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Abstract

In recent studies the dynamic properties of small-scale magnetic fields (magnetic elements [MEs]) in the quiet Sun
were used to investigate peculiar features of turbulent convection and get insights on the characteristic spatial and
temporal scales of evolution of magnetic fields, from granular to supergranular. The aim of this work is to extend
previous studies and show that the displacement of MEs is compatible with a multiscaling behavior consistent with
a Lévy motion. We tracked over 120,000 MEs in an unprecedented and uninterrupted set of high-resolution
magnetograms acquired by the Hinode mission and targeted at quiet-Sun regions in the disk center, and we applied
the multifractal diffusion entropy analysis to investigate the multiscaling character of ME transport in the quiet
Sun. We found that the displacement of MEs in the quiet Sun exhibits a complex multiscaling behavior that cannot
be described by a unique scaling law, as scaling exponents change with the scale considered. This result adds
important physical constraints on turbulent convection and diffusion of MEs in the quiet Sun that future models

need to account for.

Unified Astronomy Thesaurus concepts: Solar convective zone (1998); Solar magnetic fields (1503); Quiet sun

(1322); Space weather (2037); Solar photosphere (1518)

1. Introduction

Understanding the dynamic properties of small-scale magn-
etic fields (hereafter magnetic elements [MEs]) in the solar
photosphere is of uttermost importance in order to unveil the
nature of turbulent convection and its capability to amplify and
organize the magnetic fields, which are an effective vehicle for
transferring energy to the upper atmospheric layers and start a
chain of phenomena relevant to space weather (see, e.g.,
Alfvén 1947; Hart 1956; Parker 1957, 1988; Simon &
Leighton 1964; November 1980; Roudier et al. 1998; Berrilli
et al. 1999, 2002, 2004, 2005, 2013, 2014; Consolini et al.
1999; Del Moro 2004; Del Moro et al. 2004, 2015; Jefferies
et al. 2006; Nesis et al. 2006; Viticchié et al. 2006; Centeno
et al. 2007; De Pontieu et al. 2007; Tomczyk et al. 2007; de
Wijn et al. 2008; Yelles Chaouche et al. 2011; Orozco Suérez
et al. 2012; Giannattasio et al. 2013, 2014a, 2014b; Gosic¢ et al.
2014, 2016; Sobotka et al. 2014; Stangalini et al.
2014, 2015, 2017; Stangalini 2014; Srivastava et al. 2017;
Giannattasio et al. 2018).

The multiscaling properties of turbulent convection have
long been investigated, but despite the efforts, a comprehensive
model incorporating all the features that characterize turbulent
convection at all scales and their coupling is still lacking. For
this reason, alternative methods have been developed and
improved to tackle the problem. By following this approach, in
a recent paper Giannattasio et al. (2019) used the diffusion
entropy analysis (DEA; Scafetta & Grigolini 2002) to detect the
dynamical regime of MEs tracked in Hinode data. More in
detail, they computed the probability distribution, p(x, f), of
MEs’ displacement, x, and the associated Shannon entropy, S
(. In a semi-log plot of entropy versus time, in the case of
stationary and scale-invariant processes described by the
probability density function (pdf) p(x, #) and scaling exponent
0, S(¢) is a line with slope equal to 6. Thus, computing ¢ allows
describing some dynamical properties of the MEs and,

consequently, of the velocity field that drags them along.
Giannattasio et al. (2019) found that MEs in the quiet Sun
undergo a common regime driven by turbulent convection and
independent of the local environment. The emerging MEs’
dynamics is ascribable to a Lévy walk, let us say a random
walk with a heavy-tailed displacement distribution following a
power law. This is a very important conclusion because such a
dynamic behavior is known to characterize, for example,
processes of turbulent diffusion, diffusion of Brownian
particles in shear flows, diffusion of passive scalars in a
turbulent flow, and turbulent regimes characterized by inter-
mittency (see, e.g., Shlesinger et al. 1987, 1993; Hayot 1991;
Zumofen et al. 1993; Malcai et al. 1999). For example, in
intermittent regimes, energy dissipation is inhomogenous and
local both in space and in time, such that scaling features are
not the same in the entire spatiotemporal domain but exhibit
local properties described by the local (and not global) index 0.
In this sense, the dynamics is multiscaling and/or multifractal.

Here we generalize the results in Giannattasio et al. (2019)
and probe the possibility that the pdf’s of displacement do not
obey a monoscaling (fractal) law, characterized by a single
scaling exponent, but conversely exhibit an anomalous scaling
characterized by a multiscaling (multifractal) index. Again,
here, we use an approach based on entropy (typically used for
the study of complex systems) to point out and characterize the
complex multiscaling nature of diffusion of MEs in the quiet
Sun. This approach is an extension of the scaling analysis used
in our previous paper (Giannattasio et al. 2019).

2. Observations and Data Analysis
2.1. The Data Set

We used the same seven different sets of magnetograms as in
Giannattasio et al. (2019). They were acquired by the satellite
Hinode (Kosugi et al. 2007; Tsuneta et al. 2008) in 2010 and
targeted to different fields of view (FOVs) in the solar disk
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center. These series have a common spatial resolution of ~0”3
and an average noise level of ~4 G, which was computed as
explained in detail in Gosi¢ et al. (2014).

In Figure 1 we show the first magnetogram for each member
of the set considered saturated between —100 and 100 G.
Magnetograms were filtered out for 5-minute acoustic oscilla-
tions and segmented in order to identify MEs (Berrilli et al.
2005; Giannattasio et al. 2013), which were then tracked by
using the algorithm described in Del Moro (2004) with the
prescription that only MEs living for more than four
subsequent frames were considered for further analysis. In
particular, the segmentation of each magnetogram is obtained
as follows: a starting threshold is defined as By = 30, i.e., three
times the noise level. All the pixels with magnetic flux strength
>Br are flagged as magnetic, while the rest are discarded. All
the magnetic pixels that are clustered in features smaller than
Apnax = 50 pixels (corresponding to an equivalent diameter of
<1") are recognized as MEs and labeled. Instead, those
clustered in features larger than A,,,, are selected for the next
iteration with the threshold raised by AB;= 30. The process is
iterated until there are no more connected regions larger than
Amax in the magnetogram. The labeled MEs are then tracked
forward in time starting from the first magnetogram in which
they appear. To this aim, each ME present in the following
magnetogram whose centroid is within a distance <3” from the
original one is compared in shape by checking the distribution
of magnetic pixels. The closest match, if any, is retained as the
evolution of the original element. If the search in the next frame
fails, it is extended to the next two frames; otherwise, it stops
and the trajectory of the structure ends. All the features
successfully tracked for more than four frames are used in the
following analysis.

Table 1 summarizes the main characteristics of the data set
used in this work, namely, the duration without interruption of
each magnetogram set, its time cadence, the number of MEs
tracked, and the lifetime of the longest-living MEs. As we can
see, 120,461 MEs were tracked with lifetimes ranging from ~5
minutes to ~17.1 hr, thus spanning almost all temporal scales
from granular to supergranular. Of course, the shortest possible
lifetimes found are biased by the selection criteria used.

2.2. Multifractal Diffusion Entropy Analysis

We aimed at investigating the scaling properties of the time
series consisting in the displacement of all MEs in the complete
data set listed in Table 1. The displacement x(¢) of each ME is
defined as the distance at time ¢ from the position of its first
appearance. For a stationary and scale-invariant time series the
pdf of displacements scales as a power law

p(x, 1) = t7°G (xt79), (1)

where G is a smooth function and ¢ is the scaling exponent that
incorporates the dynamic properties of the system characterized
by the pdf p(x, 7). For example, in the special case of a pure
Brownian random walk process G is a Gaussian function
and 6=0.5.

According to Scafetta & Grigolini (2002), it is possible to
determine ¢ with high precision by computing the Shannon
entropy S(¢) (see also Giannattasio et al. 2019, for application to
solar MEs), defined as

s =—[" per. ninlp@, i @)
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For scale-invariant p(x, ) satisfying Equation (1), Equation (2)
gives

S(@) = 6In(r) + A, (3
with

A= —foc GWIn[GW)ldw, w = xi.

This means that S() is a linear function of In(z) with slope 6.
Thus, the knowledge of p(x, f) only allows evaluating S(f) and
the exponent 6 from Equations (2) and (3), respectively. This
method is called diffusion entropy analysis (DEA; Scafetta &
Grigolini 2002).

A generalization of the Shannon entropy allows dealing with
time series that do not strictly obey a single scaling behavior
but show a higher degree of complexity. In fact, most of the
real complex systems exhibit anomalous features, such as a
multiple-scaling (multiscaling or multifractal) behavior that
may be localized and dependent on the fluctuation amplitude
(such as in the presence of intermittency). In this case, instead
of a single scaling exponent 6, a spectrum of scaling exponents
is necessary to fully portray the scaling behavior. This is
accounted for by introducing the multifractal index ¢ and the
scaling exponent spectrum &(q) instead of the monoscaling
exponent ¢. The stationary and scale-invariant condition in
Equation (1) becomes

px, 1) = 1 0@DGxt @), “4)

Despite their more complex nature, these multiscaling features
reflect the physical properties of the system that generate them;
thus, the correct characterization of these time series may give
important information on the dynamic properties of the system.
In our case, again, the turbulent photospheric convective
motions in the quiet Sun represent the physical complex system
under consideration, and the displacement of all the MEs in the
data set can be considered as the time series for which we want
to investigate the scaling properties. Starting from the Shannon
entropy, Rényi defined a one-parameter family of entropies of
order g > 0 (Rényi 1961) as

1 [e%¢}
ln[ p(x, t)qu], qg=1. ®)
—n| [

Hy (1) = 1
The Rényi entropies represent a generalization of the Shannon
entropy for any order ¢, and it can be easily verified that the
Shannon entropy S(7) is obtained under the limit

S(t) = lim, ., H, (7).

It is important to note that the multifractal parameter g acts like
a magnifying glass, allowing us to focus on extreme events of p
(x, 1) for large values of ¢ and on regular events, those in the
bulk of the distribution, for small values of g. We will return to
this point in the next section. By plugging Equation (4) into
Equation (5) and changing the integration variable to
y=x/t?, we obtain, similarly to Equation (3),

H,(t) = 6(¢)In(?) + B, 6)

where this time

B= 1# f G(y)idy, y=xtt@. )
)
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Figure 1. First magnetogram of the set for each of the seven FOVs representing the data set used in this work and listed in Table 1.
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Table 1
Magnetogram Sets Employed
FOV Duration Time Cadence Num. of MEs Maximum
(hr) (s) Lifetime (hr)
Jan 1 11.1 60 17,189 8.9
Jan 2 8.4 60 12,555 7.1
Feb 25.6 120 15,376 17.1
Apr 28.9 80 24,958 8.9
Dec 1 17.2 90 14,524 11.1
Dec 2 18.6 90 15,714 12.5
Nov 24.0 90 20,145 9.3

Again, H,(t) increases linearly with In(¢), the slope 6(g) being
the spectrum of the scaling exponents for different values of the
parameter g. Thus, starting from p(x, f) only, it is possible to
compute H,(#) using Equation (5), and subsequently 6(q) as the
slope in a semi-log plot H,(t) versus In(¢) for different values of
q. This procedure, called multifractal diffusion entropy analysis
(MDEA), provides the spectrum of the scaling exponents in a
system characterized by multiscaling diffusion processes.

3. Results and Discussion

The fundamental hypothesis beyond the investigation of
turbulent convection in the quiet photosphere via the scaling
analysis here performed is that the time series under
investigation, x(f), are stationary in some sense. This hypoth-
esis is on the basis of both DEA and MDEA techniques. The
stationarity of the time series was checked by using the
Augmented Dickey—Fuller test (see, e.g., Fuller 1977; Said &
Dickey 1984; Elliott et al. 1996). The procedure, which is well
detailed in Giannattasio et al. (2019), basically models the
displacement of MEs as an autoregressive process with a trend.
According to this procedure, we found that the displacement
time series of the MEs tracked, x(¢), is stationary with a very
high confidence level (>99%).

In order to obtain further insights on the statistical properties
of ME displacements and consequently constrain the dynamic
properties of photospheric plasma in the quiet Sun, we
analyzed the scaling of the time-dependent pdf’s of displace-
ments, p(x, f). The pdf’s obtained during the first 100 minutes
are shown in the top panel of Figure 2, where the occurring
time is encoded in colors from black to red. As we can see, p(x,
) broadens with time, and the peak shifts, as expected, to
gradually increasing displacements as MEs statistically move
away from the starting point. For 7 < 20 minutes, the peak of p
(x, ) is at <0.5 Mm. At longer times p(x, f) becomes broader
and broader owing to the diffusion rate, and the tails become
more and more important, so as to affect substantially the
displacement of MEs with respect to their initial position.
When studying the scaling of diffusion phenomena, it is well
known that in the case of scale-invariant pdf’s exhibiting a self-
similar behavior, Equation (1) should hold, and all pdf’s should
collapse onto a master curve Ps. Data collapsing is, indeed, a
very well known feature of self-similar processes, such as, for
instance, Brownian and/or fractional Brownian motions. In
such a situation, the observed distribution in space of a
contaminant, which diffuses in time, can be collapsed into a
single master curve in the case of a self-similar process. This is
the signature for a simple monoscaling process. Conversely,
when we deal with a multiscaling phenomenon, the data
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Figure 2. Top panel: pdf’s of ME displacements, p(x, 1), as a function of time,
which is encoded in colors from black to red. Bottom panel: collapsed pdf’s via
the transformation ¥ = x/¢°. See the text for more details. The color code is the
same for both panels.

collapsing is generally missing. This is, for instance, the case of
the dispersion of a passive scalar quantity in a turbulent
environment.

The collapse of pdf’s can be checked via the following
transformation:

x—Y=x/t @)
px, 1) = t%p(x, 1) = p,(x/t®)

i.e., plotting the time-dependent rescaled pdf’s #°p(x, ) versus
Y. In their recent work, Giannattasio et al. (2019) showed, by
using the DEA technique, that, independently of the FOV,
MEs’ displacement undergoes a common scaling that is very
well fitted by a power law with slope ( ~ 0.62. If this dynamic
behavior were perfectly monoscaling, pdf’s would collapse like
in Equation (8) with the scaling factor 7°.

In the bottom panel of Figure 2 we show the results of the
collapse obtained for § = (, to be consistent with Giannattasio
et al. (2019). As we can see, pdf’s do not rigorously collapse
onto a single Ps, especially around the peak, which ranges
between ¥ =0.10 and Y =0.15. This suggests two facts. First,
the system has a higher degree of complexity rather than a
“simple” universal monoscaling; this could be the evidence of a
multiscaling behavior. Second, the emergence of a multiscaling
character could be due to the occurrence of multiple
phenomena, each being dominant in a specific range of scales.
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Figure 3. Scaling exponent spectra 6(g) as a function of the multifractal
parameter q.

The emergence of multiscaling features may manifest in
different scaling features (i.e., different scaling exponents) for
the large and small increments as suggested in Chang & Wu
(2008) and Consolini & de Michelis (2011), respectively. In
other words, we have found an indication of the fact that the
scaling of ME displacements cannot be rigorously described by
a single scaling index, but a spectrum of indices is needed, each
one representing the scaling behavior of displacements within a
certain range of scales.

In order to get an estimate of the degree of complexity of the
system, we adopted a multifractal approach and applied the
MDEA technique. For any value of ¢ in the range 0 < ¢ <3
with steps 0.1 wide, we computed H,(f) according to
Equation (5). The fit of this quantity versus the logarithm of
time, following Equation (6), provided the scaling exponent
(the slope of the fit) as a function of the parameter g, namely,
the spectrum 6(g). The behavior of 6(g) is shown in Figure 3
(black diamonds). As we can see, the scaling exponents
decrease from §~0.85 at ¢ =0 down to § ~0.63 at ¢ >~ 0.6,
where 6 reaches a plateau and remains almost constant up to
q=73. The observed trend of the scaling exponents with g
seems to indicate that these exponents follow a quasi-linear
trend for ¢ < 0.5 and then stabilize at larger ¢. This behavior is
very similar to that observed in the case of a truncated Lévy
process (Nakao 2000), whose multiscaling properties manifest
in an at least bi-fractal feature, meaning that two different
scalings emerge in the observed system. As clearly stated in
Nakao (2000), a bi-fractal character of the observed scaling
exponents represents the simplest case of a multiscaling
behavior. In fact, in the case of a monofractal behavior, the
scaling exponent &(q) would scale linearly with g. Thus, the
observed multiscaling character of ME motion can be the
consequence of a broken self-similarity of the distribution of
the displacements, as suggested in the paper by Nakao (2000).

To support this hypothesis, we have repeated the MDEA in
the case of a smoothly truncated Lévy process with a
characteristic Lévy index a=0.4 (Nakao 2000). Figure 4
shows the results of the corresponding scaling exponent
spectrum, &(g). The shape of the curve is very similar to that
reported in Figure 3, supporting the hypothesis that the
anomalous scaling may be a consequence of a quasi-bi-fractal
nature of the ME motion.

The anomalous scaling shown here manifests as a change in
the scaling properties of MEs’ displacement distribution, from
the bulk (highlighted by small values of ¢) to the tails
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Figure 4. Scaling exponent spectra §(g) as a function of ¢ for a smoothly
truncated Lévy process with a characteristic index « = 0.4.

(highlighted by large values of g). The transition among the
two regimes occurs at ¢ ~ 0.6, from a more superdiffusive
regime (“superdiffusive” meaning that § > 0.5) for ¢ < 0.6 to a
more Brownian random walk regime (6 ~ 0.6) for g > 0.6.

The MDEA approach based on the Rényi entropy allowed us
to show that the nature of the ME displacements is more
complex than that described by a simple superdiffusive motion
in a turbulent medium. This is clearly shown by the spectrum
of scaling exponents 8(g). This spectrum indicates that the
process driving the displacement of MEs, i.e., turbulent
convection, has a multiscaling behavior. In particular, there is
evidence of a bi-fractal behavior, similar to that studied, e.g.,
by Nakao (2000). Under this light, the varying parameter g is a
magnifying glass with which to zoom in the various portions of
the pdf’s. In particular, for small values of ¢ the Rényi entropy
is dominated by the part of the pdf with more occurrences, i.e.,
nearby the peak. In this case d(g) characterizes the scaling
behavior of the regular events (i.e., the small-scale displace-
ment of MEs), where particles (MEs, in our case) are
statistically more clustered. On the contrary, the higher values
of g zoom in the tails of the pdf, as in this case the regions of
the distribution with fewer MEs dominate the Rényi entropy,
and 6(g) describes the scaling behavior of the extreme events,
where MEs are statistically sparse. To summarize, nearby the
peak of the pdf (small g values), Rényi entropy highlights the
regular paths according to which most of the MEs superdiffuse,
while in the tails of the pdf (high g values) it highlights the
extreme /rare events of ME displacement. Although according
to Giannattasio et al. (2019) the response of MEs, as trackers of
the underlying plasma flow, to turbulent convection is
consistent with a Lévy walk, here we have clearly shown
how such a dynamic behavior exhibits a more complex
character. Indeed, the major novelty of our analysis is that ME
displacement exhibits a multiscaling nature.

A question may arise: can imperfections of the tracking
algorithm affect substantially the results obtained in this work?
Of course, the displacement of MEs obtained via any tracking
procedure may incorporate the predominant contribution of
physical processes like turbulent convection together with the
unavoidable contribution of nonphysical effects arising from
the jittering of position of MEs. However, jittering, if present,
affects all scales and adds a random contribution to displace-
ments as it shortens or lengthens with the same probability the
MEs’ trajectories at any time. If this effect is dominant, we
should observe a scaling exponent very close to 0.5 at all
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scales. This does not happens, especially at small scales,
indicating that jitter, if any, has a negligible effect with respect
to the bulk (physical) dynamics. Moreover, even if present,
jitter would not affect the main result of this work, namely, the
multiscaling behavior and the transition among different
dynamic regimes, as it would not generate any multiscaling
regime compatible with a bi-fractal behavior.

4. Summary and Conclusions

Investigating the nature of the ME transport in the solar
photospheres provides information on the properties of
turbulent convection. Turbulence, in fact, is based on the
processes occurring in the photosphere and involving all scales,
from those under the resolution element to the global ones.
Here, for the first time, we show the multiscaling nature of
MEs’ displacement and, thus, of the underlying plasma velocity
field, by using a technique based on entropy. With this
technique, called MDEA, we pointed out, as a result, that the
scaling properties of the system as a whole cannot be described
by a single value of the scaling index. In particular, we
characterized the multiscale behavior of the pdf of displace-
ments by computing the one-parameter spectrum of scaling
exponents, &(g). It is still not clear what are the mechanisms
generating such a turbulent behavior, but for sure we can
exclude classical models of turbulent cascade, like that of
Kolmogorov. Specifically, we extended the results in Giannat-
tasio et al. (2019), who discovered that turbulent diffusion in
the solar photosphere is consistent with a Lévy walk, pointing
out an even more complex behavior: small scales, which
sample the bulk of the pdf of displacements, show scaling
properties different from those at large scales, which sample the
extreme displacements of the pdf. This implies a different
dynamics for bulk motion on smaller scales and longer walks
involving larger scales. The smooth transition among these
regimes occurs at g >~ 0.6. To conclude, the results presented in
this work for ME displacement on scales from granular to
supergranular (Figure 3) show that the transport of MEs is
governed by a complex dynamics characterized by a multi-
scaling nature and consistent with a bi-fractal behavior. We
believe that these findings are important in shedding light on
the nature of turbulent convection and the properties of velocity
field and magnetic field organization in the quiet photosphere.

As a future perspective, it would be interesting to investigate
the scaling features of displacement of MEs belonging to
internetwork (IN) and network (NE) regions by applying DEA
and MDEA techniques described in Giannattasio et al. (2019)
and in this work, respectively. In fact, it is well known that both
types of magnetic features may have different dynamics owing
to their different origins, sizes, structures, locations, flux
contents, magnetic field strengths, etc., as also pointed out by,
e.g., Giannattasio et al. (2014b, 2018). This will provide an
indication of whether or not the multiscaling character
emerging in the quiet Sun is due to different behaviors
observed in IN and NE regions or is a universal property
common to all MEs in the quiet Sun.
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