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Abstract The processes of heat transfer occurring between the Earth’s asthenosphere and lithosphere are responsible for partial
melting of rocks, leading to the magma generation and its migration and segregation in the crust and, possibly, to volcanoes generation
at the surface. Convection is the dominant mechanism regulating the heat transfer from the asthenosphere to the lithosphere, although
many aspects of the whole process are not yet clear. Therefore, the knowledge of the physical processes leading to the melting of the
lithospheric rocks has important consequences in understanding the interior Earth dynamics, the surface volcanic dynamics, and its
related hazards. Rock melting occurs when the temperature gradient meets the rock solidus. Here, we propose a nonlinear convective
1D analytical model (representing an approximation of more 3D complex models). The steady-state solution of our equation is in
good agreement with the estimated geotherms of the asthenosphere. A perturbative approach leads to a heat swelling at the boundary
between asthenosphere and lithosphere able to determine its melting and the birth of a volcano.

1 Introduction

Volcanic activity represents the most evident manifestation of the heat contained in the Earth interior that is constantly transferred
from depth of hundreds of kilometers to the surface [1]. Temperature within the Earth increases with depth generating a different
degree of rock melting. At large scale, a partial melting of rocks occurs in the asthenosphere where temperatures are up to 1600-
1900 K and heat is mainly transferred by convection. The latter is the most efficient mechanism of heat transfer in the Earth. The
asthenosphere represents the zone of Earth’s upper mantle lying beneath the lithosphere and extending from about 100 km to about
700 km [2]. The boundary between the asthenosphere and the lithosphere represents the crucial zone of the upper mantle where
most primitive magma initiates its journey towards the surface. The amount of melting of the upper mantle controls the ability to
produce eruptible magmas [2]. There are different factors controlling the mantle melting: temperature, pressure, rock composition
and the presence of fluids (mainly water). As a consequence, there are three main ways leading to melt the mantle: the first one
is to lower the pressure, the second one is to change the chemical composition of the mantle rocks, and the third one is to raise
the temperature [3–8]. These mechanisms are generally connected with different tectonic regimes associated with the tensile or
the compressive ones [9]. A further mechanism governing the heating of the asthenosphere is generated by the viscous dissipation
(frictional heating) which is generally small enough to be neglected [8].

Melting the mantle by lowering its pressure (decompression melting) is the most common and, probably, best understood
mechanism. It occurs when the adiabat of the convecting mantle crosses the rock solidus. The difference between the temperature
that would be achieved if the mantle rose along the adiabat without melting and the temperature that is achieved if the mantle
stayed on the solidus provides the thermal energy necessary to generating a phase transition from solid to solid+liquid [10–14].
This mechanism is generally considered responsible for the generation of magmas in a tensile tectonic regime at mid-ocean ridges,
in the backarc of subduction zones, at ocean islands, and in the interior of many continents [15].

Melting by changing composition occurs when the chemical nature of rocks is changed and the solidus temperature for the new
composition is lower than the current temperature. The addition of a solute to a solvent expands the liquid stability field and lowers
the freezing point of the solvent [16–18]. The most common cause of this type of melting in the Earth’s mantle is the addition of
water to mantle rocks at subduction zones.

A third rock melting mechanism is an anomalously high temperature. In this case, a steady-state mantle upwelling, called
plume, is observed and a hot spot is generated at the Earth surface [6,8,19]. Mantle plumes are large convective systems, driven
by buoyancy forces, that cannot be directly associated with the plate tectonic process. In fact, their relative fixity with respect
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to the oceanic plates highlights that they are poorly affected by the large-scale mantle circulation associated with the subduction
zones and oceanic ridges [6,15]. The occurrence of mantle plumes or vertically extended zones of anomalous high temperature
have been seismically recognized in the asthenosphere of different areas of our Planet (for instance, see [20–23]), whereas their
thermodynamical/mechanical behavior has been investigated by laboratory analogue experiments and numerical modeling (see [2],
and references therein). At the surface, hot spots, related to mantle plumes, were capable of generating a huge amount of basaltic
magma, along the so-called Large Igneous Provinces (LIPs) which also result in a local crustal thickening [24,25]. These spots
have been recognized in the Red Sea and Gulf of Aden in eastern Africa, Greenland in the North Atlantic, Deccan in northwestern
Indian Ocean, Parana in South Atlantic, Karoo in southwestern Indian Ocean, Central Atlantic Margin, Siberian in northern Asia
and Emeishan in China [26]. In particular, the presence of LIPs (whose geological age spans from few ten millions to few hundred
millions of years) is recognized along the ancient rims of continents before they break up and subsequent ocean sea floor spread.
Thus, many authors agree in recognizing the component of a mantle plume (and resulting flood basalt) as a prerequisite for the break
up of a major oceanic basin and onset of spreading and rifting of the plates [19,24,26]. At the present geological time, isolated
mantle plumes are responsible for the generation of volcanic hot spots such as the Hawaiian chain of islands in the Pacific Ocean, the
Iceland along the Atlantic Ocean ridge and the Reunion Island in the Indian Ocean. Although the volcanism related to hot plumes
represents only a part of the whole Earth’s volcanism, its understanding is fundamental to reconstruct the processes governing the
dynamics of the mantle and the plate tectonic.

In what follows, we focus on the third of the above mentioned mechanisms of mantle melting, assessing the importance of a
thermal disturbance during the evolution of a thermal plume. This aspect has been widely investigated including thermo-mechanic
effects [27–31], although many analytical aspects remain still unsolved [22,32]. Here, we introduce a very simplified analytical
model for increasing the temperature at the boundary between asthenosphere and lithosphere, which is a crucial zone for the heat
transfer and magmatic migration towards the surface. Of course, an increase of temperature at this boundary could be a melting
mechanism in any tectonic regime and can be invoked as a good model when convection is involved in the process of heat transfer.

2 The model

The convection is the main process from which the heat of the Earth is transported by means of mass transfer [6]. Hot, partial melted
and buoyant material is thus vertically moved by convection forming magma feeding the volcanic activity at the Earth surface. Thus,
our starting point is represented by a standard Reynolds approach which states that the temperature T in a convective cell obeys to
the equation

∂T

∂t
+ (v · ∇)T = D∇2T, (1)

where v is the flux velocity and D is the thermal diffusivity.
In the sequel, we assume that the flux velocity v depends on the temperature T . Without loss of generality, we assume that v varies

slowly as a function of T . Therefore, second- and higher order terms in the Taylor expansion of v can be neglected, so providing

v = v0 + α(T − T0), (2)

where α is the the derivative of velocity with respect to T evaluated in the reference temperature T0.
Let us now assume that the temperature vertical gradient is much larger than the radial one. This could seem as an oversimplification

compared to other studies that includes thermomechanical effects [27–31]. Nevertheless, we would like to remark that:

– rock melting is mainly due to the vertical temperature gradient and not to the radial one [6];
– the horizontal temperature gradient is negligible as compared to the vertical one; indeed, in an ideal convective cell, it should

be zero at the middle plane cutting the cell;
– the presented model represents a first step providing a very simplified scheme as a prelude to more complex descriptions of the

phenomenon.

In such a framework, Eq. (1) reads
∂Θ

∂t
+ v0

∂Θ

∂z
+ αΘ

∂Θ

∂z
= D

∂2Θ

∂z2 , (3)

where Θ = T − T0, i.e., the difference between the actual temperature and the reference temperature.

2.1 The steady-state solution

Mantle convection is a very stable mechanism at the time scale of some million of years justifying plate tectonics and many of the
geodynamic observed processes. As a consequence, we investigate the steady-state solutions of Eq. (3):

v0
∂Θ

∂z
+ αΘ

∂Θ

∂z
= D

∂2Θ

∂z2 . (4)
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Fig. 1 Θ0 versus z, where we
used the parameters
v0 = 5cm/y� 5.8 · 10−7m/s,
ΔT = 300◦C,
D = 5 · 10−4m2s−1,
α = 3 · 10−8m s−1 oC−1 and
� = 5 · 105m

Equation (4) admits the analytical solution

Θ0 = −v0

α
− v0 + αΔT

α
tanh

[
v0 + αΔT

2D
(z − �)

]
, (5)

where we have used the boundary conditions Θ0(0) = ΔT and Θ0(�) = 0. Here, the origin is the bottom of the convective
asthenosphere with thickness is �, whereas ΔT is the temperature difference between bottom and top of the convective asthenosphere.
Figure 1 shows the profile of Θ0 versus z.

Almost all these values can be found in literature: v0 has been fixed at the plate velocity at the earth surface, ΔT has been
evaluated on the basis of the estimated temperature gradient with z, and � has been fixed on the basis of global tomography (see,
as an example, [8]). The diffusivity D has been extensively investigated and we use a value reported in literature (see, among the
others, [33]). The value of α has been estimated through a linear interpolation assuming that v at the bottom of the convective
asthenosphere is ≈ 10v0.

2.2 A perturbative approach

Let us perturb the steady-state solution, say
Θ = Θ0 + Θ1, (6)

where Θ1 is the perturbation.
Inserting the ansatz (6) into (3), and neglecting second order terms, we obtain

∂Θ1

∂t
+ (v0 + αΘ1)

∂Θ0

∂z
+ (v0 + αΘ0)

∂Θ1

∂z
= D

∂2Θ1

∂z2 . (7)

Finally, using the steady solution (5), we get

∂Θ1

∂t
− (v0 + αΘ1)

(v0 + αΔT )2

ΔTα
sech2

[
v0 + αΔT

2D
(z − �)

]

− αΔT tanh

[
v0 + αΔT

2D
(z − �)

]
∂Θ1

∂z
= D

∂2Θ1

∂z2 .

(8)

Introducing the new independent variables

ξ = v0 + αΔT

2D
(z − �), τ = (v0 + αΔT )2

4D
t, (9)

we simplify Eq. (8) that now reads

2sech2(ξ)Θ1 + 2 tanh(ξ)
∂Θ1

∂ξ
+ ∂2Θ1

∂ξ2 − ∂Θ1

∂τ
= 0. (10)
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Fig. 2 The section at t = 0 of the
solution (15) along with (9)

Let us look for a solution of Eq. (9) with the method of separation of variables, namely

Θ1(τ, ξ) = f (τ )g(ξ); (11)

in this case, we obtain two ordinary differential equations that can be easily solved, providing

f (τ ) = k2 exp(k1τ),

g(ξ) = k3P
m
1 tanh(ξ)

√
1 − tanh2(ξ) + k4Q

m
1 tanh(ξ)

√
1 − tanh2(ξ)

(12)

(m = √
1 + k1), where Pm

n (x) is the associated Legendre polynomial,

Pm
n (x) = (−1)m(1 + x2)m/2 d

m Pn(x)

dxm
, (13)

Pn(x) being the standard Legendre polynomial, and Qm
n (x) the associated Legendre polynomial of second kind,

Qm
n (x) = (−1)m(1 + x2)m/2 d

mQn(x)

dxm
, (14)

Qn(x) being the standard Legendre polynomial of second kind; moreover, ki (i = 1, . . . , 4) are arbitrary constants.
Notice that, in order to have a solution not diverging with time, k1 has to be less than 0. In particular, the choice k1 = −1

considerably simplifies the expression of Legendre polynomials and, consequently, of the solution. Moreover, the constant k2 can
be adsorbed in k3 and k4, so that there is no loss of generality in fixing k2 = 1.

Thus, the solution assumes the form

Θ1(τ, ξ) = exp(−τ)sech(ξ) tanh(ξ)(k4(1 − ξ) − k3). (15)

We would like to remark that, due to (9), this solution has to be considered for negative values of ξ (corresponding to the values
of z ∈ [0, �]) and that Θ1 = 0 for z = 0 and assumes very small values at z = �. Hereafter, we adopt k3 = 400 and k4 = 20. Of
course, this choice is arbitrary and can be modified without loss of generality. For τ = 0 (corresponding to t = 0), the solution
attains a maximum for ξ ≈ −0.8546 (corresponding to z ≈ 499.9 Km, very close to z = �), where Θ1 ≈ 181.321 ◦C (see Fig. 2).
The location and sharpness of the peak are controlled by v0, α, ΔT and D, which are experimental parameters not susceptible of
large variations. The peak of Θ1, greater than 100 ◦C, added to the steady-state value Θ0(�) = 0, and assuming T0 ≈ 1200 ◦C, is
sufficient to cause the melting of the rocks [8] at the top of the asthenosphere.

Figure 3 shows the 3D plot of Θ1(z, t) for the above selected set of constants. Thus, the melting of rocks at the border between
asthenosphere and lithosphere can occur. At this point, the melted rocks can start their buoyant journey through the lithosphere and
towards the upper crust.
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Fig. 3 Plot of Θ1(t, z) given by
solution (15) along with (9). Here,
we used the same parameters as in
Fig. 1 (see text for the choice of
the parameters k3 and k4)

3 Conclusions

We have presented a nonlinear convective 1D model representing a very simple approximation of more complex 3D models. The
steady state solution of our model is in good agreement with the estimated temperature gradients in the earth mantle. Then this
steady-state solution has been perturbed, and a new linearized equation for such a perturbation has been obtained. The solution
of this equation represents a possible model for the birth of a volcano. Indeed, at the boundary between the asthenosphere and
the lithosphere, the thermal escalating can lead to further rocks melting enhancing their ability to move upwards. At this point, a
high-temperature primitive magma batch can rise, up to the crust, where it can accumulate at different depths and finally erupts.
This picture agrees with the evidence that most crustal magmatism is driven, ultimately, by the influx of mantle-derived basaltic
melt [34].

Notice that at z ≈ � both asthenosphere and lithosphere can melt and the ratio between the mass of melted asthenosphere
and the mass of melted lithosphere could determine the initial composition of high-temperature magmas. Our model predicts that
high-temperature magmas are expected to dominate the first eruptive products of a new plume, a result which is confirmed by many
observations (see, among the others, [24], and references therein). Furthermore, the temperature swelling at the top of the plume of
our solution represents a transient stage which can be associated with the onset of large magmatic volcanism such that observed in
the LIPs. Thus, a transient stage allows huge magma generation in the lithosphere and large volcanic activity, whereas steady-state
condition of the plume corresponds to subsequent volcanism. This can continue, as an intermittent phenomenon, for millions of
years, like what is observed in the Hawaiian island, up to the complete depletion of the plume tail [35].

As a final observation, we would like to remark that the solution (15) is independent of the tectonic regime. Therefore, it can
explain not only hot spots, but also any type of volcanism in which the remelting of subducted crust (such as backarc volcanism) or
a branch of convective cell (such as mid-ocean ridges) generate a super-heated plume of melted and low-density material.
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