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ABSTRACT
The SYM-H and AE geomagnetic indices can be considered as proxies of the response of the Earth’s 
magnetosphere and ionosphere to solar magnetic activity. They indirectly monitor some electric current 
systems which flow in the ionosphere and magnetosphere whose dynamics are directly or indirectly related 
to the Sun-Earth interaction. Consequently, their temporal changes reflect processes occurring in the near-
Earth space, which contribute differently to the over-all magnetosphere-ionosphere dynamics. The aim of 
this work is to characterize the nature of these two geomagnetic indices by following a complex system 
approach and applying a novel formalism, e.g., the EMD-based dominant amplitude multifractal 
formalism (EMD-DAMF). A
set of complexity measures, i.e., the Hurst exponent (), the singularity width (Δ�) and the spectrum 
width (Δf ), is evaluated for both geomagnetic indices analyzing data recorded during the last two solar 
cycles. One of the most significant findings of this study is the absence of relevant differences between the 
two solar cycles in terms of complexity measures for both geo-magnetic indices, suggesting that only the 
occurrence and the frequency of geomagnetic storms and substorms affect the Hurst exponent and the 
singularity widths of SYM-H and AE indices. Moreover, while the AE index complexity measures do not 
show a significant dependence on geomagnetic activity, the SYM-H index shows a reduction in its 
complexity features during the geomagnetic storms, manifesting a more persistent behavior and moving 
from a (mono)fractal-like to a multifractal-like behavior when passing from quiet to disturbed periods. 
Finally, our findings are consistent with previous works on the forecast horizon of the geomagnetic 
activity as well as on the relation between the high-latitude ionosphere and the low-latitude magneto-
sphere, thus confirming the importance of providing higher resolution measures for correctly dealing with 
several Space Weather phenomena.

1. Introduction
The near-Earth electromagnetic environment, comprising the magnetosphere and the ionosphere, belongs to the

class of the complex systems, i.e., to those systems which are characterized by a large number of interacting parties and
whose global behavior cannot be considered as the sum of the activities of singular parties (Ott, 2002). This system
commonly exhibits features such as for example hierarchical self-organization, scale-invariance, and criticality over a
wide range of time scales (Klimas, Vassiliadis, Baker and Roberts, 1996; Consolini and Chang, 2001; Uritsky, Klimas
and Vassiliadis, 2002; Chang, Tam, Wu and Consolini, 2003; Vassiliadis, 2006). Its dynamics is mainly controlled by
the solar wind, which is also responsible of the shape and the size of the magnetosphere, and by processes which mainly
occur inside the system and are associated with the several electric current systems flowing in the magnetosphere and
ionosphere at different latitudes (e.g., Kamide, 1990; Gonzalez, Joselyn, Kamide, Kroehl, Rostoker, Tsurutani and
Vasyliunas, 1994; Lyon, 2000; Borovsky and Osmane, 2019). The effects produced by these electric currents on
the magnetic field can be monitored by using different geomagnetic indices derived from the time variations of the
magnetic field recorded at geomagnetic observatories at high and low latitudes (Davis and Sugiura, 1966; Iyemori,
1990). These indices can be consequently considered as proxies of those electric currents which are the main sources
of the recorded magnetic field variations. For example, high-latitude magnetic observations are used to derive the
auroral electrojet indices (AE, AL, AU, AO), which provide a quantitative measure of the level of magnetic activity in
the auroral zone due to the high-latitude ionospheric currents flowing below andwithin the auroral oval, e.g., the auroral
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electrojets (Davis and Sugiura, 1966). More specifically, the AL and the AU indices allow to monitor the intensity of
the westward and eastward auroral electrojets, respectively, the AE index represents, in first approximation, the global
activity of the two electrojets providing a measure of the overall energy deposition rate (Ahn, Akasofu and Kamide,
1983), and the AO index provides a measure of the equivalent zonal current (Ahn et al., 1983).

Over the past years, the analysis and the detailed study of these indices allowed us to derive interesting information
on some processes occurring at high latitude and mainly due to the dynamical interaction between the Sun and Earth
environment. For instance, it has been possible to study the morphology of substorms from both a quantitative and
a qualitative point of view (Daglis, Livi, Sarris and Wilken, 1994; Uritsky and Pudovkin, 1998) and to characterize
the coupling between the interplanetary medium variability and the high-latitude ionosphere (Tsurutani, Sugiura, Iye-
mori, Goldstein, Gonzalez, Akasofu and Smith, 1990). The low-latitude ground-based magnetic measurements are
instead used to measure the magnitude of magnetic disturbance recorded on the ground in the horizontal magnetic
field mainly due to the equatorial ring current, a current flowing westward in the magnetospheric equatorial plane at
a distance between 3RE to 8 RE . The ground effect produced by the storm-time enhancement of this current is an
intensity reduction of the geomagnetic field horizontal component. Its variations at middle and low latitudes are used
to derive the SYM-H index (Iyemori, 1990). Indeed, SYM-H is computed from a network of 6 magnetic observatories
evenly distributed in longitude across the equatorial region and describes the geomagnetic disturbances at low and mid
latitudes in terms of longitudinally symmetric (SYM) disturbances of the horizontal (H) component of the geomag-
netic field (Iyemori, 1990). Thus, this index is particularly helpful for investigating the large-scale behavior of the ring
current, the dynamics and topology of geomagnetic storms and their relation with solar source phenomena (Wanliss,
2005; Wanliss and Uritsky, 2010).

A common feature of AE and SYM-H time series is their irregular and bursty nature which reflects the intrinsic
chaotic/complex nature of the near-Earth electromagnetic environment that they indirectly describe (Sharma, 1995;
Consolini, 2002; Consolini, Alberti and De Michelis, 2018). What we know about the complexity features of these
indices is largely based on different approaches applied in the years: the canonical structure function analysis (Takalo,
Lohikoski and Timonen, 1995; Borovsky and Valdivia, 2018), the multifractal detrended fluctuation analysis (Wanliss,
2005), and so on (Consolini, Marcucci and Candidi, 1996). For example, these previous studies have established,
that the variability of AE-index is characterized by a hierarchy of scaling exponents, that reflect the intermittent and
multifractal nature of high-latitude magnetic fluctuations (Consolini et al., 1996), and that its fluctuations have a non-
Gaussian character (Consolini and DeMichelis, 1998), which suggests the lack of a global self-similarity property. An
implication of this is the possibility that, although the solar wind variability greatly influence the AE index, especially
on large timescales (Consolini and De Michelis, 2005; Alberti, Consolini, Lepreti, Laurenza, Vecchio and Carbone,
2017a), the intermittent character of the AE index and of solar wind parameters can have a different origin. Indeed,
it has been found that the solar wind fluctuations within the inertial regime follow a Kolmogorov-like behavior f−5∕3
that is the result of a nonlinear cascade process (Bruno and Carbone, 2016) conversely, the AE index fluctuations
follow a f−2 behavior probably due to a stochastic cascade/multiplicative avalanching process (Consolini, 2002). This
behavior is a peculiar feature of short-term AE index fluctuations and is mainly associated with the burst activities
of the magnetosphere and with the phenomenon of the release in the high-latitude ionosphere of energy stored in the
magnetotail during the magnetic substorms.

Conversely, previous analysis on the complexity features of the SYM-H index suggested a stronger link with the
solar wind parameters than that found in the case of the AE index. Indeed, the complexity features of the SYM-
H index reveal a different character during geomagnetically quiet and disturbed periods thus suggesting a different
fractal nature of the SYM-H index as a function of the geomagnetic activity levels. It has been suggested by Wanliss
(2005) that the SYM-H complexity features are on average well-described by a fractional Brownian motion (fBm).
However, the large, intermittent and irregular fluctuations, related to both the solar wind forcing and to the internal
magnetospheric dynamics (Wanliss and Uritsky, 2010), could in principle modify the scaling properties, thus requiring
a proper investigation of several possible scenarios. As an example, while during the geomagnetically quiet periods the
fluctuations of the SYM-H index are characterized by an anti-persistent behavior with values of the Hurst exponent less
than 0.5 ( ≤ 0.5), during the disturbed periods the values of this exponent tend to increase suggesting the tendency
of the fluctuations to cluster along a direction. This means that a more ordered dynamics is observed during disturbed
periods,and this may be a consequence of the large scale convection enhancement (Balasis, Daglis, Kapiris, Mandea,
Vassiliadis and Eftaxias, 2006; Balasis, Daglis, Papadimitriou, Kalimeri, Anastasiadis and Eftaxias, 2009).

These findings suggest that the two geomagnetic indices, which indirectly describe different electric current systems
flowing in the ionosphere and magnetosphere, are characterized by a different degree of complexity that must be taken
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into account in their forecast horizon through predictive tools (Consolini et al., 2018).
Here, we focus on the investigation of complexity measures of the SYM-H and AE indices during the last two

solar cycles (e.g., SC23 and SC24) introducing a novel formalism, which is based on the characterization of multiscale
fluctuations and statistical properties for non-stationary and nonlinear time series. One of the most significant findings
from our study is that the strength of the solar activity cycle does not significantly affect the complexity measures of
both geomagnetic indices. They seem to be mainly affected by the occurrence and frequency of solar perturbations.
Furthermore, the complexity measures of the AE index do not show a clear degree of correlation with the geomagnetic
activity. Conversely, the complexity measures of the SYM-H index significantly change passing from a quiet to a
disturbed period. Indeed, all complexity measures related to the SYM-H index (e.g., the Hurst exponent and the
multifractal widths) show a clear degree of correlation with the geomagnetic activity and suggest a weakly multifractal
nature, which is always present regardless by themagnetic activity level. Finally, our findings also support the existence
of a relation between the processes that take place in the high-latitude ionosphere and those that occur in the low-latitude
magnetosphere.

2. Data
In this study we have considered data from the last two solar cycles, i.e., solar cycle 23 and 24 (SC23, SC24),

spanning the period of time between January 1997 to January 2018. Although the end time of solar cycle 24 is the late
2019, due to the temporal availability of the AE index we have restricted the time interval to January 2018 (https:
//cdaweb.gsfc.nasa.gov/index.html/). For this time interval we have considered three different quantities: the
daily total sunspot number, the SYM-H index and the AE index. The daily total sunspot number (SSN) has been freely
retrieved fromWDC-SILSO1 and has been derived by the formula SSN = Ns+10Ng , withNs andNg the number of
spots and groups counted over the entire solar disk, respectively (Clette, Svalgaard, Vaquero and Cliver, 2014). The
SYM-H and AE geomagnetic indices time series, with one-minute resolution, are obtained from the CDAWeb interface
at https://cdaweb.gsfc.nasa.gov/index.html/.

Fig. 1 reports the daily total sunspot number (SSN) and the two geomagnetic indices, AE and SYM-H, during the
analysed time interval. The daily total sunspot number time series clearly follows the ∼11-yr solar magnetic activity
cycle. It is characterized by higher values during the solar maxima periods, e.g., 2000-2001 for SC23 and 2014 for
SC24 (Laurenza, Alberti, Marcucci, Consolini, Jacquey, Molendi, Macculi and Lotti, 2019) and by lower values during
the minimum phase of SC23, i.e., 2008-2009.

The temporal trend of SSN clearly shows how the solar cycle 24 has been less active than the solar cycle 23 having
reached a maximum value for the SSN of ∼200 with respect to the value of ∼350 reached for the SC23 (Hathaway,
2015). The activity is not the only difference between the two solar cycles, it has been shown that energetic events
such as solar energetic particle (SEP) events and ground level enhancements (GLEs) have been significantly reduced or
lacked during the SC24 (Vainio, Raukunen, Tylka, Dietrich and Afanasiev, 2017). Furthermore, while the total CME
rate has been very similar in the ascending and maximum phases of the two cycles, CMEs related to the SEP events
in the SC24 have been faster and more expansive, implying that the coronal conditions in the two cycles have been
markedly different (Gopalswamy, Akiyama, Yashiro, Xie, Mäkelä and Michalek, 2014). These results have been also
confirmed by Alberti, Laurenza, Cliver, Storini, Consolini and Lepreti (2017b) in terms of a lower occurrence rate and
intensity of energetic events in the SC24, as well as, in the number of intensive flares (>M5 class) (Subramanian and
Shanmugaraju, 2016). These decreases can be attributed to several factors, such as a weak interplanetary magnetic field
which decreases the efficiency of the particle acceleration mechanisms (Gopalswamy, Mäkelä, Yashiro, Xie, Akiyama
and Thakur, 2015; Laurenza, Alberti and Cliver, 2018; Alberti, Laurenza and Cliver, 2019c).

Naturally, the low level of solar activity is also reflected on a low level of geomagnetic activity recorded on the
ground. In confirmation of this, the SC24 has been characterized by a nearly 40% reduction in the number of geomag-
netic storms and magnetic substorms (Selvakumaran, Veenadhari, Akiyama, Pandya, Gopalswamy, Yashiro, Kumar,
Mäkelä and Xie, 2016) as it can also be revealed by the temporal trend of the two geomagnetic indices during the
two different solar cycles. At least 13 intense geomagnetic storms, characterized by SYM-H<250 nT and by values
of the global geomagnetic activity index (Kp) greater than 9, occurred during the SC23, as for example the well-
known Bastille’s Day geomagnetic storm and the Halloween superstorm (Chi, Russell, Foster, Moldwin, Engebretson
and Mann, 2005; Tsurutani, Judge, Guarnieri, Gangopadhyay, Jones, Nuttall, Zambon, Didkovsky, Mannucci, Iijima,

1http://sidc.be/silso/home
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Figure 1: From the top to bottom: The daily total sunspot number (magenta), the AE index (blue), and the SYM-H
index (orange) across solar cycles 23 and 24. The gray dashed line marks the transition from the solar cycle 23 to the
solar cycle 24.

Meier, Immel, Woods, Prasad, Floyd, Huba, Solomon, Straus and Viereck, 2005; Balasis, Daglis, Zesta, Papadim-
itriou, Georgiou, Haagmans and Tsinganos, 2012). Conversely, there have been no geomagnetic storms with the same
strength during the SC24. During this solar cycle the strongest geomagnetic storm is that occurred on 17 March 2015,
known as St. Patrick’s Day storm, during which the value of the global geomagnetic activity index has been equal to
Kp = 8 (Kamide and Kusano, 2015; Wu, Liou, Lepping, Hutting, Plunkett, Howard and Socker, 2016; Carlyle, van
Driel-Gesztelyi, Zuccarello, James and Williams, 2017).

3. Methods
3.1. Empirical Mode Decomposition (EMD)

The Empirical Mode Decomposition (EMD) is a decomposition method proposed to overcome some limitations of
previous time series analysis as the linearity and/or stationarity requirements (Huang, Shen, Long, Wu, Shih, Zheng,
Yen, Tung and Liu, 1998). Indeed, by means of the sifting process, whose main steps are reported in Table 1, any a
priori mathematical assumption is removed, because the process completely empirical and based on the local properties
of the time series (Huang et al., 1998; Huang and Wu, 2008). From a numerical point view, several stopping criteria
have been proposed to suitably stop the sifting process, avoiding an infinite number of steps (Huang et al., 1998;
Huang and Wu, 2008; Alberti et al., 2017a; Alberti, Lekscha, Consolini, De Michelis and Donner, 2020). The most
used criterion is that based on the difference between two successive iterations as measured in terms of the standard
deviation (Huang et al., 1998), although several refinements have been made to take into account not only global
excursions but also local variations (Flandrin, Rilling and Goncalves, 2004). According to this adaptive data analysis
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Table 1
The main steps of the sifting process.

(t) → m(t) = (t) − ⟨(t)⟩
�(t) = m(t)

1. find local extrema of �(t)
2. find upper and lower envelopes by using cubic spline →  (t) , (t)
3. find the mean envelope → (t) =  (t)+(t)

2
4. update �(t)→ �(t) −(t)

if �(t) is an IMF
store j(t) = �(t)
�(t)→ �(t) = m(t) − �(t)
repeat steps 1.-4.
else
iterate steps 1.-4. until �(t) is an IMF
store j(t) = �(t)
�(t)→ �(t) = m(t) − �(t)
repeat steps 1.-4.

stop the process when �(t) = �(t) is a non-oscillating function or has only two extrema

method any time-dependent signal (t) can be written in the following form:

(t) =
N
∑

j=1
j(t) +(t) (1)

where the set {j(t)}, named as Intrinsic Mode Functions (IMFs) or empirical modes, is the decomposition basis,
while (t) is the residue of the decomposition. According to Huang et al. (1998) an IMF is defined as a function
having the same (or differing at most by one) number of extrema and zero crossings and a zero-average mean envelope
derived from local maxima and minima envelopes. Furthermore, the decomposition basis {j(t)} a posteriori satisfies
mathematical requirements of completeness, convergence, and local orthogonality (Huang et al., 1998).

3.2. Hilbert Spectral Analysis (HSA)
The EMD is the first and fundamental step for correctly applying the Hilbert Transform (HT), which allows us to

have information on the energy-time-frequency distribution in a time series (e.g., Huang et al., 1998). Indeed, given
an empirical mode j(t) we can define its Hilbert Transform ̂j(t) as

̂j(t) =
1
�
 ∫

T

0

j(t′)
t − t′

dt′ (2)

where  the Cauchy principal value and T the length of time series. By introducing the complex signal

j(t) = j(t) + i ̂j(t) = j(t) exp
{

i 2� ∫

T

0
!j(t′)dt′

}

(3)

the new concepts of instantaneous amplitude j(t) and instantaneous frequency !j(t) immediately come out as

j(t) =
√

2j (t) + ̂2j (t), (4)

!j(t) = d
dt
tan−1

[

̂j(t)
j(t)

]

. (5)

Thus, for each empirical mode a mean timescale of oscillation, giving us information on the characteristic scale of the
observed fluctuations, can be derived as

�j = ⟨!−1j (t)⟩t, (6)
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with ⟨… ⟩t identifying the time average.
Taking into account the time dependency of both amplitudes and frequencies of the empirical modes, Huang et al.

(1998) introduced a three-dimensional representation of the energy-time-frequency distribution of a signal by contour-
ing the squared values of amplitudes on a time-frequency plane. This representation is the so-called Hilbert-Huang
spectrum ℎ(t′, !′), with t′ ∈ [0, T ] and !′ ∈ [min{!j(t)},max{!j(t)}]. The global information over frequencies can
be investigated by integrating over time the Hilbert-Huang spectrum, thus recovering the so-called Hilbert marginal
spectrum

ℎ(!′) = ∫

T

0
ℎ(t′, !′)dt′, (7)

although global information can be also simply derived by looking at the behavior of the variance of each empirical
mode with respect to the mean timescales, thus providing a fast and quick-look approach for identifying the different
dynamical regimes. Finally, an intermittency measure can be introduced as

DS(!′) = 1
T ∫

T

0

[

1 −
ℎ(t′, !′)
ℎ(!)

]2
dt′, (8)

also called Degree of Stationarity (DS), being a time series statistically stationary if DS ≤ 1 (Huang et al., 1998). This
is of primary interest when some complexity measures and fractal approaches are investigated (Alberti, Consolini,
Carbone, Yordanova, Marcucci and De Michelis, 2019b).

3.3. The EMD-based multifractal analysis (EMD-DAMF)
In 2013 Welter and Esquef (2013) proposed an EMD-based method for detecting complexity measures by parti-

tioning the time and scale domain of a signal into fractal dimension regions. It allows to investigate singularities and
fractal measures of time series by means of the following steps:

1. apply the EMD and HSA methods for deriving instantaneous amplitudes j(t) and mean timescale �j ;
2. by defining a support j,l around the l−th local maximum determine the dominant amplitude coefficientsj,l

j,l ≐ sup
j′≤j

{

max
{

|j′ (t ∈ Ij,l)|
}}

(9)

with l = 1,… , Nj , beingNj the number of local maxima ofj(t);
3. define the q−th–order structure function Sq(�)

Sq(�) =
1
Nj

Nj
∑

j=1
q
j,l; (10)

4. evaluate the scaling exponent � (q)

� (q) =
logSq(�)
log �

; (11)

5. estimate the singularity strengths � and spectrum f (�) by means of a Legendre transform of � (q)

� =
d� (q)
dq

(12)

f (�) = �q − � (q). (13)

This procedure allows to derive the scaling features of time series by exploiting the local features of empirical
modes, i.e., based on the local extrema, thus allowing a more proper evaluation of differences/increments between
two points with respect to the usual structure function analysis. Furthermore, the structure functions are evaluated at
different timescales, which are the characteristic timescales of the empirical mode, instead of fixing them a priori. This
also allows to deal with a small number of points over which the scaling exponents are evaluated. As for canonical
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Figure 2: Probability distribution functions of the SYM-H index (orange) and the AE index (blue), respectively. Continuous
and dotted lines refer to the solar cycle 23 and 24, respectively.

structure function analysis, we can identify some crucial and interesting complexity measures as the Hurst exponent
, the singularity width Δ� = �max − �min, and the singularity spectrum width Δf = fmax − fmin, allowing us in
characterizing the complex fractal nature of time series (Ott, 2002).

The Hurst exponent measures the long-term memory of time series, characterizing its persistent nature (Harold,
1951). Indeed, if  ∈ [0, 0.5) then the time series values switch between high and low values in adjacent pairs, if
 ∈ (0.5, 1] then the time series has a long-term positive autocorrelation, while if  = 0.5 then the time series has
a completely uncorrelated behavior (Harold, 1951; Mandelbrot, 1982). The singularity measures, e.g., the singularity
width Δ� and the singularity spectrum width Δf , are used to characterize the range of singularities and the range of
Hausdorff dimensions that are present in a time series, quantifying the multifractal nature of a time series (Hausdorff,
1918; Mandelbrot, 1982; Ott, 2002).

4. Results and discussions
We start our analysis by evaluating the probability distribution functions (PDFs) � of the two selected geomagnetic

indices, SYM-H and AE, during the solar cycles SC23 and SC24. We identified the boundaries of both solar cycles as
proposed in Tsurutani, Echer and Gonzalez (2011) who showed that minima in the SC22 and SC23 occurred later than
sunspot number minima by a half of year. Thus, in the following we identifythe SC23 and SC24 periods as the time
intervals between mid-1997–mid-2009 and mid-2009–2018. Fig. 2 reports the results obtained from the analysis of
the SYM-H index (left panel) and of the AE index (rigth panel), respectively. What is interesting about the data in this
figure is that differences can be observed comparing the PDFs of the two indices evaluated during the two different
solar cycles. In the case of the SYM-H index, the PDF evaluated during the SC23 is significantly different from what
is obtained during the SC24. The left side tail of the PDF, which is associated with more negative SYM-H values, is
higher in the SC23 than in the SC24. This is essentially due to a larger number of strong geomagnetic storms occurred
during SC23 (Selvakumaran et al., 2016) than SC24. The PDFs of the AE index are also different in the two solar
cycles although this difference is less notable. It is mainly concentrated in correspondence of the lower AE values.
During the SC24 the periods characterized by a low/very-low/quiet geomagnetic activity, and consequently by low
values of the AE index, have been in greater numbers than those in SC23. That is reflected in higher values of the AE
PDF at lower AE values during the SC24 than SC23. These findings seem to suggest that both indices depend on the
strength of the solar activity, although the SYM-H index seems to be more affected than the AE index. The different
behaviour of the two indices can be due to the different processes and current systems affecting them, which depend
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differently on the interplanetary magnetic field conditions. Indeed, the AE index is more sensitive to both the directly-
driven processes, occurring on long timescales and mainly due to magnetospheric convection driven by long-standing
reconnection phenomena at the Earth’s magnetopause, and the magnetotail dynamics, related to fast energy releases
(loading-unloading phenomena). The latter component of the AE index manifests in coherent intermittent activity
bursts whose typical timescales are shorter than 200 min (90-100 min) (Kamide and Kokubun, 1996; Consolini and
DeMichelis, 2005). Because the former process (the loading-unloading) essentially dominates on the variability range
of the AE-index, this index is mainly dependent on the dynamical processes taking place inside the magnetosphere
occurring in the magnetotail (Consolini and De Michelis, 2005), thus explaining the less sensitivity to the strength of
solar activity with respect to the SYM-H index.

Conversely, in the SYM-H index a fundamental role is played by the large plasma convection processes, which
occur during the geomagnetic storms generated by a long-standing reconnection process at the magnetopause, i.e.,
when there is a strong flow of energy, mass and momentum from the solar wind into the magnetospheric environment
surrounding Earth. The conditions that are effective for creating geomagnetic storms strongly depend on the conditions
of the interplanetary magnetic field orientation, which should be generally Southward oriented for a very long time.
This condition is more probable during periods of high solar activity, when large mass ejected from the solar corona
propagate in the interplanetary space and hit the Earth’s magnetosphere. Indeed, these large-scale structures can have
favorable magnetic field conditions, which last for a sufficient time to enhance the overall magnetospheric convection,
leading to an enhancement of the equatorial ring current on which the SYM-H index depends. This situation is clearly
more probable during periods of high than quiet solar activity level.

To better outline the different nature of the geomagnetic indices at the different timescales, for each IMF we com-
pute the corresponding average characteristic timescale and its variance. These two quantities allow us to construct
a variance-timescale distribution of empirical modes (see Fig. 3), which can be the first point to investigate the exis-
tence of different processes/phenomena. To obtain these distributions, the original time series of the two indices have
been decomposed using the EMD method and successively the average energy (in terms of variance) and the mean
timescale of each IMF have been evaluated according to Eq. (6). The obtained results, taking care to separate the two
solar cycles, are reported in Fig. 3. The EMD allows us to derive 34 IMFs for the AE index during both solar cycles,
while 34 and 32 empirical modes have been extracted for the SYM-H index during the SC23 and SC24, respectively.
The variance shows a clear dependence on the timescales suggesting the existence of different classes of dynamical
processes Alberti, Consolini, De Michelis, Laurenza and Marcucci (2018).

At large timescales (� > 104min), we observe a small discrepancy in terms of variance between the two solar cycles
in the case of SYM-H index. This is due to the SYM-H values, which are lower during SC23 than SC24, and that is
reflected in a greater variance of the signal during the SC23. These large timescales are related to the characteristic
timescales of solar rotational phenomena associated with magnetic structures such as high-speed streams, coronal
holes, and magnetic clouds which are typically recovered into geomagnetic indices variability (Verbanac, Vršnak,
Živković, Hojsak, Veronig and Temmer, 2011; Richardson and Cane, 2012). In the case of AE index at smaller
timescales, a break in the scaling behavior of the variance is found at ∼200 min. This break, which is present in
both solar cycles, is consistent with the nonlinear response of the AE index to the changes of interplanetary medium
conditions (Tsurutani et al., 1990). Conversely, this break is not observed in the variance-timescale distribution of the
SYM-H index.

Finally, the results of this investigation on the SYM-H and AE variance-timescale distributions during the two
different solar cycles show that these distributions are affected by solar activity mainly at larger timescales. At mid and
small timescales, there is no great difference between the trends obtained from each solar cycle. In other words, the
dependence of the dynamical features of the two geomagnetic indices on solar activity seems to be confined to longer
timescales, which are more directly related to the long-term variation of the solar activity.

In order to better investigate the statistical features of the two geomagnetic indices in the two selected solar cycles
we have evaluated the degree of stationarity associated with each IMF obtained by decomposing the original signals
according to Eq. (8). The results are reported in Fig. 4 where the trends of the degree of stationarity as a function of
the timescale � evaluated for both indices during the two different solar cycles are shown. The results suggest that a
different degree of stationarity characterizes the multiscale fluctuations of the SYM-H and AE indices. While there
are not significant differences in the values of the degree of stationarity of the two indices at short timescales that is
around 1, a clear difference emerges at timescales longer than � ∼ 103 min. This result suggests that the fluctuations
of the two indices are statistically (non-)stationary for timescales (larger)shorter than � ∼ 103.

The evaluation of the stationarity of the time series is a crucial point for correctly evaluating complexity measures
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Figure 3: The variance-timescale (�2 − �) distribution of the empirical modes extracted from the AE index (blue) and the
SYM-H index (orange), respectively. Circles and diamonds refer to the solar cycle 23 and 24, respectively.

as for example the Hurst exponent () and the singularity features of time series (�, f (�), Δ�, Δf ). Indeed, to
evaluate these complexity measures is necessary that time series are stationary or non-stationary but characterized by
stationary increments (Harold, 1951; Mandelbrot, 1982). Thus, the evaluation of the degree of stationarity permits us
to select the range of timescales over which the time series are statistically stationary. Taking into account the results
reported in Fig. 4 we can fix the range of timescales between 3 and 300 min and apply the EMD-DAMF method to
compute the scaling exponents and the other complexity measures only to those IMFs satisfying the condition to have
a characteristic scale below 300 min. In this way, we can be sure that the stationarity condition is satisfied.

In order to investigate the complexity of both indices we use the EMD-DAMF method to evaluate the Hurst expo-
nent (), the singularity width (Δ�) and the singularity spectrum width (Δf ) over two-day sliding windows for the
total time period, thus selected without any distinction of the solar cycles. By using a two-day sliding window, we are
able to correctly deal with changes into the complexity measures due to the occurrence of geomagnetic storms and
substorms, thus considering both quiet and disturbed periods, and to collect a sufficient number of points for statistics
of increments. Fig. 5 reports the behavior of the Hurst exponent for the two geomagnetic indices as a function of
the corresponding mean values of the SYM-H and AE indices for each sliding time window. The values of the Hurst
exponent have been binned into (ΔSYM-H, ΔAE) = (10, 20) nT degree-sized bins. The values of the Hurst exponent
associated with the AE index are on average higher than those associated with the SYM-H index.

The values of the Hurst exponent associated with the SYM-H index depend on the geomagnetic activity level.
This accords with some earlier observations (e.g., Wanliss, 2005; Balasis et al., 2006; Balasis, Daglis, Papadimitriou,
Kalimeri, Anastasiadis and Eftaxias, 2008; Balasis et al., 2009), which showed that the SYM-H index is characterized
by high values of  during disturbed periods and by lower values during quiet ones. A possible explanation for this
might be that there is an increase of the self-organization of the overall magnetospheric activity during geomagnetic
stormswhich is themain responsible of themore persistent behavior of the signal. Thus, the increasing trend ofSYM-H
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Figure 4: Degree of stationarity (DS) of the AE index (blue) and the SYM-H index (orange), respectively. Circles and
diamonds refer to the solar cycle 23 and 24, respectively. The gray dashed line refers to DS(�) =1.

values with the geomagnetic activity suggests a certain degree of correlationwith the occurrence of geomagnetic storms
and substorms. This dependence of the values on the geomagnetic activity is not found in the case of the AE index.
Indeed, the AE does not seem to show any pattern or trend with the geomagnetic activity level, being more or less
confined in the range 0.4 - 0.6. The dependence of SYM-H on the geomagnetic activity suggests that this quantity
displays a certain degree of correlation with the occurrence of geomagnetic storms and substorms, as monitored both by
SYM-H and AE. A possible explanation of the dependence ofSYM-H on substorms activity (i.e., on AE-index) could
be the existence of a link between high-latitude phenomena and ring current enhancement during magnetic storms (De
Michelis, Consolini, Materassi and Tozzi, 2011; Stumpo, Consolini, Alberti and Quattrociocchi, 2020). The existence
of such a link is also supported by in-situ observations (Daglis, Axford, Livi, Wilken, Grande and Søraas, 1996).

In order to investigate the existence of a possible link between multifractal features and the geomagnetic activity
level we evaluate the singularity width Δ�, which provides information on range of singularities, i.e., on the degree
of intermittency. Fig. 6 reports the obtained results as a function of the Hurst exponent for both solar cycles inde-
pendently. No significant dependence on the solar cycle activity is found for both geomagnetic indices. This result
suggests that complexity features do not significantly depend on the strength of solar cycle but only on occurrence of
geomagnetic storms and substorms. Moreover, there is no evidence of a clear pattern of complexity for the AE index,
being characterized by large values of the singularity width Δ�. That confirms the multifractal and intermittent nature
of the auroral electrojet variability despite the geomagnetic activity level (Consolini et al., 1996; Consolini and De
Michelis, 1998).

What is really interesting is the behavior of the complexity measures of the SYM-H index. A clear increasing pat-
tern seems to emerge suggesting that intermittency and multifractal features appear when the Hurst exponent increases
(e.g., when the geomagnetic activity level tends to increase). This supports previous findings by Wanliss (2005) and
allows us to directly relate the increases in the persistency of the SYM-H index during the main and the recovery
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Figure 5: The Hurst exponent () for SYM-H (left panel) and AE (right panel) as a function of the corresponding mean
values of SYM-H and AE indices for each sliding time window. The black arrow represents the main direction of the
dependence of SYM-H on the geomagnetic activity.
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Figure 6: The singularity width Δ� versus the Hurst exponent  for SYM-H (left panel) and AE (right panel) during the
solar cycles 23 and 24, respectively.

phases of a geomagnetic storm (SYM-H) to intermittent burst activity (Δ� > 0.5). This relation can be also confirmed
by evaluating the mutual information coefficient (MI) between the Hurst exponent and the singularity width for both
geomagnetic indices and during the two solar cycles. In the framework of information theory, the mutual information
between to signals provides an overall measure of the correlation degree (both linear and nonlinear) between them. In
detail, given two dataset {xi, yi}, indicating with p(x) and p(y) the corresponding probabilities of observing a specific
value for x and y, the mutual informationMIx,y is defined as

MIx,y =
∑

j,k
p(xj , yk) ln

p(xj , yk)
p(xj)p(yk)

(14)
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Figure 7: The singularity spectrum width Δf versus the Hurst exponent  for SYM-H (left panel) and AE (right panel)
during the solar cycles 23 and 24, respectively.

where p(xj , yk) is the joint probability for observing the duplet (xj , yk). For two independent time seriesMIx,y = 0.
Thus, we can use this quantity to estimate the correlation degree between the Hurst exponent () and the singularity
width (Δ�). The results obtained from the evaluation of the mutual information suggest that there is a good correla-
tion between SYM-H and Δ�SYM-H (MI = 0.28 and MI = 0.55 for SC23 and SC24, respectively, being the 95%
confidence levels CL95 = 0.08 for both solar cycles), while we do not find any evidence of a correlation in the case of
the complexity measures associated with the AE index (MI = 0.01 andMI = 0.02 for SC23 and SC24, respectively,
being the 95% confidence levels CL95 = 0.04 for both solar cycles).

Similar results are also obtained by investigating the behavior of the singularity spectrumwidthΔf as a function of
the Hurst exponent during the two different solar cycles (see Fig. 7). A clear correlation is found for increasing values
of the Hurst exponent and of singularity spectrum width in the case of the SYM-H index during both solar cycles.
Conversely, no significant correlation is observed in the case of AE index. This suggests that during both the main and
the recovery phases of a geomagnetic storm, e.g., when the SYM-H index shows a persistent behavior, there is also
an increase of the Hausdorff dimensions. Since the higher the Hausdorff dimensions the lower the complexity, this
means that during a geomagnetic storm we can observe a smoother (multi)fractal behavior, which suggests a reduction
of chaos and a consequently tendency of the system to move towards a more predictable dynamic Alberti, Consolini
and Carbone (2019a). This also accords with our earlier observations (Consolini et al., 2018), which showed that the
overall magnetospheric dynamics as monitored by the SYM-H is characterized by an increase of the forecast horizon
during a disturbed period. Conversely, during quiet periods, e.g., when SYM-H < 0.5, an increased in the chaotic
nature of the SYM-H index is observed, as confirmed by the reduction in the singularity spectrum width Δf , with
the system becoming monofractal in its nature. Finally, the significance of the results has been also assessed with
respect to the intrinsic long-tailed nature of AE and SYM-H distributions, being characterized by high kurtosis and
high skewness. By using two newly defined time series, i.e., log(AE) and log(|SYM-H| + 0.5), having low kurtosis
and low skewness, we found (not shown) that our findings on the behavior of the Hurst exponent, related the persistent
nature of time series, as well as on the fractal measures and nature (i.e., mono vs. multifractal behavior, intermittency
nature) are not affected by the shape of distributions, thus confirming our conclusions on the complexity nature of both
AE and SYM-H.
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5. Conclusions and perspectives
By using a novel formalism, e.g., the EMD-based dominant amplitude multifractal formalism (EMD-DAMF), this

study investigates the complexity features of two different geomagnetic indices, SYM-H and AE, recorded during the
last two solar cycles (SC23 and SC24). One of the more significant findings that emerges from this study is that there
are not differences between the two solar cycles in terms of the complexity measures for both geomagnetic indices,
suggesting that only the occurrence and frequency of geomagnetic storms and substorms affect the Hurst exponent and
the singularity widths of the two geomagnetic indices, SYM-H and AE, respectively.

The research has also shown that the AE index is characterized by Hurst exponent values which fluctuate around
AE = 0.5 and by a clear multifractal nature, which are the manifestation of the occurrence of intermittency in the
high-latitude magnetic field fluctuations (Consolini et al., 1996). Indeed, being the AE index variability mostly related
to fast relaxation processes occurring in the magnetotail as intermittent coherent bursts due to unloading process,
its complexity property, as measured by the Hurst exponent,is less sensitive to the solar activity strength and the
interplanetary medium variability with respect to the SYM-H index, but mainly depends on internal magnetospheric
conditions and, in particular, on the magnetotail central plasma sheet (CPS) conditions.

This study has also revealed that the SYM-H index is characterized by complexity measures which change mov-
ing from quiet and disturbed periods. It shows a significant increase of  values during disturbed periods, when the
externally driven fluctuations become larger, showing a clear intensification of the geomagnetic activity. This is con-
sistent with the role played by solar wind fluctuations during geomagnetic storms, which provide an increase in the
persistent nature of the SYM-H index during the main and the recovery phases of a geomagnetic storm as well as in
their intermittent bursts activity (Δ� > 0.5). Moreover, the increasing values of the Hurst exponent can be directly
related to the increasing values of the singularity spectrum width thus suggesting that during both the main and the
recovery phases of a geomagnetic storm there is also an increase of the Hausdorff dimensions. This implies that during
a geomagnetic storm a smoother multifractal behavior is observed, suggesting a reduction of chaos moving towards
a more predictable dynamic. Conversely, an increase in the chaotic nature of the SYM-H index is observed during
geomagnetically quiet periods.

These findings have significant implications for the understanding of how to model the geomagnetic response to the
solar activity. One of the main results is that the complexity properties of geomagnetic indices does not only depend
on interplanetary medium variability but also on phenomena related to the internal dynamics of the magnetosphere as
fast relaxation processes, loading-unloading mechanisms, and so on (Consolini and De Michelis, 2005; Alberti et al.,
2017a, 2020). The reduction in the Hausdorff dimensions observed during quiet periods is a direct consequence of the
interplay between different processes taking place into different magnetospheric regions and affecting the behavior of
the ring current. Furthermore, the clear dependence of the complexity measures of the SYM-H index on the geomag-
netic activity suggests that there is an overall self-organization of the magnetospheric dynamics during geomagnetic
storm. In particular, the evidence for a dependence of SYM-H index complexity measures also on the AE-index val-
ues supports the existence of a possible link between high-latitude processes (as monitored by AE) and ring current
enhancement (as monitored by SYM-H) during geomagnetic storms (Daglis et al., 1996; De Michelis et al., 2011;
Stumpo et al., 2020). Indeed, the increase of the persistent nature of the SYM-H index during the occurrence of storms
and substorms could be due to both the external interplanetary medium driver and the internal driving effect on the
ring current by high-latitude phenomena (Daglis et al., 1996; De Michelis et al., 2011). Moreover, the increase of
its multifractal nature can be read as an indication of the occurrence of intermittent bursts. These bursts can be re-
lated both to the occurrence of spatio-temporal turbulence in the equatorial plasma sheet regions and to the impulsive
energy-release phenomena. These last phenomena, associated with the AE index burst activity, can also contribute
to the information flow towards the magnetospheric equatorial currents (Stumpo et al., 2020). On the other hand, the
quasi-invariant nature of the AE index during quiet and disturbed periods seems to support this scenario, posing a
serious concern on the key role of high-latitude processes, directly connected with tail current phenomena and dynam-
ics, for correctly characterizing the near-Earth electromagnetic environment dynamics. The auroral activity is indeed
representative of both plasma convection inside the magnetosphere and transient activity occurring in the tail region
(Lui, Liou, Newell, Meng, Ohtani, Ogino, Kokubun, Brittnacher and Parks, 1998; Sharma, Nakamura, Runov, Grig-
orenko, Hasegawa, Hoshino, Louarn, Owen, Petrukovich, Sauvaud, Semenov, Sergeev, Slavin, Ã-. Sonnerup, Zelenyi,
Fruit, Haaland, Malova and Snekvik, 2008). The former being a large-scale phenomenon related to Southward inter-
planetary magnetic field conditions, the latter being characterized by a turbulent dynamics in terms of auroral blobs
and bursty-bulk-flows (Borovsky, Elphic, Funsten and Thomsen, 1997), also affecting the magnetosphere-ionosphere
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system at meso- and small-scale (Lyons, Nishimura and Zou, 2016; Gabrielse, Pinto, Nishimura, Lyons, Gallardo-
Lacourt and Deng, 2019). This can be seen as a reflection of a more "dynamic" nature of the AE index, i.e., of the
auroral electrojets, mostly sensitive to different kind of processes occurring at different timescales and locations in the
magnetosphere-ionosphere system, with respect to a more "global" character of the SYM-H index, whose variability
is mostly related to processes occurring on timescales >200 min such as the enhanced convection and the ring-current
intensity increases. Thus, monitoring the high-latitude dynamics at high-resolution (at least 1 minute or less) can
help in the characterization of several kinds of source mechanisms, which are responsible for many Space Weather
phenomena, such as the generation of ground-induced currents due to the fast variability and large enhancements in
magnetospheric and ionospheric current systems during major geomagnetic storms (Tozzi, Coco, De Michelis and
Giannattasio, 2019a; Tozzi, De Michelis, Coco and Giannattasio, 2019b).
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