14) constitute a six-dimensional autonomous dynamical system

with 12 bifurcation parameters, βi, αi, and γ
j
i , which can be linked with physically-based

quantities. Specifically,

βi = 1− L
`i

Re−1, (15)

αi = 1− L
`i

Rm−1, (16)

with L being the integral scale and `i the Taylor scale, respectively [13], while Re and Rm
are the fluid and magnetic Reynolds numbers, respectively [1]. Thus, βi and αi are related
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to the nature of the considered plasma, allowing us to describe a laminar environment
when βi, αi → 0 or a turbulent one when βi, αi → 1 [13]. Furthermore,

γ
j
i = ∂j ϕi, (17)

with ϕi = {ui, bi} [13], represents the directional derivatives of the field components, or,
equivalently, is related to field gradients that define the topological space properties [13,38].
They also represent the off-diagonal term of the third-order coupling tensor

Γj
i = βiδ

i
j + γ

j
i = βiδ

i
j + ∂i ϕ

j, (18)

with the Einstein notation assumed

Γj
i ϕi ϕ

j = ϕi

3

∑
j=1

(βiδ
i
j + γ

j
i)ϕj, (19)

Thus, γ
j
i determines the symmetric and/or asymmetric nature of the field gradients,

namely that they define the geometry of the system.
Despite its reduced-order representation, it has been shown [13] that the PMMHD

model

• preserves MHD invariants in the ideal approximation (Re, Rm → ∞), namely the
energy and the helicity;

• admits all fixed points, namely the fluid (bi = 0), the alfvénic (ui = ±bi), and the static

Taylor force-free (ui = 0 and bi = Ωj
ibj);

• presents a dissipative behavior
∂uj
∂u′j

< 0 with a signature of chaos (i.e., sensitive

dependence on initial conditions while preserving the statistics of both fields);
• displays a Kolmogorov-like spectral scaling f−5/3 under turbulent conditions over an

inertial sub-range.

4. Lagrangian Formulation of the PMMHD Model

We built-up a Lagrangian model for investigating the dispersion of fluid particle
pairs in a velocity and/or magnetic field, generated via the PMMHD model. Note that
both velocity and magnetic variables play the same role, bi being the velocity of alfvénic
fluctuations along a given direction. By defining X as the particle coordinate at the time tn
and X′ as its coordinate at a further time tn+1, we can write the difference of the coordinates
of two different particles, say, the n-th and the m-th, along a given direction

∆X = X(n) − X(m). (20)

The trajectory of each particle evolves according to the equation

X′i = Xi + si (21)

where si is one of the field along a given coordinate, say, si = (ui, bi), so that the differences
in coordinates depends on the field we are investigating, say, ∆X(s)

i . The dispersive
properties of particle pairs are then contained in the time evolution of the relative dispersion
tensor (see also Equation (3))

σ
(si ,sj)

ij (tn) = 〈∆X(si)
i ∆X

(sj)

j 〉 (22)

where the average is over a large amount of particle pairs at time tn. The relative dispersion
tensor takes into account the possible advection of both kind of fluctuations, say, velocity
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and alfvénic, along the three different directions. For example, the chaotic advection of
purely velocity elements is described by

σ
(u,u)
ij = 〈∆X(u)

i ∆X(u)
j 〉, (23)

while for purely alfvénic elements, we have

σ
(b,b)
ij = 〈∆X(b)

i ∆Xb)
j 〉, (24)

which both play a privileged role with respect to mixed elements

σ
(u,b)
ij = 〈∆X(u)

i ∆X(b)
j 〉, (25)

σ
(b,u)
ij = 〈∆X(b)

i ∆X(u)
j 〉. (26)

In the simplest case of isotropic dynamics, the off-diagonal elements are identically
zero. In this case, the advection is measured by the square distances between elements, say,

`2
si ,sj

= σ
(si ,sj)

jj (27)

assuming summation over repeated indices. The anisotropic advection can instead be
measured through the anisotropy angles

θ
(si ,sj)

ij = tan−1

3σ
(si ,sj)

ij

`2
si ,sj

, (28)

namely θ
(si ,sj)

ij = π/4 in the case of purely isotropic advection.

Our Lagrangian model consists of solving Equation (21) for M = 106 particles start-
ing from the same initial position, randomly selected, within a circle of radius ε = 10−3,
e.g., Xi(t0) = X0 ± ε when flowing in a plasma environment described by the PMMHD
model in Equations (13) and (14). In this way, we can investigate the separation between par-

ticle pairs along time, thus allowing a proper evaluation of the dispersion tensor σ
(si ,sj)

ij (tn)

and to investigate their statistics under different environmental conditions, as the bifur-
cation parameters βi, αi, and γ

j
i are varied. In particular, we explore the dispersion of

particles in a laminar (βi = 0.1, αi = 0.1) and a turbulent (βi = 0.9, αi = 0.9) plasma
environment. This corresponds to Reynolds numbers between 102 and 104, assuming
that the ratio between the integral scale L and the Taylor scale `i is of the order of 103

or greater, as in natural plasmas [2]. We investigate both symmetric (γj
i = γ = 0.1 ∀i, j)

and asymmetric field gradients (γj
i ∈ [0.1, 0.4]) generated via the PMMHD model under

three different scenarios: velocity dispersion (Section 5), magnetic dispersion (Section 6),
and purely hydrodynamic dispersion (Section 7).

5. Fluid Velocity Dispersion

The first case we study is the fluid velocity dispersion, i.e., si = ui, of particles.
Figure 1 reports the phase-space dynamics of the diagonal and off-diagonal elements of the
dispersion tensor σ

(u,u)
ij under the different conditions.

We cannot observe a distinctive phase-space dynamic between the different conditions,
which seem to be all characterized by a Brownian-like coverage of the phase-space [39].
However, it seems that particles move along outward and inward trajectories that becomes
very irregular for long times. Furthermore, there are also no distinctive features between the
diagonal and off-diagonal separations, thus suggesting the existence of a chaotic nature [39].
We further inspect the statistics of the dispersion tensor by looking at the average square
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distances between elements `2 = 〈σ(ui)
jj 〉 as a function of the time steps under the different

conditions. The results are reported in Figure 2.

Figure 1. The phase-space dynamics of the diagonal (a) and off-diagonal (b) elements of the velocity
dispersion tensor under the effect of symmetric field gradients γ

j
i = γ = constant ∀i, j. (c,d) The

same for the asymmetric field gradients. Blue and orange points refer to laminar and turbulent
plasma environments, respectively. Axes are reported in units of standard deviations for clarity.
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Figure 2. The average square distances between elements for the velocity dispersion as a function
of the time steps. Dots refer to the symmetric field gradients, while lines refer to asymmetric field
gradients. Orange and green correspond to turbulent conditions, while yellow and blue to laminar
ones. The dashed-dotted line marks the Richardson scaling t3

n, while the dashed line refers to the
Brownian scaling tn.



Fractal Fract. 2023, 7, 662 8 of 15

Here, a distinctive feature clearly emerges between laminar and turbulent plasmas.
While the former are characterized by an uncorrelated path at all times, the latter are
instead characterized by a Richardson scaling t3 for short times, which transits towards
a Brownian-like dispersion for long times. This behavior clearly reflects the existence
of a spectral break separation in the Fourier PSD behavior, as previously reported by
Alberti et al. [13] for turbulent conditions, being absent for laminar ones [13]. Indeed,
an intermediate range of frequency is observed with a Kolmogorov-like spectral slope−5/3,
followed by an f−1 behavior of large frequencies. The position of the scaling break for
`2(tn) is consistent with the location of the previously observed spectral break. This means
that, despite its simplifications, the Lagrangian turbulence developed with a PMMHD
model is in agreement with theoretical expectations from the Lagrangian counterpart of the
Kolmogorov theory of turbulence, saying that the Richardson law can only be recovered
and valid if an inertial sub-range of scales is observed [23,24]. As a further step, we
investigated the anisotropic nature of the advection by looking at the anisotropy angles

θ
(ui ,uj)

ij under the different conditions, as reported in Figure 3.

10
0

10
2

10
4

10
6

0

/8

/4

3 /8

/2
Symmetric

10
0

10
2

10
4

10
6

0

/8

/4

3 /8

/2
Asymmetric

Figure 3. The anisotropy angles θ
(ui ,uj)
ij as a function of the time steps. Dots refer to laminar conditions,

while lines refer to turbulent ones. Red, green, and blue lines/symbols refer to θxy, θxz, and θyz,
respectively. The dashed-dotted horizontal lines mark the purely isotropic advection condition
θij =

π
4 .

The results look really intriguing. We clearly highlight that, after an initial transient
activity, the chaotic advection of Lagrangian particles under turbulent conditions with
symmetric field gradients becomes purely isotropic θij = π/4 (apart from some tran-
sient fluctuations), faster (tn∼10) than the observed break (tn∼102) associated with the
Richardson scaling. Conversely, under asymmetric field gradients, it again becomes highly
anisotropic for long times (tn & 103), which cannot be attributed to transient activity. This
seems to underline that singularities in the field gradients along different directions can
play a key role in destroying isotropy. Furthermore, when looking at laminar conditions, the
anisotropy angles θij behave in an almost similar way both for symmetric and asymmetric
field gradients, thus suggesting that the loss of memory processes is the key driver of La-
grangian dispersion in non-turbulent environments. Our findings clearly highlight, with a
simple model, a key property of turbulence, i.e., the mixing of chaotic trajectories [23].

6. Alfvénic Dispersion

The second case we study is the alfvénic dispersion, i.e., si = bi, of particles. Figure 4
reports the phase-space dynamics of the diagonal and off-diagonal elements of the disper-
sion tensor σ

(b,b)
ij under the different conditions.
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Figure 4. The phase-space dynamics of the diagonal (a) and off-diagonal (b) elements of the alfvénic
dispersion tensor under the effect of symmetric field gradients γ

j
i = γ = constant ∀i, j. (c,d) The

same for the asymmetric field gradients. Blue and orange points refer to laminar and turbulent
plasma environments, respectively. Axes are reported in units of standard deviations for clarity.

As for fluid velocity dispersion, there are no distinctive phase-space dynamics between
the different conditions, which seem to all be characterized by a Brownian-like coverage of
the phase-space [39]. However, more elongated structures are found for the symmetric case
with respect to the asymmetric one, almost independent on the diagonal and off-diagonal sep-
arations. This seems to suggest that the magnetic field can play a role in ordering trajectories
within a chaotic environment. We then inspect the statistics of the alfvénic dispersion tensor
by looking at the average square distances between elements `2 = 〈σ(bi)

jj 〉 as a function of the
time steps under the different conditions. The results are reported in Figure 5.

Again, here, a distinctive feature emerges between laminar and turbulent plasmas,
independently of the topological properties of field gradients. Indeed, laminar conditions
lead to a Brownian-like scaling for all times, while turbulent ones produce a short-term
Richardson scaling and a long-term Brownian-like dispersion. This is, as for fluid disper-
sion, the Lagrangian counterpart of the Kolmogorov theory of turbulence, implying that
the Richardson law exists if an inertial sub-range of scales is observed [23,24]. We further

inspect the anisotropic nature of the advection by looking at the anisotropy angles θ
(bi ,bj)

ij
under the different conditions, as reported in Figure 6.

The results again look surprising. Indeed, we almost observe a similar behavior as
fluid dispersion for laminar conditions, although it seems that isotropy is now recovered
in a shorter time than that depicted for the fluid dispersion. Thus, the magnetic field also
seems to produce faster isotropization of Lagrangian trajectories for laminar environments.
In a similar way to fluid dispersion, after an initial transient activity, the chaotic advection
of Lagrangian particles under turbulent conditions with symmetric field gradients becomes
purely isotropic θij = π/4 (apart from some transient fluctuations), faster (tn∼10) than
the observed break (tn∼102) associated with the Richardson scaling. The main difference
with respect to the fluid dispersion is that, under asymmetric field gradients, the highly
anisotropic behavior previously observed for long times (tn & 103) disappears. Thus,
the magnetic field seems to be able to suppress the role of singularities in the field gradients
along different directions and to restore isotropy. This confirms our initial thoughts on the
ordering role of the magnetic field.
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Figure 5. The average square distances between elements for the alfvénic dispersion as a function
of the time steps. Dots refer to the symmetric field gradients, while lines refer to asymmetric field
gradients. Orange and green correspond to turbulent conditions, while yellow and blue to laminar
ones. The dashed-dotted line marks the Richardson scaling t3

n, while the dashed line refers to the
Brownian scaling tn.
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Figure 6. The anisotropy angles θ
(bi ,bj)
ij as a function of the time steps. Dots refer to laminar conditions,

while lines refer to turbulent ones. Red, green, and blue lines/symbols refer to θxy, θxz, and θyz,
respectively. The dashed-dotted horizontal lines mark the purely isotropic advection condition
θij =

π
4 .
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7. Hydrodynamic Dispersion

The last case we study is the hydrodynamic dispersion, i.e., si = ui and bi = 0,
of particles, which the PMMHD model reduces to

u̇i = βiui − Γj
iuiuj. (29)

Figure 7 reports the phase-space dynamics of the diagonal and off-diagonal elements
of the dispersion tensor σ

(u,u|b=0)
ij under the different conditions.

Figure 7. The phase-space dynamics of the diagonal (a) and off-diagonal (b) elements of the hydro-
dynamic dispersion tensor under the effect of symmetric field gradients γ

j
i = γ = constant ∀i, j.

(c,d) The same for the asymmetric field gradients. Blue and orange points refer to laminar and
turbulent plasma environments, respectively. Axes are reported in units of standard deviations
for clarity.

As for previous cases, we cannot highlight any distinctive feature of the phase-space
dynamics between the different conditions. We then inspect the statistics of the hydro-
dynamic dispersion tensor by looking at the average square distances between elements
`2 = 〈σ(u,u|b=0)

jj 〉 as a function of the time steps under the different conditions. The results
are reported in Figure 8.

For all conditions, the Richardson t3−scaling disappears, with the presence of a
Brownian-like scaling for all times. This result clearly suggests that the Lagrangian coun-
terpart of the Kolmogorov theory of turbulence, implying that the Richardson law exists if
an inertial sub-range of scales is observed, could no longer be valid for MHD turbulence,
now requiring an additional condition. This condition is the existence of a magnetic field.
However, this can be related to the reduced-order nature of the PMMHD model in the case
b = 0. Indeed, by looking at Equation (29), it is easy to observe that it admits two different
fixed points: one is the trivial solution (ui = 0), and the other is uj = βi

Γj
i

[13]. The latter con-

dition relates the equilibrium solution uj with the parametrization of the spatial gradients

Γj
i along perpendicular directions to the considered component, thus modifying the scaling

for pair separation and likely destroying the correlations induced by the energy cascade.
This could explain the missing of the Richardson t3−scaling in the absence of a magnetic
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field in our moodel, which is not usually observed in numerical simulations of pure fluid
flows retaining more spatial modes, e.g., [34]. By further inspecting the anisotropic nature
(see Figure 9), we recover similar results as for the fluid case.
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Figure 8. The average square distances between elements for the hydrodynamic dispersion as a
function of the time steps. Dots refer to the symmetric field gradients, while lines refer to asymmetric
field gradients. Orange and green correspond to turbulent conditions, while yellow and blue to
laminar ones. The dashed lines refer to the Brownian scaling tn.
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Figure 9. The anisotropy angles θ
(ui ,uj |bi=0)
ij as a function of the time steps. Dots refer to laminar

conditions, while lines refer to turbulent ones. Red, green, and blue lines/symbols refer to θxy,
θxz, and θyz, respectively. The dashed-dotted horizontal lines mark the purely isotropic advection
condition θij =

π
4 .

This means that, after an initial transient activity, the chaotic advection of Lagrangian
particles under turbulent conditions with symmetric field gradients and/or for laminar
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plasmas becomes purely isotropic θij = π/4. Conversely, under asymmetric field gradients,
it becomes again highly anisotropic for long times (tn & 103), which cannot be attributed to
transient activity. This seems to underline again that the lack of a magnetic field allows
singularities in the field gradients along different directions to play a key role in destroying
isotropy. Furthermore, when looking at laminar conditions under asymmetric field gradi-
ents, we observe a shorter time for recovering isotropic conditions for the y− z separation
that can be attributed to the different lower value of γz

y for this setup with respect to γ
y
x

and γz
x.

8. Summary and Conclusions

In this research, we investigate the dispersion of Lagrangian particles in synthetic
velocity and magnetic fields created using the PMMHD model, considering both laminar
and turbulent conditions. Our findings demonstrate distinct behaviors for each case.

Under laminar conditions, we observe that the average square distance between
particle pairs shows a linear dependence on time, indicating Brownian-like dispersion
throughout all time steps. Conversely, turbulent conditions exhibit a Richardson scaling
pattern, resulting in super-ballistic dispersion. This scaling aligns with the anticipated
properties for a turbulent environment and is particularly evident within the inertial
sub-range of turbulence, as reproduced by the PMMHD model.

Furthermore, we find that in a turbulent environment, the magnetic field proves
significantly more effective in dispersing particle pairs compared with the velocity field.
However, in a laminar setting, no such differences are detected. Additionally, the veloc-
ity field generates stronger anisotropies than the magnetic field, suggesting an ordering
influence of the magnetic field.

Finally, through an investigation of a purely hydrodynamic scenario where magnetic
field effects are absent, we show that even in turbulent conditions, a Brownian-like behavior
is observed. This indicates the crucial role of the magnetic field in generating the Richardson
scaling observed in reduced-order models of turbulent environments. However, this can
be related to a link between the equilibrium solution uj and the parameterization of the

spatial gradients Γj
i that could modify the scaling for pair separation and likely destroy the

correlations induced by the energy cascade. This could be the explanation for the missing of
the Richardson t3−scaling in the absence of a magnetic field, which is not usually observed
in numerical simulations retaining more spatial modes, e.g., [34]. However, this aspect is a
claim for specific future investigations.

Our results are well in agreement with those reported by Carbone et al. [40] through a
five-mode reduced-order model of two-dimensional MHD equations. Indeed, they have
shown that in the presence of magnetic fluctuations, Lagrangian dispersion closely fol-
lows the standard Richardson description, while when magnetic fluctuations are excluded
from the model, the Richardson regime is not observed and a Brownian-like behavior
is observed [40]. Furthermore, they also reported a significant role of the intrinsic large-
scale anisotropy of the model in affecting the direction of Lagrangian pair separation.
Furthermore, we also recover similar results with those obtained using direct numeri-
cal simulations of anisotropic MHD turbulence [32], who reported scalings for relative
Lagrangian dispersion in agreement with the Richardson prediction over the inertial sub-
range and with a Brownian-like behavior for longer times. These aspects clearly highlight
that, despite our drastic truncation of the MHD equations, our PMMHD model is able
to reproduce similar results obtained via intermediate-to-high-complexity models, thus
making it highly appropriate for utilization in scenarios where one needs synthetic turbu-
lent fields with authentic characteristics, such as when conducting intricate investigations
(e.g., sub-grid-scale models for MHD simulations). Clearly, our "one-scale" approach can
open a novel framework for investigating the role of the ergodic nature of the synthetic
field derived via the PMMHD model, which preserves temporal scaling properties (e.g.,
Kolmogorov-like spectra, Richardson dispersion), although neglecting the multiple spa-
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tial scale nature of turbulent fields, thus being a promising outstanding (and additional)
challenge in turbulence.
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