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In this work, a partitioned fluid-structure interaction solver is presented. Fluid flow problem is solved with time-

discontinuous deforming domain stabilized space-time finite element method. Flow is computed with pressure 
primitive variables which permit to use the same numerical technique for both compressible and incompressible 
regimes. Elastic deformation of the structure is modelled in the Lagrangian frame of reference with Saint-Venant 
Kirchhoff and Neo-Hookean material models - both are non-linear and valid for large deformations. Structure 
equations are discretized with Galerkin finite element method for space and with generalized-alpha method for 
the time. Mesh motion is modelled with the elastic deformation method. An implicit algorithm is presented to 
couple the different solvers. The details are provided on the implementation of the solvers in parallel software. 
The numerical code is verified and validated on several compressible and incompressible flow benchmarks 
widely used in the literature. The results demonstrate that the developed solver successfully detects the accurate 
interaction between fluid and structure.

1. Introduction

Fluid-structure interaction (FSI) problems often involve a light structure and a viscous fluid and are known for their complex multi-physics nature. 
FSI is one of the most challenging categories of the problems in computational mechanics. The problems encounter stability issues, especially when 
the fluid is highly viscous, and the structure is thin and light. Over the last few decades FSI problems have gained enormous attention due to their 
vast number of applications in the field of aeroelasticity [12,35], turbomachinery [30,75] and parachute dynamics [65,58,59]. FSI also plays a 
crucial role in the design and analysis of micro-air-vehicles [51,55] and heat exchangers [38,40]. FSI has been successfully employed to analyze the 
flow structure in hemodynamic problems [6,31].

In general, FSI problems are modelled in two ways: monolithic [65,59,67,32,7] and segregated [16,24,37,70,49]. In the monolithic approach 
fluid, structure and mesh motion equations are solved simultaneously, discretizing the coupled non-linear system in a unified way. This method 
takes into account fluid-structure mutual interactions directly and is known for its stability, robustness and handling of complex non-linear problems, 
particularly, where light structure and heavy fluid are involved. However, monolithic methods are less modular and require writing a fully-coupled 
FSI solver. Apart from that, monolithic solvers also suffer while solving large sparse fluid-structure-combined linear systems as it is difficult to 
design a suitable preconditioner for FSI problems. In segregated or partitioned approach, the fluid, structure and mesh motion equations are solved 
sequentially, in uncoupled fashion, and their coupling is done by appropriate boundary conditions acting at the fluid-structure interface. The 
coupling in the partitioned FSI solvers can further be classified as weak [45] or strong [49]. The partitioned approach has been successfully applied 
to various FSI problems [16,49,37]. Ease and flexibility to use the existing fluid, structure and mesh motion solvers make the partitioned approach 
a preferred choice.

Solving an FSI problem by a partitioned approach consists of three parts. The first one is to solve for fluid flow. In FSI problems, the computa-

tional domain for the flow deforms according to interface displacement, requiring, therefore, a flow solver appropriate for deforming meshes. We 
use Deforming-spatial-domain FEM (ST) to solve flow problems [62,64,59]. The method is based on the stabilized finite element formulation and is 
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written over the space-time domain of a fluid mechanics problem [27,47,54]. The stabilization prevents numerical instabilities in the presence of ad-

vection dominated flows and allows the use of equal-order interpolation functions for solution variables. The numerical scheme has been effectively 
used to compute compressible/incompressible flows with fixed and moving domains [19,20]. In [42] the ST method was extended for multi-fluid 
problems and has been used to study geophysical flow problems [43,52,21]. In [71] the method was extended by defining weakly enforced essential 
boundary conditions and sliding interfaces for compressible flows and was used for gas-turbine and rotorcraft modelling. An isogeometric analysis of 
compressible flows with stabilised methods was presented in [72,9]. In the ST method, mesh velocity terms appear inherently in the ST formulation. 
Moreover, the geometric conservation law is automatically satisfied in the ST method. In the arbitrary-Lagrangian-Eulerian (ALE) method [57,7], 
conservation equations need to include mesh velocity terms explicitly. However, in [47], the authors show that ST and ALE methods are equivalent.

The second part of the partitioned approach method for FSI problems is to solve for the structure. In general, elastic deformation is modelled 
by the Hook’s law [33], which is linear and applicable only for small displacements. For excessive bending and rotation, often appearing in FSI 
problems, non-linear constitutive models such as Saint-Venant Kirchhoff and Neo-Hookean are more suitable [46,56].

The third part is to compute mesh motion for internal fluid mesh nodes subject to moving solid domain. For mesh deformation, several methods 
have been proposed in the literature, such as Laplacian [41], biharmonic [29], spring [4], transfinite interpolation [15] and elastic deformation 
[44,64].

Over the years, many sophisticated methods have been developed for both compressible [25,66,71,72] and incompressible [64,73] flows. The 
common approach in modelling FSI problems is to develop software specific for either compressible or incompressible flow. In fact, solving those 
two regimes within a single numerical scheme is not straightforward [26,27,76,13,74], and it becomes even more complex when FSI is involved. 
However, many problems from the real world require a capability to handle the two regimes simultaneously. A relevant example comes from 
volcanic eruptions [61]: the magma moving at depths of order some km below the Earth surface, where shallow magmatic reservoirs are located, 
is close to incompressible [43,52,21]. However, while ascending and decompressing the initially dissolved volatiles separate into an expanding and 
accelerating gas phase, and the gas-pyroclast mixture leaving the volcanic vent and intruding the atmosphere is highly compressible and normally 
supersonic [1]. Solving for magma motion and associated rock dynamics allows us to relate measured rock displacements to deep magma movements 
and anticipate the occurrence of potentially destructive eruptions. However, it strictly requires an FSI solver which can continuously treat flows 
with Mach numbers from vanishingly small to largely above 1.

In spite of considerable progress during recent decades in solving FSI problems [59,37,24,60,50], there is still substantial need for a robust 
unified method for situations like the one above, where the fluid interacting with the solid can be from incompressible to supersonic at different 
locations in space and time. Here we contribute with a novel partitioned FSI method that couples a flow solver applying from incompressible to 
compressible flows to a solid mechanics solver, and that extends our previous studies on compressible/incompressible flows in fixed domains with 
or without free surface [19,20]. To use a unified solver for both compressible and incompressible flows, we employ pressure primitive variables 
instead of conservation variables as unknowns [27]. The incompressible limit of compressible-flow equations is well behaved for pressure-primitive 
variables. Besides, pressure primitive variables constitute a convenient choice for setting proper boundary conditions in FSI problems [27].

The paper is structured as follows: in section 2, we describe the constitutive equations for fluid, structure and mesh motion and their finite 
element weak formulation. In section 3, we introduce the partitioned algorithm and coupling conditions. In section 4 we provide details on our 
implementation for parallel computations. Finally, in section 5, we present the results of numerical test cases to verify and validate the numerical 
method on three FSI benchmarks for compressible and incompressible flows.

2. Computational method

In this section, we present the governing equations and the solution scheme for fluid, structure and mesh motion problem in the framework of 
FSI. Fluid flow equations are solved by space-time FEM on a deforming grid, and the solid and mesh motion equations are solved in a Lagrangian 
framework. The solvers are solved numerically and coupled through implicit Dirichlet-Neumann boundary conditions at each time step. We present 
the details in the following subsections.

2.1. Fluid equations and numerical solver

Let Ω𝑓

𝑡
∈ 𝐑𝑛 be the time-dependent 𝑛-dimensional spatial domain for fluid with boundary Γ𝑓

𝑡
at time t ∈ (0,T). The governing equations is the 

set of Navier-Stokes equations for compressible flows:

𝜕𝜌

𝜕𝑡
+𝛁 ⋅ (𝜌𝒗) = 0 (1)

𝜕𝜌𝒗

𝜕𝑡
+𝛁 ⋅ (𝜌𝒗⊗ 𝒗) + ∇𝑝 =𝛁 ⋅ 𝝉 + 𝜌𝒈 (2)

𝜕𝜌𝐸

𝜕𝑡
+𝛁 ⋅ (𝜌𝐸𝒗) + ∇ ⋅ (𝑝𝒗) =𝛁 ⋅ (𝝉𝒗− 𝒒) + 𝜌(𝒈 ⋅ 𝒗) (3)

where 𝜌 is the density, 𝒗 is the velocity, 𝑝 is the pressure, 𝒈 is the gravity. 𝝉 is the viscous stress tensor and 𝒒 is the heat flux vector.

𝝉 = 𝜆𝛁 ⋅ 𝒗+ 𝜇((𝛁𝒗) + (𝛁𝒗)𝑻 ) (4)

𝒒 = −𝜅𝛁𝑇 (5)

𝜆 and 𝜇 are the viscosity coefficients, 𝜅 is the thermal conductivity and 𝑇 is the temperature. The total energy 𝐸 is given by:

𝐸 = 𝑐𝑣𝑇 +
|𝒗|2

2
(6)

𝑐𝑣 is the specific heat at constant volume.

The Navier-Stokes equations can be written in the compact form:

𝑼 ,𝑡 + 𝑭 𝑎 = 𝑭 𝑑 +𝑺 (7)

𝑖,𝑖 𝑖,𝑖
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where 𝑼 is the vector of conservation variables, 𝑭 𝑎
𝑖

and 𝑭 𝑑
𝑖

the 𝑖th component of the advective and diffusive fluxes, respectively, and 𝑆 is the source 
vector.

𝑼 =
⎡⎢⎢⎣

𝜌

𝜌𝑣𝑗
𝜌𝑣𝐸

⎤⎥⎥⎦ 𝑭 𝑎
𝑖
=
⎡⎢⎢⎣

𝜌𝑣𝑖
𝜌𝑣𝑗𝑣𝑖 + 𝑝𝛿𝑗𝑖
𝜌𝑣𝑖𝐸 + 𝑝𝑣𝑖

⎤⎥⎥⎦ 𝑭 𝑑
𝑖
=
⎡⎢⎢⎣

0
𝜏𝑗𝑖

𝜏𝑖𝑗𝑣𝑗 − 𝑞𝑖

⎤⎥⎥⎦ 𝑺 =
⎡⎢⎢⎣

0
𝜌𝑔𝑖
𝜌𝑔𝑖𝑣𝑖

⎤⎥⎥⎦
Using 𝒀 =

[
𝑝,𝒗, 𝑇

]𝑇
, the vectors of pressure primitive variables we can write Eqs. (1)-(3) in quasilinear form [54,47,26,27,19] on Ω𝑓

𝑡
and ∀ t ∈

(0,T) as

𝑨0𝒀 ,𝑡 +𝑨𝑖𝒀 ,𝑖 = (𝑲 𝑖𝑗𝒀 ,𝑗 ),𝑖 +𝑺, (8)

where 𝑨0 = 𝑼 ,𝒀 , 𝑨𝑖 = 𝑭 𝑎
𝑖,𝒀

is the 𝑖𝑡ℎ Euler Jacobian matrix, 𝑲 = [𝑲 𝑖𝑗 ] is the diffusivity matrix with 𝑲 𝑖𝑗𝒀 ,𝑗 = 𝑭 𝑑
𝑖
, ans 𝑺 is the source vector. 𝑼 is 

the vector of conservation variables, 𝑭 𝑎
𝑖

and 𝑭 𝑑
𝑖

are the 𝑖𝑡ℎ advective and diffusive flux vectors, respectively. We obtain incompressible flow as a 
limiting case from the Navier-Stokes equations for compressible flow by setting coefficients of isobaric compression, 𝛽𝑝 and isothermal expansion, 
𝛼𝑇 equal to zero. The coefficients are defined as [27]

𝛽𝑝 =
1
𝜌

(
𝜕𝜌

𝜕𝑝

)
𝑇

𝛼𝑇 = −1
𝜌

(
𝜕𝜌

𝜕𝑇

)
𝑝

(9)

The essential and natural boundary conditions for Eq. (8) are represented by 𝒀 = 𝒈𝑓 on (Γ𝑓

𝑡
)𝑔 and 𝑭 𝑑

𝑖
𝒏𝑖 = 𝒉𝑓 on (Γ𝑓

𝑡
)ℎ, where (Γ𝑓

𝑡
)𝑔 and (Γ𝑓

𝑡
)ℎ are 

complementary subsets of the boundary domain Γ𝑓

𝑡
, 𝒏 is the unit normal vector, and 𝒈 and 𝒉 are given functions.

The Navier-Stokes Eq. (8) is solved with time-discontinuous stabilized space-time finite element method for pressure primitive variables [27,

42,19,20]. In the numerical method, space and time are simultaneously discretized, resulting in space-time slabs. The mesh for the upper surface 
of the slab at 𝑡𝑛+1 is obtained by deforming the mesh nodes of the lower surface at 𝑡𝑛 . Let 𝑄𝑛 = Ω𝑓

𝑡
× (𝑡𝑛, 𝑡𝑛+1) be the slice of space-time domain 

between the time levels 𝑡𝑛 and 𝑡𝑛+1 with boundary 𝑃𝑛 = Γ𝑓

𝑡
× (𝑡𝑛, 𝑡𝑛+1) and discontinuous basis functions across the slab boundaries in time-direction. 

The space-time finite element weighted residual formulation of Eq. (8) is written as follows: given a trial function space  ℎ
𝑛

and weighting function 
space ℎ

𝑛
, within each 𝑄𝑛, 𝑛 = 0, 1, ⋯ , 𝑁 − 1, find 𝒀 ℎ ∈  ℎ

𝑛
such that ∀ 𝑾 ℎ ∈ℎ

𝑛
the following relation is satisfied [54,27,66]

∫
𝑄𝑛

(
−𝑾 ℎ

,𝑡
⋅𝑼 (𝒀 ℎ) −𝑾 ℎ

,𝑖
⋅ 𝑭 𝑎

𝑖
(𝒀 ℎ) +𝑾 ℎ

,𝑖
⋅ 𝑭 𝑑

𝑖
(𝒀 ℎ) −𝑾 ℎ ⋅𝑺ℎ

)
𝑑𝑄

+ ∫
Ω(𝑡−

𝑛+1)

𝑾 𝒉(𝑡−
𝑛+1) ⋅𝑼

(
𝒀 𝒉(𝑡−

𝑛+1)
)
𝑑Ω− ∫

Ω(𝑡+𝑛 )

𝑾 𝒉(𝑡+
𝑛
) ⋅𝑼

(
𝒀 𝒉(𝑡−

𝑛
)
)
𝑑Ω

+
(𝑛𝑒𝑙 )𝑛∑
𝑒=1

∫
𝑄𝑒

𝑛

(𝑨𝑻
𝒊
𝑾 𝒉

𝒊
) ⋅ 𝝉 𝑹𝒆𝒔(𝒀 𝒉)𝑑𝑄+

(𝑛𝑒𝑙)𝑛∑
𝑒=1

∫
𝑄𝑒

𝑛

𝜈𝐷𝐶𝑾
ℎ
,𝑖
⋅𝑼ℎ

,𝑖
𝑑𝑄

−∫
𝑃𝑛

𝑾 ℎ ⋅𝑼 (𝒀 ℎ)𝒏̂ ⋅ 𝒗𝑚 𝑑𝑃 + ∫
𝑃𝑛

𝑾 ℎ ⋅
(
𝑭 𝑎

𝑖
(𝒀 ℎ) − 𝑭 𝑑

𝑖
(𝒀 ℎ)

)
𝒏̂𝒊 𝑑𝑃 = 0 (10)

In the above formulation, the first and the last two integrals are the Galerkin terms obtained from the integration by parts. The second and 
third integrals are the jump terms to enforce continuity of the solution between consecutive slabs. The jump terms facilitate the projection of 
the solution in case of remeshing. The fourth integral is the SUPG stabilization term where 𝝉 is the stabilization matrix for pressure primitive 
variables [66,25,27,54,72] and 𝑹𝒆𝒔 is the numerical residual of the Navier-Stokes equations. The fifth integral is the discontinuity capturing 
operator [66,71,9] for shocks and sharp boundary layers. 𝒗𝑚 is the mesh velocity and 𝒏̂ is the outward-directed normal vector. Eq. (10) is solved by 
a third-order predictor-corrector algorithm [54,19].

2.2. Structure equations and numerical solver

Let Ω𝑠
𝑡
∈𝐑𝑛 be the time-dependent spatial domain for structure with boundary Γ𝑠

𝑡
with counterparts Ω𝑠

0 and Γ𝑠
0 in the undeformed configuration. 

The motion for an elastic structure is governed by the momentum conservation equation in the undeformed domain

𝜌0
𝜕2𝒅

𝜕𝑡2
=𝛁 ⋅ (𝑭𝑺) + 𝜌0𝒇 (11)

where 𝜌 is material density, 𝒅 is displacement vector, 𝑭 = 𝑰+𝛁𝒅 is the deformation gradient tensor, 𝒇 is body force and 𝑺 is the second Piola-Kirchoff 
stress tensor which is linked to the Cauchy stress tensor 𝝈 through the following kinematic transformation:

𝝈 = 𝐽−1𝑭𝑺𝑭 𝑇 (12)

where J = |𝑭 |.
Eq. (11) is solved with appropriate essential and natural boundary conditions, represented as 𝒅 = 𝒈𝒔 on (Γ𝑠

0)𝑔 and (𝑭𝑺)𝑵 = 𝒉𝒔 on (Γ𝑠
0)ℎ, where 

(Γ𝑠
0)𝑔 and (Γ𝑠

0)ℎ are the parts of Γ𝑠
𝑡

corresponding to the essential and natural boundary conditions. 𝑵 is the outward-directed normal vector in 
undeformed configuration. In the Lagrangian configuration, the density 𝜌 in the deformed configuration can be computed from the initial density 𝜌0
as 𝜌 = 𝜌0∕𝐽 .

In the present study, we employ two constitutive material models for the finite elastic deformation of the structure. The first one is the Saint-

Venant Kirchhoff material model [46]
184
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𝑺 =
(
𝜆𝛿𝐼𝐽 𝛿𝐾𝐿 + 𝜇(𝛿𝐼𝐾𝛿𝐽𝐿 + 𝛿𝐼𝐿𝛿𝐽𝐾 )

)
𝐸𝐾𝐿 (13)

where 𝜆 and 𝜇 are Lamè constants which are characteristics of each elastic material, 𝛿 is Kronecker delta function, 𝑬 = (𝑪 − 𝑰)∕2 is the Green-

Lagrange strain tensor, 𝑪 = 𝑭 𝑇𝑭 is the Cauchy-Green deformation tensor.

The second employed constitutive model is the Neo-Hookean material model which is suitable for large rotation and strong compression [56]

𝑺 = 𝜇

𝐽
2
3

(
𝑰 − 1

3
𝑡𝑟(𝑪)𝑪−1

)
+ 𝐽 2 − 1

2

(
𝜆+ 2

3
𝜇

)
𝑪−1 (14)

The structure Eq. (11) is solved with the semi-discrete approach. With appropriate trial and weighting function spaces 𝑑ℎ and 𝑤ℎ, respectively, 
the finite element variational formulation can be written as

∫
Ω𝑠
0

𝒘ℎ𝜌0
𝜕2𝒅ℎ

𝜕𝑡2
𝑑Ω+ ∫

Ω𝑠
0

𝛁𝒘ℎ ∶ 𝑭 ℎ𝑺ℎ 𝑑Ω− ∫
Ω𝑠
0

𝒘ℎ𝜌0𝒇
ℎ𝑑Ω− ∫

Γ𝑠0

𝒘ℎ(𝑭𝑺)𝑵𝑑Γ = 0 (15)

The spatial discretization of the above Equation is done with Galerkin FEM. This yields the following system of ordinary differential equations:

𝑴𝒂𝒏+𝟏 +𝑪𝒗𝒏+𝟏 +𝑲𝒅𝒏+𝟏 = 𝒇𝒏+𝟏 (16)

where 𝑴 is the mass matrix, 𝑪 is the damping matrix and 𝑲 is the stiffness matrix. 𝒂 and 𝒗 are acceleration and velocity, respectively. Subscript 
denotes the time level. We use the generalised-alpha method [14] to integrate Eq. (16) in time. At each time step the Newton–Raphson method is 
used to solve the non-linear system of equations.

2.3. Mesh motion solver

For mesh motion, we use the elastic deformation method which has been effectively used in [62,63,34]. In this method the computational grid 
is considered as an elastic body and is deformed according to moving fluid-structure interface. The governing equation is given as

𝛁 ⋅ 𝝈 = 0 (17)

where 𝝈 is the Cauchy stress tensor. The Eq. (17) is discretized with standard Galerkin FEM [20]. To avoid excessive distortion and to maintain a 
better mesh quality near the moving boundaries, the Jacobian based stiffening approach is used [64].

3. FSI coupling algorithm

FSI coupling can be done in two ways: explicit and implicit [53]. In explicit-coupling the fluid flow and structure solvers integrate explicitly 
in time, exchanging information only one-way within a time step. The approach is computationally cheap but becomes numerically unstable when 
fluid-structure density ratio is large. On the other hand, in the implicit-coupling, the information is exchanged two-way within a time step through 
a multiple iterations loop [37]. This approach is numerically stable and robust but more expensive than the explicit one. In this work, we use an 
implicit method for FSI coupling. Fluid, structure and mesh motion solvers are coupled through the Dirichlet-Neumann boundary conditions:

𝒗𝑓 = 𝒗𝑠 (18)

𝝈𝑠𝒏𝑠 = −𝝈𝑓𝒏𝑓 (19)

𝒅𝑚 = 𝒅𝑠 (20)

In the above equations, superscripts 𝑓 , 𝑠 and 𝑚 denote the fluid, structure and mesh, respectively. 𝒗 is velocity and 𝒅 is displacement. Eqs. (18)

and (19) ensures kinematic and dynamic equilibrium between the fluid and the structure. Eq. (20) ensures geometric continuity between the fluid 
and structure domains.

We use the Gauss-Seidel scheme for implicit coupling. In this scheme, the fluid and the solid solvers are executed sequentially. Because of this 
in the literature, this is also known as serial Schwarz procedure [48]. Within a time step, multiple iterations are performed to couple the different 
solvers. The algorithm executing the scheme is comprised of the following steps:

• Solve the flow Eq. (10) applying structure velocity 𝒗𝑠 at fluid-structure interface as Dirichlet boundary condition, i.e. Eq. (18).

• Compute the fluid traction force 𝒕𝑓 = −𝝈𝑓𝒏𝑓 acting on the interface and solve for the structure Eq. (15) applying 𝒕𝑓 as Neumann boundary 
condition, i.e. Eq. (19).

• Solve the mesh motion Eq. (17) applying structure displacement 𝒅𝑠 as Dirichlet boundary condition at interface, i.e. Eq. (20).

• Compute mesh displacement 𝒅𝑚 and mesh velocity 𝒗𝑚 = 𝒅𝑚∕Δ𝑡 and update the fluid mesh.

Within a time step, the iteration loop ends if either the maximum allowed corrector passes are reached or when the following convergence criterion 
is met at the fluid-structure interface:

‖𝒅𝑠
𝑘
− 𝒅𝑠

𝑘−1‖ ≤ 𝜖

here 𝑘 is the iteration number. In this work, we use 𝜖 = 10−6 m. Aitken relaxation can be used to further accelerate the convergence of Gauss–Seidel 
iterations [39].

Our implementation in the numerical code uses conformal fluid and solid meshes at the interface. Using a unique set of nodes at the interface 
ensures that the boundary conditions Eqs. (18)-(20) are accurately assigned. For non-matching meshes, additional care is needed to ensure that the 
coupling is done with sufficient accuracy. For non-matching meshes at the fluid-structure interface, augmented Lagrangian approach can be used 
[8]. To apply the fluid traction on structure Neumann boundary, we use the following relation in Eq. (15).
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Fig. 1. An illustration of fluid-structure quadrangle elements at the interface. The domains are partitioned among two processes represented by process id (PID). 
Nodes are displayed as GID (LID) representing a LID-GID map (LID is local id and GID is global id). Similar LID-GID maps are constructed for elements and dofs, not 
shown in the figure.

∫
Γ𝑠0

𝒘ℎ(𝑭𝑺)𝑵 𝑑Γ = ∫
Γ𝑠
𝑡

𝒘ℎ𝝈𝑠𝒏𝑠 𝑑Γ = −∫
Γ𝑓
𝑡

𝒘ℎ𝝈𝑓𝒏𝑓 𝑑Γ (21)

To solve the large sparse system of linearized equations we use ILU preconditioned flexible block GMRES solver with a Krylov space dimension 
200 and 5 restarts. The tolerance of the GMRES solver is set to 10−9 . The GMRES solver and ILU preconditioner are taken from the Belos package of 
the Trilinos library. Details on the iterative solver and the preconditioner can be found in [5].

4. Software implementation

We implemented the FSI algorithm in our in-house software GALES [42,19,20]. The software is programmed in C++ and is parallelized using 
OpenMPI. The software design is intended for high-performance computing and utilization of distributed memory architecture of a computer cluster. 
The software uses features of Boost C++ and Trilinos libraries. Here we provide the brief details on the implementation of finite element method 
in a parallel environment using the Trilinos library in the frame work of FSI.

As a starting point, two conformal meshes for fluid and structure are generated by the open-source software GMSH [22]. In GALES, we use 
the element based domain partition strategy, which means that each element is assigned to a unique process, but nodes can belong to multiple 
processes if they belong to the element from more than one subdomain. To partition the mesh on different processes, we use the METIS library 
[36], which is fast up to several million nodes. Metis allows to load balance multiple quantities simultaneously for multi-physics problems. In 
Metis different weights can be assigned to the elements, resulting in nearly equal total weighted partitions. Load-balancing mesh partitioning is 
critical for the performance of a parallel application. Each process reads and stores its submesh in a distributed manner via the process’s rank in 
MPI_COMM_WORLD. The submeshes contain unique elements and shared nodes among process boundaries (the case of the fluid-structure boundary 
is shown in Fig. 1). A mapping is defined for each node, element and dof between their local (LID) and global (GID) positions on the processes. 
Element level matrices and vectors are constructed via the uBLAS class of boost library which provides extensive functionality for vector and matrix 
operations and facilitates local computations. The global sparse matrix and vector are constructed via the sparse container classes Epetra_FECrsMatrix 
and Epetra_FEVector, respectively, which are part of the Epetra package of the Trilinos library. The global matrix and vectors are themselves 
distributed with a communication pattern to exploit parallelism and are specifically designed for finite element discretizations. Finally, given the 
LID-GID map, the assembly of the corresponding local matrix and vector into global containers is performed with the SumIntoGlobalValues function 
from Epetra.

The linear solver from Belos employs the additive Schwarz method for the construction of preconditioner and solves the equations in a distributed 
fashion. To store the solution, the file is opened in parallel with the MPI_File_open function and the global distributed solution vector is printed 
in the form of chunks of data with the MPI_File_write_all function from OpenMPI. Implementation of FSI coupling in a parallel environment is a 
challenging task because in most cases, the interface nodes of fluid and structure meshes reside on different processes. For example node 0(0) of 
fluid lies on PID 0 while the corresponding matching node 5(3) of structure lies on PID 1 (Fig. 1). This poses a difficulty for node-to-node coupling. 
For an efficient implementation of boundary conditions the matching nodes information and the values of the coupling variable must be available 
at each process. To handle this we store the index numbers of fluid-solid interface nodes in a separate file while generating the meshes. We read 
the file in parallel and thus all processes have the information on the matching nodes. We use the MPI_Allgatherv function to collect the coupling 
variables.

5. Numerical results

In this section, we present three numerical examples for 2D flows, representing classical benchmarks for FSI problems. The first two cases are 
for incompressible flows, while the last one is for compressible flow. The incompressible problems are solved at isothermal conditions without 
shock-capturing term, see Eq. (10). All computations are performed over P1 and Q1 elements with 3 and 4 Gauss quadrature points, respectively. In 
all test cases, the mesh is refined in the vicinity of the fluid-structure interface, and fluid and structure meshes share the same interface nodal points. 
Apart from the fixed domain boundaries, the mesh is allowed to move everywhere. The time integration parameter 𝜌∞ for the structure solver is set 
to 0.5. In all test cases, the Lamè parameters for the mesh motion are set to E = 103 Pa and 𝜈 = 0.3.
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Fig. 2. Flow-induced oscillation of a flexible beam: problem setup.

Table 1

Flow-induced oscillation of a flexible beam: mesh models (m1, m2, 
m3 and m4): h1 is the element edge length along the rectangular 
outer domain; h2 is the element edge length around the rigid square; 
h3 is the element edge length at the fluid-solid interface.

Mesh models m1 m2 m3 m4

h1(cm) 0.3 0.15 0.15 0.1

h2(cm) 0.09 0.045 0.045 0.03

h3(cm) 0.06 0.03 0.02 0.01

#nodes (fluid) 6215 24265 29839 77049

#elements (fluid) 12051 47777 58786 152558

#nodes (structure) 203 408 929 3562

#elements (structure) 268 542 1450 6310

Table 2

Flow-induced oscillation of a flexible beam: am-

plitude and frequency corresponding to the oscil-

lations of the beam for different mesh models.

Mesh models m1 m2 m3 m4

Amplitude (cm) 1.01 1.05 1.14 1.23

Frequency (Hz) 3.32 3.22 3.16 3.14

5.1. Flow-induced oscillation of a flexible beam

This is a classical FSI benchmark problem for incompressible flow. The problem was introduced in [68] and has been widely used for the 
validation of FSI numerical solvers [49,18,70,32,10,37,7].

The problem setup is displayed in Fig. 2. A flexible thin beam is attached to a fixed rigid square immersed in an incompressible flow. A uniform 
velocity of 51.3 cm/s is set at the inlet at a sufficiently long distance from the square. Based on the inlet velocity (𝑣), side length of square box (𝐿) 
and kinematic viscosity (𝜈) the value of the Reynolds number is 𝑅𝑒 = 𝑣𝐿∕𝜈 = 333. The lateral walls are slip boundaries. At the outflow, we set zero 
traction boundary condition. The left end of the beam is clamped to the fixed box.

The material properties are taken from [68]. The fluid density and viscosity are 1.18 ×10−3 g/cm3 and 1.82 ×10−4 g/(cm s). The structure density 
is 0.1 g/cm3, and the Young’s modulus 𝐸 and Poisson’s ratio 𝜈 are 2.5 × 106 g/(cm s2) and 0.35, respectively. The elastic beam is modelled with the 
Neo-Hookean material model (Eq. (14)) with the plane stress condition.

A mesh convergence study has been performed on this simulation case (Table 1 and Fig. 3). We start the simulation with fluid and structure set 
at rest and apply inlet velocity instantaneously. We use a fixed time step of 0.001 s with maximum 10 allowed corrector passes.

This test case shows general characteristics similar to those of the flow past a fixed cylinder at high Reynolds number. For all employed mesh 
models the flow exhibits a transient behaviour with vortices emerging and separating from the right end corners of the rigid square. These vortices 
induce a periodic variation of the pressure behind the square: alternatively creating a high and low pressure zones above and below the beam. This 
induces oscillations of the elastic beam.

Fig. 4 shows the results for pressure and velocity at several time instants for mesh model m1. In Fig. 5 we display the deformed computational 
mesh around the beam. Time t = 6.6 s and t = 7 s correspond, respectively, to the instants when the beam attains the maximum upward and the 
minimum downward displacements. As can be noticed from the figure, the mesh elements retains their good quality.

Inside the non linear loop of fluid and solid solvers the convergence is achieved within 3 corrector passes (see Fig. 6) for all employed mesh 
models. Fig. 7 plots the temporal profile of the vertical displacement of the tip. In all mesh models after around 2.3 seconds the oscillations of the 
elastic beam show a nearly periodic state. Table 2 reports the amplitude and frequency of the oscillating beam for the different employed mesh 
models. The observed tip vertical amplitude and oscillation frequency lie between 1.01-1.23 cm and 3.32-3.14 Hz, respectively. In particular, we 
notice that mesh refinement brings the computed oscillation frequency progressively closer to the theoretical Eigen-frequency value of the elastic 
beam (3.03). Table 3 shows that our results compare well with previous works with partitioned approach.
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Fig. 3. Flow-induced oscillation of a flexible beam: fluid meshes: (a) mesh model m1, (b) zoomed view at the interface of mesh model m1, (b) zoomed view at the 
interface of mesh model m4.

Table 3

Flow-induced oscillation of a flexible beam: com-

parison for the vertical displacement and fre-

quency of oscillations of the beam.

References d (cm) f (Hz)

Wood et al. [70] 1.15 2.94

Dettmer et al. [18] 1.1-1.4 2.96-3.31

Habchi et al. [24] 1.02 3.25

Matthies et al. [48] 1.18 3.13

Present work (m1-m4) 1.01-1.23 3.32-3.14

5.2. Vertical beam in uniform channel flow

This problem involves a vertical beam, clamped at the base, set as an obstacle in a channel flow. In [3] the authors studied the flow over 
backward facing step obstructed by a flexible cantilever beam into the channel. A variant of this problem was studied by placing an immersed 
leaflet in pulsatile flow, using the oomph-lib, an object-oriented multi-physics open-source finite-element library [28]. In [16] the authors modelled

a similar problem for a restrictor in a converging channel. In [11], the authors modelled a steady flow past a vertical beam, and in [24], the problem 
was extended by considering two elastic flaps. The setup that we consider here corresponds to the one in [51].

The problem setup is described in Fig. 8. At the inlet a uniform velocity of 1 m/s is applied. Free outflow conditions are set at the outlet. 
The lateral walls are considered as slip boundaries (𝑣2 = 0; 𝜏12 = 0). Initial value of pressure and velocity are set to zero. The fluid and structure 
meshes contained 13848 and 358 elements, respectively. The fluid properties are: density = 1 kg/m3, viscosity = 0.001 Pa s, resulting in 𝑅𝑒 = 1000. 
The structure is modelled as Saint-Venant Kirchhoff material (Eq. (13)) with plane stress condition, and density = 1000 kg/m3, Young’s modulus 
𝐸 = 6 × 104 Pa, Poisson ratio 𝜈 = 0.35. The simulation was run for 60 s with time step of 0.01 s and maximum 4 corrector passes.

After the immediate start of the simulation, at 0.2 s a vortex is generated due to the velocity gradient between the accelerating fluid in front and 
the still fluid behind the beam. The vortex is clockwise and moves downstream. Fig. 9 shows snapshots of the flow field described by instantaneous 
streamlines, superimposed to the pressure field. Fig. 10 shows the zoomed view of the computational mesh around the beam at times t = 0 and t 
= 5 s when the maximum displacement is achieved. As it can be seen from the figure the mesh remains of good quality, meaning that its elements 
are not excessively twisted or deformed, even after such large deformation. The tip displacement of the elastic beam is reported in Fig. 11, together 
with the same quantity as from the numerical simulations in [51]. The beam gets its maximum deflection at t = 5 s, after which it tends to return 
to its initial position and continue fluctuating for the subsequent times.
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Fig. 4. Flow-induced oscillation of a flexible beam: pressure and velocity results for mesh model m1.

Fig. 5. Flow-induced oscillation of a flexible beam: mesh deformation for mesh model m1.

5.3. Shock-induced deflection of an elastic panel

Here we test our numerical solver for compressible flows. The test consists in computing the deflection of an elastic panel caused by a shock 
wave. The problem was first proposed in Giordano et al. [23] as a way to benchmark compressible transient flow solvers. The authors performed 
an experiment and compared the results obtained with their numerical method. Since then, the problem has been effectively used to validate 
compressible fluid-structure interaction solvers [17,69,2].

The problem setup is described in Fig. 12. A 1 mm wide panel is clamped into a step which is 20 mm far from the shock wave. The Mach number 
corresponding to the shock wave is 1.21. We use air as fluid and the ideal gas law as the equation of state. The initial pressure, temperature and 
velocity for the left and right sides of the shock are shown in Fig. 12. At inlet the flow variables are set equal to the left side of the shock and slip 
conditions are imposed on the lateral walls. At outlet no boundary condition is set. We use the finite-deformation Saint-Venant Kirchhoff material 
model (Eq. (13)) for the elastic panel. The material properties of the panel are as follows: density = 7600 kg/m3, Young’s modulus = 220 GPa, and 
Poisson ratio = 0.3. We carry out the computations to a time of 2.5 ms with a constant time step of 1 μs and maximum 5 corrector passes. The fluid 
and structure meshes are composed of 167065 and 1252 Q1 elements, respectively.

Fig. 13 displays the results for the pressure field at four different time instances starting from when the shock wave reaches the elastic panel. 
For comparison with [23], we take the instance when the wave strikes with the panel as t = 0 μs. A part of the shock wave reflects after striking 
with the step. However, the larger part of the wave reaches the elastic panel and gives rise to patterns associated with wave transmission in 
the downstream direction and reflection in the upstream direction, well visible at subsequent times. Our simulation results were able to capture 
the mutual interaction of the reflecting waves coming from the step, elastic panel and the lateral boundaries. Simulation results also display the 
D. Garg, P. Papale and A. Longo Computers and Mathematics with Applications 100 (2021) 182–195
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Fig. 6. Flow-induced oscillation of a flexible beam: non-linear iterations per time step to achieve convergence for mesh model m1.

Fig. 7. Flow-induced oscillation of a flexible beam: vertical displacement of the tip of the beam for the four employed mesh models m1 to m4.

Fig. 8. Vertical beam in uniform channel flow: problem setup.
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Fig. 9. Vertical beam in uniform channel flow: snapshots of flow field with streamlines and pressure distribution.

Fig. 10. Vertical beam in uniform channel flow: clipped zoom of initial and deformed mesh around the elastic beam.

generation of a low pressure area at the panel trailing end and the roll-up of shear layers which eventually form a vortex. At subsequent times the 
separation of the vortex from the panel as well as the further movement of the shock wave in downstream direction can be noticed.

In Fig. 14 we compares the present simulation results for the numerical schlieren (the magnitude of the density gradient vector) with the 
experimental and numerical results obtained in [23]. The motion of the vortex and the shape of the reflected and transmitted waves agree well with 
the results reported in [23].

Fig. 15 shows the computed horizontal displacement of the tip of the panel. The forward and backward deflection of the panel is due to impinging 
of the shock wave and stored elastic energy, respectively. Our results are in excellent agreement with the experiments, both in terms of deformation 
D. Garg, P. Papale and A. Longo Computers and Mathematics with Applications 100 (2021) 182–195
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Fig. 11. Vertical beam in uniform channel flow: comparison for the tip displacement of the beam: [51] (dashed line) and present work (solid line).

Fig. 12. Shock-induced deflection of an elastic panel: problem setup.

Fig. 13. Shock-induced deflection of an elastic panel: pressure field. In the figure time 0 μs corresponds to the instance when the shock wave impacts the panel.
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Fig. 14. Shock-induced deflection of an elastic panel: the left and the middle columns show the experimental shadowgraph and numerical schlieren, respectively, 
from [23], and the right column is numerical schlieren from the present results. The time instants are 0, 70, 140 and 210 μs. Time 0 μs corresponds to the instance 
when the shock wave impacts the panel.

Fig. 15. Shock-induced deflection of an elastic panel: Horizontal deflection of the tip. The present results are compared with experimental and numerical data.

pattern and maximum deformation attained. By comparison, the simulation results in [23] show a too rapid return to the initial position, and those 
in [17] significantly overestimate the maximum deformation.

6. Concluding remarks

In this article, which extends our previous work on compressible and incompressible flow in fixed domains [19] and free surface flow in moving 
domains [20], we present a partitioned algorithm for strongly coupled FSI problems. In particular, we illustrate the flow solver formulation with the 
stabilized finite element method based on Galerkin least squares and discontinuity capturing terms, and the solver for structure elasto-mechanics 
and mesh motion based on standard Galerkin FEM. We solved the structure mechanics and mesh motion equations with standard Galerkin FEM. 
We successfully validate our numerical code on widely used benchmarks and demonstrate the capability of the method to tackle both compressible 
and incompressible flow problems, classically approached with a variety of different numerical algorithms, using only one single set of variables. 
The efficiency and robustness of the method makes it ideal to investigate practical problems in a variety of situations which are relevant in natural 
systems as well as industrial applications, in particular where compressible and incompressible flows coexist and fluid-structure interactions cannot 
be neglected.

Link to the Reproducible Capsule

https://codeocean .com /capsule /6716089 /tree /v1
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