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Abstract Kinetic energy models, also called kinetic models, are simple tools able to provide a fast
estimate of the inundation area of pyroclastic density currents (PDCs). They are based on the calculation
of the PDC front kinetic energy as a function of the distance from a source point. On a three‐dimensional
topography, the PDC runout distance is estimated by comparing the flow kinetic energy with the potential
energy associated with the topographic obstacles encountered by the PDC. Since kinetic models do not
consider the occurrence of channelization processes, the modeled inundation areas can be significantly
different from those observed in real deposits. To address this point, we present a new strategy that allows
improving kinetic models by considering flow channelization processes, and consists in the inclusion of
secondary source points in the expected channelization zones, adopting a tree branch‐like structure. This
strategy is based on the redistribution of a key physical variable, such as the flow energy or mass depending
on the considered kinetic model, and requires the adoption of appropriate equations for setting the
characteristics of the secondary sources. Two models were modified by applying this strategy: the energy
cone and the box model. We tested these branching models by comparing their results with those derived
from their traditional formulations and from a two‐dimensional depth‐averaged model, considering two
specific volcanoes (Chaitén and Citlaltépetl). Thereby, we show the capability of this strategy of improving
the accuracy of kinetic models and considering flow channelization processes without including additional,
unconstrained input parameters.

1. Introduction

Pyroclastic density currents (PDCs) are gravity‐driven multiphase mixtures of hot particles (pyroclasts,
lithics, and gas) generated by collapsing eruptive columns or volcanic domes (e.g., Druitt, 1998; Dufek
et al., 2015; Shea et al., 2011; Sheridan et al., 2004; Sulpizio et al., 2014). They have velocities that can exceed
100 m/s (Belousov et al., 2007; Sheridan, 1979), highly variable volumes (from <0.01 km3 to hundreds of
cubic kilometers; Hayashi & Self, 1992), and maximum runout distances of up to 100 km in exceptionally
large eruptions (Cas et al., 2011; Druitt, 1998; Roche et al., 2016). Consequently, PDCs represent one of
the most hazardous processes associated with volcanic eruptions (e.g., Auker et al., 2013; Cole et al., 2015;
García et al., 2011; Nakada, 2000; Neri, Esposti Ongaro, et al., 2015). For instance, the 2018 eruption of
Fuego volcano (Guatemala) recently showed the catastrophic consequences that PDCs may produce, where
a channelized flow traveled >10 km down slope and caused hundreds of fatalities. The main information
source for studying the dynamics of PDCs derives from the analysis of pyroclastic deposits from past events
(e.g., Branney & Kokelaar, 2002; Charbonnier & Gertisser, 2011; Dioguardi &Mele, 2018; Gurioli et al., 2010;
Komorowski et al., 2013; Sandri et al., 2014; Shea et al., 2011; Sheridan, 1979; Sulpizio et al., 2014; Valentine
et al., 2000). However, considering the topographic effect on the transport dynamics of PDCs and the
continuous variation of topography in volcanic areas, the involvement of additional tools is required to prop-
erly study the hazard associated with PDCs. Several numerical models have been developed in order to
assess this hazard, such as energy cone model (e.g., Malin & Sheridan, 1982; Ogburn & Calder, 2017), box
model (e.g., Bonnecaze et al., 1995; Dade & Huppert, 1996; Esposti Ongaro et al., 2016; Huppert &
Simpson, 1980), FLOW3D (e.g., Saucedo et al., 2005; Sheridan et al., 2004), Titan2D (e.g., Murcia et al., 2010),
VolcFlow (e.g., Kelfoun, 2011; Kelfoun et al., 2009), PDAC (e.g., Esposti Ongaro et al., 2007; Esposti Ongaro
et al., 2019; Neri et al., 2003), and IMEX_SfloW2D (de' Michieli Vitturi et al., 2019). Roche et al. (2013)
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classified these models in four types: kinetic, discrete element, depth‐averaged, and multiphase models.
Even if Roche et al. (2013) did not consider the box model approach in their classification, we suggest that
it can be included in the kinetic model class because it provides a physically based law for the kinematics
of the flow front. In general, kinetic models are based on the calculation of the kinetic energy in the flow
front as a function of the distance traveled by the PDC. Kinetic energy is compared with the potential energy
associated with the topographic obstacles encountered by the PDC to calculate the runout distance. Because
kinetic models are able to generate results rapidly, they have been adopted to assess volcanic hazard using a
probabilistic approach (Aspinall et al., 2019; Bevilacqua et al., 2017; Neri, Esposti Ongaro, et al., 2015; Sandri
et al., 2018; Tierz, Sandri, Costa, Sulpizio, et al., 2016; Tierz, Sandri, Costa, Zaccarelli, et al., 2016). This
approach allows the consideration of the natural variability observed in the eruptive process by sampling
the model input parameters within their expected variation ranges, as shown in Tierz, Sandri, Costa,
Zaccarelli, et al. (2016), where the energy cone model was systematically applied to capture the variability
of relevant parameters for hazard assessment (e.g., inundation area and maximum runout distance) in
Somma‐Vesuvius and Campi Flegrei (Italy). However, kinetic models significantly simplify the physics of
the problem (Roche et al., 2013) and, in particular, are not able to properly describe flow channelization.
Thus, the resulting inundation areas can be significantly different from those observed in nature and esti-
mated with other numerical models, particularly in terms of runout distance along ravines (e.g., Ogburn
& Calder, 2017; Tierz, Sandri, Costa, Zaccarelli, et al., 2016). Considering the influence of flow channeliza-
tion in PDC propagation and runout distance, as evidenced during the 2018 Fuego eruption, its proper inclu-
sion in numerical models is of paramount importance for volcanic hazard assessment.

In this context, we present a new strategy for modifying kinetic models to consider the channelization of pyr-
oclastic material. We illustrate and implement this methodology by adopting two widely used kinetic mod-
els: the energy cone and the box model (Esposti Ongaro et al., 2016; Neri, Esposti Ongaro, et al., 2015;
Sheridan et al., 2004; Sheridan & Malin, 1983; Tierz, Sandri, Costa, Zaccarelli, et al., 2016; Wadge &
Isaacs, 1988). Both have been applied in a statistical framework, by sampling the variability range of model
input parameters and by comparing the numerical results on the ensemble of simulations. This allows to cap-
ture the uncertainty in PDC generation/propagation conditions and is particularly useful because kinetic
models are extremely sensitive to few empirical parameters, and calibration can a priori only define a range
of values.

This work consists of five parts. First, we describe the strategy proposed here for modifying kinetic models by
considering the occurrence of channelization processes. Second, we present the application of this strategy
to the energy cone and boxmodel. Third, we test these models by comparing their results with the traditional
energy cone and box model, with real PDC deposits and with other numerical tools, considering two specific
volcanoes as reference case studies (Chaitén, Chile, and Citlaltépetl, Mexico; the input and main output
parameters of all the simulations described in this work are presented in Tables S1–S4 in the supporting
information). Finally, we discuss the applicability of this modeling strategy and conclude with a summary
of results and potential use of this approach in future hazard assessment studies.

2. The Proposed Strategy

Kinetic models are typically based on an integral dissipation law of a key physical variable (Φ). This variable
is energy in the energy cone model, dissipated by granular friction, and inertia in the box model, dissipated
by sedimentation. In both models, the source conditions are associated with the gravitational collapse of a
gas‐pyroclast mixture, so that the initial values of Φ are controlled by the initial potential energy and the
initial mass, respectively. In any kinetic model, a functionH(r, θ) is derived, which represents the maximum
topographic height that can be overpassed by the PDC (Figure S1), where r is the distance from the source
position (P) and θ is the polar angle of the propagation direction.H(r, θ) is a monotonically decreasing func-
tion and defines a conoid, whose center is located in the PDC source position (Figure S1). The intersection
between this conoid and volcano topography delineates the function d(θ), representing the PDC runout dis-
tance in the propagation direction θ. In kinetic models, when topography blocks the flow, the residual part of
the physical variable Φ is immediately dissipated. In the strategy presented here, we assume instead that the
residual part of Φ is redistributed in the adjacent cells along topographic channels, with the kinetic model
applied iteratively with new branching sources.
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To introduce the mathematical formalism, we define a root conoid (with order i = 0 and index j = 0), char-
acterized by the source position P0,0 and by the function H0,0(r, θ), which is complemented with additional
source conoids (branch conoids) located in the domains of preferential channelization of pyroclastic mate-
rial (Figure 1). Each branch conoid (with order i > 0 and index j, which is a variable introduced to discri-
minate the different branch conoids of the same order) is characterized by the source position Pi,j and by the
function Hi,j(r, θ). Pi,j and Hi,j(r, θ) are controlled exclusively by the properties of the parent conoid (i.e.,
with order (i − 1) and index k) and by the volcano topography, whose interplay defines the function of hor-
izontal distance di − 1,k(θ) as described previously. This process is repeated in a tree branch structure that is
stopped when the branch conoids are not capable of adding new pixels to the resulting inundation area
(Figure 1). Thereby, the PDC inundation area is defined by the union of the inundation areas associated
with each conoid.

This tree branch‐like structure defines a particular branching process (Asmussen & Hering, 1983;
Harris, 1963) in which the number and properties of the offspring conoids depend on the footprint of their
parent conoids over topography (Haccou et al., 2005). The mathematical properties of the branching process
[Pi,j,Hi. j(r, θ)] are not trivial, and the direct numerical simulation is the only feasible modeling approach.
We will show that, under our modeling conditions (i.e., considering the energy dissipation law adopted in
the energy cone model and the sedimentation equation adopted in the box model), the number of genera-
tions that significantly increase the inundation area is bounded. In other words, the inundated area con-
verges to a finite value when the number of generations tends to infinity.

2.1. Energy Cone

The energy cone is the simplest model able to estimate themaximum runout and inundation area of PDCs. It
was proposed by Malin and Sheridan (1982) to model the 1980 blast eruption of Mount St. Helens and has
been repeatedly employed for assessing volcanic hazard at high risk volcanoes (Alberico et al., 2002;
Sandri et al., 2018; Sheridan et al., 2004; Sheridan & Malin, 1983; Tierz, Sandri, Costa, Sulpizio, et al., 2016;
Tierz, Sandri, Costa, Zaccarelli, et al., 2016; Wadge & Isaacs, 1988). The applicability field of this model
should be limited to frictional granular flows (i.e., characterized by particle volume concentration higher
than about 0.3), but it has been adopted to describe pyroclastic currents in a broader range of concentrations
(Alberico et al., 2002; Sheridan & Malin, 1983). This model considers that the potential energy (in this case,
the key physical variable Φ) of pyroclastic material reaching a height Hc above the vent is converted into
kinetic energy as the material collapses and moves laterally away from the vent (Sheridan & Malin, 1983).
A constant rate of energy dissipation defines a cone with vertical axis (from which the term energy cone is
used instead of the more generic term conoid), whose slope φ is function of a friction parameter μ (Heim
coefficient; Hsu, 1975; Malin & Sheridan, 1982; Sheridan et al., 2004) and whose apex is the collapse height
Hc. The parameters φ and Hc have been typically calibrated using the maximum runout distance (L) of past
PDCs (Hayashi & Self, 1992; Ogburn & Calder, 2017; Sheridan et al., 2004), so that H/L has become a com-
mon notation for tan(φ), where H is the vertical distance between the collapse height and the topographic
height associated with the maximum runout position.

Figure 1. Structure of the branching strategy presented here for modifying kinetic models to include flow channelization
processes.
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In this model, H(r, θ) is given by

H r; θð Þ ¼ H rð Þ ¼ Hc − r · tan φð Þ (1)

and thus goes to 0 (i.e., no residual part) when r = Hc/tan(φ).
2.1.1. Branching Formulation
If we adopt the strategy proposed in this work, Equation 1 is only valid for the root energy cone (i.e.,
H0,0(r, θ) = H(r, θ)), while the general equation for the function Hi,j(r, θ) associated with a generic energy
cone of order i, index j, and source position Pi,j = (xv, yv) is given by

Hi;j r; θð Þ ¼ Hi;j rð Þ ¼ Hc i;jð Þ − r · tan φð Þ (2)

where Hc(i,j) is the apex height of the generic energy cone of order i and index j. Here we assume a con-
stant value of φ for all the generations of energy cones.

Let consider a given propagation direction, defined by the polar angle θo, where topography is characterized
by a relatively high elevation (such as θ01 and θ02 in Figures 2c and 2e). Because the potential energy may not
be large enough to overcome this high‐elevation zone, this propagation direction is expected to present a
relatively low value of di,j(θ), as observed in Figure 2e for θ01 and θ02 (di,j(θ) represents the function of hor-
izontal distance associated with the energy cone of order i and index j, calculated at angle intervals of 10° in
the simulations presented in this work). In contrast to the traditional energy cone formulation, here we
redistribute the residual potential energy derived from propagation directions characterized by low values
of di,j(θ) in the adjacent relative maxima of di,j(θ) (θm1 and θm2 in the example shown in Figures 2c and
2e). This is proposed because, considering that Hi,j(r, θ) is a decreasing function of r, the relative maxima
of di,j(θ) represent the directions where topographic elevation tends to be low (e.g., ravines), and thus, flow
channelization likely occurs in these directions. We assume that all the relative maxima of di,j(θ) represent
points of preferential channelization, and thus, they are the origin of additional energy cones of order (i+1).
The source position of the (i+1)‐order energy cone associated with the relative maximum θm, defined using
the index k, is given by

Piþ1;k ¼ Piþ1;k θmð Þ ¼ xv þ di;j θmð Þ · cos θmð Þ; yv þ di;j θmð Þ · sin θmð Þ� �
(3)

The redistributed residual energy (Er) of the relative minimum θo in the adjacent relative maximum θm
satisfies

Er θo; θmð Þ ∝ di;j θmð Þ − di;j θoð Þ� �
· tan φð Þ (4)

Please note that (di,j(θm) − di,j(θo)) · tan(φ) represents the elevation difference between the runout points
associated with the propagation directions θo and θm. Accordingly, the variable Hc(i+1,k) needed to calcu-
late Hi+1,k(r, θ) (Equation 2) for the additional energy cone of order (i + 1) associated with the relative
maximum θm is given by

Hc iþ1;kð Þ ¼ Hc iþ1;kð Þ θmð Þ ¼ 1
2π

∫
θ2
θ1 di;j θmð Þ − di;j θð Þ� �

· tan φð Þdθ (5)

where θ1 and θ2 represent the limits of the portion of the energy cone of order i and index j that is able to
be channelized through the relative maximum θm. Specifically, the angles θ1 and θ2 are associated with
the relative minima immediately adjacent to the relative maximum θm (in the example presented in
Figure 2, the integration limits are θ01 and θ02). In order to avoid the backward movement of pyroclastic
material between a given energy cone of order i and its offspring, for i > 0, the propagation of material is
only considered in directions whose angle with respect to the previous propagation direction is equal or
lower than 90°. This assumption still allows modeling tight curves when they involve more than two gen-
erations of energy cones, as observed in Figure 3a (e.g., at east of the vent).
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Considering this formulation in an iterative scheme, it is possible to construct a tree branch‐like structure of
energy cones able to redistribute the flow residual potential energy into channels. Like the traditional energy
cone model, the only input parameters of the branching formulation are P0,0, Hc (equal to Hc(0,0)), and φ.
Figure 3a presents the inundation area of an illustrative, single simulation where the blue points represent
the apex position of all the energy cones computed by the code, and the inundation area associated exclu-
sively with the root energy cone is indicated by a yellow line (Table S1). This simulation produces 15 orders
of energy cones (61 energy cones), characterized by decreasing values of Hc(i,j) (Figures 3b and 3c).

2.2. Box Model

The box model integral formulation for inertial, gravity‐driven particle currents is based on the pioneer-
ing work of Huppert and Simpson (1980) and corresponds to a simplified system of ordinary differential

Figure 2. (a) Surface plot of a generic i‐order energy cone and the topography. (b) Surface plot of a generic i‐order energy
cone, the derived (i+1)‐order energy cones, and the topography. (c) Contour plot of a generic i‐order energy cone and
the topography. (d) Contour plot of a generic i‐order energy cone, the derived (i+1)‐order energy cones, and the
topography. (e) Function of horizontal distance di,j(θ). (f and g) Functions of horizontal distance di+1,k(θ) associated with
the relative maxima θm1 and θm2 of the function di,j(θ), respectively. The relative maxima (θm3 and θm4) of these
functions represent the origin of (i+2)‐order energy cones.
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equations able to describe the propagation dynamics of PDCs in the inertial regime (the general theory
is detailed in Bonnecaze et al. (1995) and Hallworth et al. (1998)). This model is applicable to regimes
in which friction is negligible with respect to inertial terms, such as relatively dilute flows (particle
concentration <10−2). In any case, the applicability of the box model to a broader range of flow
conditions in simplified geometries has been shown experimentally and numerically (Esposti Ongaro
et al., 2016; Gladstone & Woods, 2000). In this model, a constant flow volume (gas and pyroclasts) is
assumed, and thus, we consider particle volume fraction (ϕ), instead of mass, as the dissipated
variable Φ of this model (Esposti Ongaro et al., 2016). During PDC propagation, the current loses
inertia (i.e., mass) and the maximum runout can be calculated in terms of the sedimentation rate. In
this work, all the solid particles are assumed to have the same size, shape, and density, and thus to
deposit at the same velocity, which allows us to have an analytical solution (instead, polydisperse
formulation can only be solved numerically). Ambient fluid entrainment is neglected and thermal
properties of the flow are assumed to remain constant with no consideration of hot gas buoyancy
with respect to the ambient gas. We also assume an axisymmetric geometry. This model allows
estimating the temporal evolution of front velocity, average current depth, and depth‐averaged
particle concentration. Further description of this approach is provided in Biagioli et al. (2019) and
Bevilacqua (2016, 2019).

Figure 3. Results associated with illustrative simulations of the branching energy cone (a–c) and box model (d–f),
considering the Chaitén volcano topography. (a) Inundation map. The blue points represent the position of all the
energy cones computed in this model. The inundation area associated exclusively with the root energy cone is indicated
by a yellow line. (b and c) Apex height of the energy cones (with respect to the sea level and topography, respectively)
reported as a function of their order. (d) Inundation map. The blue points represent the source position of all the
conoids computed in this model. The inundation area associated exclusively with the root conoid is indicated by a yellow
line. (e) Collapsing volume (Vi,j) in the root and branch conoids reported as a function of their order. (f) Initial volume
fraction of particles (ϕ0,(i,j)) in the root and branch conoids reported as a function of their order. Input parameters
are described in Tables S1 and S4.
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The model is based on the Von Kármán equation for density currents:

dL tð Þ
dt

¼ Fr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h tð Þgρc tð Þ − ρa

ρa

s
(6)

where L(t) and h(t) are the radial distance reached by the current and its height as a function of time (t), Fr
is the Froude number (i.e., nondimensional number defined as the ratio of inertial and gravitational
forces), g is gravity, ρa is ambient fluid density, and ρc(t) is density of the current at time t:

ρc tð Þ ¼ ϕ tð Þρp þ 1 − ϕ tð Þð Þρa (7)

where ρp is density of the solid particles and ϕ(t) is solid particle volume fraction at time t, described by

dϕ tð Þ
dt

¼ − ws
ϕ tð Þ
h tð Þ (8)

where ws is the sedimentation velocity of particles.

Since the volume V of the current (i.e., gas and pyroclasts) is preserved and its geometry is axysymmetric,
we have

V ¼ L tð Þ2h tð Þπ ¼ const (9)

In summary,

dL tð Þ
dt

¼ Fr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h tð Þϕ tð Þg ρp − ρa

ρa

r
dϕ tð Þ
dt

¼ − ws
ϕ tð Þ
h tð Þ

V ¼ L tð Þ2h tð Þπ

8>>>>><
>>>>>:

(10)

As described in Text S1, from this system of differential equations, we can derive equations for the maximum
runout distance reached by the flow in absence of topography (Lmax, Equation 11) and the function H(r, θ)
that computes the maximum obstacle height that the PDC is capable of overpassing (Equation 12).

Lmax ¼ 8
Fr·ϕ1=2

0 ·g1=2p · V=πð Þ3=2
ws

" #1=4

(11)

H r; θð Þ ¼ H rð Þ ¼ 1
2g

C·L1=3max

r
Lmax

� �
cosh2 arctanh r

Lmax

� �2
� �� �

0
BB@

1
CCA

2

(12)

where ϕ0 is the initial volume fraction of particles in the PDC, and we use the short notations gp≔ g
ρp − ρa

ρa
and C ≔ (Fr2wsϕ0gp)

1/3/2. The influence of different box model input parameters on numerical results is
described in Esposti Ongaro et al. (2016).
2.2.1. Branching Formulation
A generic conoid of order i and index j is defined by its source position Pi,j= (xv, yv) and byHi,j(r, θ), obtained
from Equation 12:

Hi;j r; θð Þ ¼ hmin; i;jð Þ r; θð Þ þ 1
2g

Ci;j·L
1=3
max; i;jð Þ

r
Lmax; i;jð Þ

� �
cosh2 arctanh r

Lmax; i;jð Þ

� �2
� �� �

0
BB@

1
CCA

2

(13)

where hmin,(i,j)(r, θ) is the minimum topographic height reached by the flow in the segment between Pi,j
and Pi,j+(r · cos(θ) , r · sin(θ)), Ci,j is given by Equation 14, and Lmax,(i,j) is given by Equation 15.
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Ci;j ¼
Fr2wsϕ0; i;jð Þgp

� �1=3

2
(14)

Lmax; i;jð Þ ¼ 8
Fr·ϕ1=2

0; i;jð Þ·g
1=2
p · Vi;j=π

� �3=2
ws

2
4

3
5
1=4

(15)

where ϕ0,(i,j) is the initial volume fraction of particles in the conoid of order i and index j, and Vi,j is the
associated collapsing volume. We remark that the collapsing volume of the whole PDC is given by V0,0,
while Vi,j is a fraction of the initial volume (V0,0) when i > 0.

During transport, particle concentration in the PDC is

ϕi;j rð Þ ¼ ϕ0; i;jð Þ
� �1=2

−
1
8

ws

Fr

� �
g−1p

Vi;j

π

� �−3=2

r4
" #2

(16)

Let consider a propagation direction defined by the polar angle θo and characterized by the presence of a
topographic obstacle. Because the residual inertia may not be large enough to overcome this obstacle,
this propagation direction is expected to present a relatively low value of di,j(θ). In contrast to the tradi-
tional box model, here we redistribute the residual (i.e., not sedimented) pyroclastic material derived
from the propagation directions characterized by low values of di,j(θ) in the adjacent relative maxima
of the function di,j(θ), which are defined using an angle step of 10°. For that, we assume that the initial
particle concentration of the flow volume redistributed in the relative maximum θm, defined using the
index k, satisfies

ϕ0; iþ1;kð Þ ¼ ϕ0; iþ1;kð Þ θmð Þ ¼ 1
θ2 − θ1

∫
θ2
θ1ϕi;j di;j θð Þ� �

dθ (17)

where θ1 and θ2 represent the limits of the portion of the conoid of order i and index j that is able to be
channelized through the relative maximum θm (specifically, θ1 and θ2 are the angles of the relative
minima immediately adjacent to the relative maximum θm). All the relative maxima of di,j(θ) represent
points of preferential channelization, and thus they are the origin of branch conoids of order (i+1).
Also in this case, in order to avoid the backward movement of pyroclastic material, for i > 1, the transport
of material is only considered in propagation directions whose angle with respect to the previous transport
direction is equal or lower than 90°. The central position of the additional source conoid of order (i+1)
associated with the relative maximum θm is given by

Piþ1;k ¼ xv þ dm; i;jð Þ θmð Þ · cos θmð Þ; yv þ dm; i;jð Þ θmð Þ · sin θmð Þ� �
(18)

where dm,(i,j)(θm) is defined following Equation 19, while the redistributed flow volume is given by
Equation 20.

dm; i;jð Þ θmð Þ ¼ 1
θ2 − θ1

∫
θ2
θ1di;j θð Þ · cos θ − θmð Þdθ (19)

Viþ1;k θmð Þ ¼ θ2 − θ1
2π

· Vi;j ·
1 − ϕ0; i;jð Þ

1 − ϕ0; iþ1;kð Þ θmð Þ (20)

This expression derives from the conservation of the PDC gas and the initial particle concentration of the
(i+1)‐order conoid associated with the relative maximum θm. Accordingly, considering the updated
values of Vi+1,k and ϕ0,(i+1,k), it is possible to calculate the variables Ci+1,k and Lmax,(i+1,k), and thus the
function Hi+1,k(r, θ) needed to fully define the branch conoid.

Using an iterative scheme, we can construct a tree branch‐like structure of conoids able to redistribute the
flow residual mass into channels. The iterative formulation does not need additional input parameters,
and, like the traditional box model, the input variables are source position (P0,0), Froude number (Fr),
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sedimentation velocity (ws), initial volume fraction of particles (ϕ0,(0,0)), collapsing volume (V0,0), particle
density (ρp), and ambient fluid density (ρa). Figure 3d presents the inundation area of an illustrative, single
simulation of this model, where the blue points represent the central positions of all the conoids computed
by the program, while the inundation area associated exclusively with the root conoid is indicated by a yel-
low line (input parameters are presented in Table S4). This simulation presents 24 orders of conoids (383
conoids), characterized by decreasing values of Vi,j and ϕ0,(i,j) (Figures 3e and 3f). The calculation time of
the branching box model tends to be significantly higher than the calculation time needed by the branching
energy cone model.

3. Test Simulations

Here we present some simulations aimed at testing the ability of these models to consider channelization
processes and reproduce the expected inundation area of PDCs, while the applicability of these models to
different volcanological cases is discussed in section 4. In this section, Chaitén (Chile) and Citlaltépetl
(Mexico) volcanoes were adopted as reference case studies. Both volcanoes present topographic features able
to produce a strong control on the distribution of pyroclastic material during the transport of PDCs. The
topographic information considered in numerical simulations derives from the SRTM 30 m elevation data
(Rabus et al., 2003). We remark that kinetic models are not particularly affected by digital elevation model
(DEM) resolution (e.g., Tierz, Sandri, Costa, Sulpizio, et al., 2016), and the adopted elevation data have
shown to be enough precise for the simulations presented here. For Chaitén volcano, we consider the
PDC deposits associated with the 2008–2009 eruption, which was characterized by an initial Plinian phase
(column height of 18–20 km) with minor pyroclastic flows derived from column collapse, followed by var-
ious cycles of lava dome growth and collapse, producing directed, additional PDCs (Carn et al., 2009;
Lara, 2009; Major et al., 2013; Major & Lara, 2013). For Citlaltépetl volcano, we consider the numerical
results described by Sheridan et al. (2004), who studied the PDC deposits associated with some
well‐documented volcanic events by adopting two numerical models: the energy cone and FLOW3D.

3.1. Branching Energy Cone

Figures 4a–4d present a map of the zones covered by the PDC deposits derived from the 2008–2009 Chaitén
eruption (Figure 4a), and the inundation areas associated with three sets of simulations developed by using
the branching and traditional energy conemodels (Figures 4b–4d and Table S1). In particular, Figure 4b pre-
sents the results of a set of simulations (N= 300, where N is the number of simulations) performed by adopt-
ing the branching formulation, where we use input parameters variable within specific ranges
(P0,0 = (−72.650°,−42.835°), considering a 500 mradius variability zone, Hc = 200 − 1000 m above topogra-
phy, and tan(φ) = 0.35 − 0.45, i.e., φ ≈ 19° − 24°), which allow capturing a wide set of PDC
formation/propagation conditions. The resulting map describes the fraction of simulations that reaches each
pixel of the studied zone. In this case, when results are compared with the traditional energy conemodel, the
inclusion of branch energy cones is able to increase the maximum runout distance from <2.0 to ~4.0 km in
the directions of preferential channelization (i.e., SW and E), where we arbitrarily choose the isoline 0.5 as a
reference inundation polygon (Figures 4b and 4c for comparison), whereas minor modifications are pro-
duced in the inundation area toward N. In terms of channelization directions, results are consistent with
the dispersal of PDC deposits produced during the 2008–2009 Chaitén eruption (Lara, 2009; Major &
Lara, 2013), where the transport of PDCs occurred preferentially in two of the directions characterized by
high runout distances in numerical simulations: SW and N (Figures 4a and 4b). We highlight that, using
the traditional energy cone model, large runout distances toward SW and E (e.g., ~4.0 km for the reference
isoline 0.5) require a slope of the energy cones (i.e., tan(φ)) of 0.25–0.35, producing probability maps char-
acterized by high runout distances also in directions where channelization is not expected to occur
(Figures 4a and 4d for comparison). Even if results presented in Figure 4 underestimate the runout distance
toward SW when they are compared with the February 2009 deposits, we remark that these simulations,
which clearly show the channelization effect of the branching formulation, were not performed to fit the
inundation polygon of the 2008–2009 PDC deposits, which is instead performed and discussed in Figure 5
and below in this section.

Figures 4e and 4f present the evolution of the normalized values of inundation area and runout distance (i.e.,
with respect to the final values of each simulation) during the construction of the different orders of energy
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cones for the simulations presented in Figure 4b. Most simulations require the construction of more than 10
orders of energy cones, but 5 orders of energy cones are enough to reach >95% of the final, modeled
inundation area and runout distance. However, in some cases, high‐order energy cones are able to modify
significantly the runout distance. In Tables S1–S4 we present some metrics to compare the output
inundation polygons derived from these and other sets of simulations, including the statistics of
inundation area, maximum (Rmax) and minimum (Rmin) runout distance, Rmax/Rmin, and rc, defined as

the ratio of the square root of inundation area and the product between Rmax and
ffiffiffi
π

p
. These results

Figure 4. (a) Deposits associated with the 2008–2009 Chaitén eruption. Modified from Major et al. (2013). (b) Probability
map related to a set of simulations (N = 300) performed by adopting the branching energy cone model. (c and d)
Probability maps related to two sets of simulations (N = 300) performed by adopting the traditional energy cone model.
(e and f) Normalized inundation area and normalized runout distance (i.e., with respect to the modeled, final values)
reported as a function of the order of the energy cones, for panel (b) simulations. Input parameters are presented in
Table S1.
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highlight that the branching formulation usually translates in significant differences in runout
distance‐based parameters (e.g., Rmax/Rmin or rc), while inundation area modifications derived from the
introduction of high‐order energy cones tend to be moderate.

Although the pyroclastic flow deposits derived from the 2008–2009 Chaitén eruption were formed by differ-
ent collapse events and thus their generation/propagation conditions were different (column and dome

Figure 5. (a–d) Contour plots of MSD (a and b) and Hausdorff distance (HD, c and d) as a function of Hc and tan(φ) for a
set of simulations performed using the traditional (a and c) and branching (b and d) energy cone models, considering
PDC deposits associated with the 2008–2009 Chaitén eruption. MSD and HD are parameters able to quantify the
coincidence degree between modeled and observed inundation polygons. The lower these parameters, the higher the
coincidence degree between the inundation zones. The red points represent the best fit positions obtained in each case.
(e–h) Inundation maps associated with the best fit conditions presented in panels (a)–(d), and their comparison with
the reference PDC deposit (2008–2009 Chaitén eruption; see Tables S1 and S2).
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collapse), we applied different methodologies to compare the real deposit and the modeled inundation poly-
gons. A simple comparison can be performed by computing the mean square distance between the different
border points of each inundation polygon and the nearest bound of the other one, normalized by the square
of the mean runout distance measured from the real deposit. The lower this parameter, hereafter MSD
(mean square distance), the higher the coincidence degree between the inundation zones. Figures 5a and
5b show MSD as a function of Hc and tan(φ) for a set of simulations performed using the traditional and
branching energy cone models, considering the PDC deposits associated with the 2008–2009 Chaitén erup-
tion to compute MSD. Results indicate that the branching formulation reduces significantly the minimum
MSD (from 0.072 to 0.027) and expands the zone of the pairs (Hc, tan(φ)) able to produce low values of MSD
(e.g., for the variation range considered here for input parameters, the surface associated with values of MSD
lower than 0.08 increases by a factor of ~2.8). Figures 5e and 5f present the inundation areas associated with
both best fit conditions (Tables S1 and S2), showing clearly that the branching formulation fits better the
PDC deposits of this eruption.

Other useful parameter to compare inundation polygons is the Hausdorff distance (HD), which represents
the maximum distance between the overestimated and underestimated sectors of the modeled polygon,
when compared with the real deposit:

HD ¼ max max
a ϵ A

min
b ∈ B

d a; bð Þð Þ
� �

;max
b ϵ B

min
a ∈ A

d a; bð Þð Þ
� �	 


(21)

where A and B are the curves that represent the external bounds of the polygons.

Figures 5c and 5d present the Hausdorff distance for a set of simulations performed using the traditional and
branching energy cone formulations, considering the deposits associated with the 2008–2009 Chaitén erup-
tion to compute this parameter. The branching formulation is able to reduce the minimumHD from 2,612 to
2,060 m, showing results consistent with those obtained using MSD. Figures 5g and 5h present the inunda-
tion polygons derived from both best fit conditions (Table S2), showing again that the branching energy cone
model fits better the reference polygon. We highlight that we only consider distance‐based comparison para-
meters because, in general, inundation area‐based comparison parameters, such as the Jaccard similarity
coefficient, are less sensitive to the channelization effect of branching models. This is because significant
channelization zones tend to be relatively narrow, which is particularly evident for the 2008–2009 Chaitén
eruption (e.g., the inundation area associated with the February 2009 PDC represents less than 8% of the
total inundation zone).

To compare the sensitivity of both formulations with respect to Hc, we performed a set of simulations with
variable values of Hc (0 − 1200 m above topography), fixed conditions for φ (tan(φ) = 0.4), and slightly vari-
able coordinates for the source position (P0,0 = (−72.650°,−42.835°), considering a 200 m radius variability
zone). Figures 6a and 6c present the relationship between runout distance in specific directions (toward E
and SW) and inundation area, highlighting the ability of the strategy presented here to model the channeli-
zation of pyroclastic material, with runout distances significantly higher than that observed with the tradi-
tional formulation. Results highlight the strong control of caldera limits in numerical results, with runout
distances higher than 3.5 and 4.0 km toward E and SW, respectively, for all the simulations able to overcome
the caldera border. Otherwise, runout distance rarely exceeds 2.0 km. This effect is not observed in the
results associated with the traditional energy cone model, where runout distance presents a gradual increase
as the inundation area increases (Figures 6a and 6c). On the other hand, the relationship between runout
distance in specific directions and Hc is presented in Figures 6b and 6d, where we can note that the depen-
dence of runout distance on Hc is significantly reduced by considering the branching energy cone model
instead of the traditional formulation. Indeed, for simulations that overcome caldera limits, the ratio
between variations of runout distance toward E andHc is reduced from ~2.8 to ~1.2, while the ratio between
variations of runout distance toward SW andHc is reduced from ~3.2 to ~0.8. It is also important to note that
no major differences are observed in the dependence between inundation area and Hc when the traditional
and branching formulations of the energy cone model are compared.

In order to compare the results of the formulation presented here with a model based on the shallow‐water
equations, we adopted the code IMEX_SfloW2D (de' Michieli Vitturi et al., 2019). IMEX_SfloW2D requires
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additional input parameters with respect to the energy cone model such as the volume of collapsing
material, which may hinder the development of comparisons between both models. For obtaining
comparable results, we performed a set of simulations with IMEX_SfloW2D by adopting fixed conditions
for the collapsing material rheology (Voellmy‐Salm model with μ = 0.4 and ξ = 5 · 106 m/s2, in order to
avoid the viscous turbulent friction and induce a linear dissipation law), and the collapsing volume
defined as a cylinder extended from the surface to an altitude of 1,500 m a.s.l., with a variable basal radius
(R) between 100 and 400 m. These simulations were compared with the results of a set of simulations
performed by adopting the branching energy cone model, considering tan(φ) = 0.4, Hc = 1,500 m a. s. l.,
and expected source coordinates coincident with the center of the collapsing cylinders adopted in
IMEX_SfloW2D, using a variability zone defined by a circle with a radius of 200 m. Results show a strong
agreement between the inundation areas predicted by both models (Figures 7a and 7b and Table S2), with
three zones of preferential channelization (N, E, and SW) and runout distances between ~3.5 and
~5.0 km, while the traditional energy cone formulation is unable to model high runout distances toward
SW (Figure 7c and Table S2). The simulations performed with the branching energy cone model (N = 300
simulations) took ~2,500 s on an Intel Core i7‐4510U CPU at 2.00 GHz (i.e., <10 s per simulation), while
each IMEX_SfloW2D simulation took ~2,000 s. This highlights the low computational cost associated
with the formulation proposed here, allowing a rapid use even in absence of large computational power.

Finally, the results associated with a test simulation on Citlaltépetl volcano are presented in Figure 8a
(Table S3), which were compared with the inundation maps presented by Sheridan et al. (2004), where a
block‐and‐ash‐flow with runout distance of 10–13 km (Figure 8b) was considered as a reference case study.
Results highlight that, for Citlaltépetl volcano, the extent of the inundation area is strongly controlled by the
volcano topography, as suggested by Sheridan et al. (2004). In this case, because of the particularly large ele-
vation difference between volcano crater and the surrounding valleys, numerical modeling suggests that
PDCs are able to cover vast areas and to produce high runout distances. Indeed, for the input conditions con-
sidered here, most of the simulations (>70%) present runout distances between 8 and 14 km, with largely
variable inundation areas (between 40 and 120 km2), and two preferential transport directions: SE and
NNE. These results are in agreement with those obtained by using the model FLOW3D, and they differ from
the inundation area provided by the traditional energy cone model (Figures 8a and 8b; Sheridan et al., 2004),

Figure 6. (a and b) Runout distance toward E reported as a function of inundation area (a) and Hc (b), for simulations
associated with the traditional and branching energy cone models. (c and d) Runout distance toward SW reported as a
function of inundation area (c) and Hc (d), for simulations associated with the traditional and branching energy
cone models. These simulations were performed considering the Chaitén volcano topography, using variable values of
Hc, fixed conditions for φ, and slightly variable coordinates for the collapse position.
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which envelopes the footprint derived from FLOW3D simulations and overestimates the inundation area in
high‐elevation zones.

3.2. Branching Box Model

Figure 9a presents the inundation map associated with a set of simulations (N = 300) performed for Chaitén
volcano (Chile) by adopting the branching box model, where we consider specific variation ranges for the
input parameters (Table S4), which allow to capture a wide set of PDC formation/propagation conditions.
Figure 9b presents the equivalent results associated with the traditional box model (i.e., only considering
the root conoid). In this case, the inclusion of branch conoids increases the maximum runout distance from
<2.0 to >4.0 km in the directions of preferential flow channelization (i.e., N, SW, and E, Figures 9a and 9b),
where we have adopted the isoline 0.5 as an arbitrary reference inundation polygon. In terms of channeliza-
tion directions, these results are consistent with the deposits produced during the 2008–2009 Chaitén erup-
tion (Figures 4a and 9a; Lara, 2009; Major et al., 2013). Conversely, using the traditional box model, large
runout distances toward N, SW, and E (e.g., >4.0 km for the reference isoline 0.5) require a significantly lar-
ger collapsing volume, generating inundation maps characterized by high runout distances in directions
where channelization processes are not expected to occur (e.g., NW and SE; Figures 9a and 9d). In any case,
we remark that numerical results derived from the application of the two branching models presented here
do not suggest a significant inundation probability toward NE, which is not in agreement with a portion of
the deposits of the 2008–2009 eruption (Figures 4 and 9). Major and Lara (2013) reported that this PDC was
generated during the explosive phase of the eruption, presumably derived from column collapse processes
(in particular, on 2 May 2008, when the eruptive column reached ~20 km height). We suggest that its prove-
nience from a well‐developed eruptive column could explain that this PDC was less affected by the caldera

Figure 7. (a) Inundation area of PDCs related to four simulations performed with IMEX_SfloW2D. In these simulations,
the collapsing volume is defined as a cylinder extended from the surface to an altitude of 1,500 m a.s.l., with R as its
basal radius (see legend). (b and c) Probability maps of inundation area of PDCs related to two sets of simulations
(N = 300) performed with the branching and traditional energy cone model, respectively. Input parameters are presented
in Table S2.
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topography in the NE flank, in contrast to that observed in our simulations, where the source point is located
in the central region of the caldera. We stress that PDCs generated during the dome‐forming phase, derived
from dome collapse and likely affected by caldera topography, were instead preferentially channelized
through a caldera creek and the Chaitén River Valley (Figure 4a) when they overcame the SW caldera
limit (Major & Lara, 2013), as shown by numerical results.

Figures 9e and 9f present the evolution of the normalized values of inundation area and runout distance
(i.e., with respect to the final values) during the construction of the different orders of conoids for the simu-
lations presented in Figure 9a. Most simulations need the construction of more than 20 orders of conoids,
but 10 orders of conoids are enough to reach >95% of the final, modeled inundation area. However,
high‐order conoids are able to modify significantly the resulting runout distance.

The results related to a test simulation performed for Citlaltépetl volcano are described in Figure 8c
(Table S4). In this case, the inundation area is less controlled by the topography (Figures 8a and 8c for com-
parison), and the modeled PDC is not able to develop important channelization processes. With the input
conditions considered here, most of the simulations (>80%) present runout distances between 8 and
12 km, and inundation areas between 70 and 220 km2. The parameter rc (i.e., ratio of the square root of

Figure 8. (a) Probability map related to a set of test simulations performed for Citlaltépetl volcano (branching energy
cone model; P0,0 = (−97.268°, 19.030°), considering a 300 mradius variability zone, Hc = 300 − 500 m above
topography, and tan(φ) = 0.40 − 0.50; see Table S3). (b) PDC hazard map in Citlaltépetl volcano, using FLOW3D and the
traditional energy cone model (EC). The input parameters used in these simulations are supposed to describe the deposits
associated with a specific block‐and‐ash flow (4,000 years BP). Modified from Sheridan et al. (2004). (c) Probability
map related to a set of test simulations performed for Citlaltépetl volcano (branching box model; P0,0 = (−97.268°,
19.030°), considering a 300 m radius variability zone, V0,0 = 8 · 108 − 1.2 · 109 m3, ϕ0,(0,0) = 0.005 − 0.015,
ws = 0.2 − 1.0 m/s, Fr = 1.0 − 1.2, ρp = 800 − 1,000 kg/m3, and ρa = 0.9 − 1.1 kg/m3; see Table S4).
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inundation area and the product between
ffiffiffi
π

p
and Rmax) is a useful metric for highlighting the weak

channelization of pyroclastic material observed in this case. The higher the value of rc, which ranges
between 0 and 1, the weaker the channelization of pyroclastic material (some illustrative examples are
presented in Figure S2). For the set of simulations presented in Figure 8c (i.e., with the branching box
model), the mean value of rc is 0.63 with 90% of the simulations ranging between 0.56 and 0.68, while the
simulations associated with the branching energy cone model (Figure 8a) present significantly lower
results for this parameter, with a mean value of 0.43 and 90% of the simulations ranging between 0.33 and
0.59. This difference can be also observed by considering Rmax/Rmin, which tends to be higher for intense
channelization processes. In the simulations presented in Figure 8c (i.e., with the branching box model),

Figure 9. (a) Probability map related to a set of simulations (N = 300) performed by adopting the branching box model.
(b–d) Probability maps related to three sets of simulations (N = 300) performed by adopting the traditional box
model, and using different collapsing volumes. (e and f) Normalized inundation area and normalized runout distance
(i.e., with respect to the modeled, final values) reported as a function of the order of the conoids, for panel (a) simulations.
Input parameters are presented in Table S4.
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this parameter ranges from 2.3 to 3.3 (mean value of 2.7), while it ranges between 2.2 and 9.4 in the branch-
ing energy cone model simulations (mean value of 4.7; Tables S3 and S4).

4. Discussion

The branching technique is a general methodology, applicable to any PDC model able to describe the dissi-
pation of kinetic energy with distance. We have illustrated its implementation by applying it to the energy
cone and the box model. However, the two models have different applicability fields to volcanological pro-
blems and their use should be performed critically. Here we summarize the main constraints and limitations
of both approaches.

The energy cone model describes the kinetic energy evolution of a frictional flow (having constant friction
parameter). It is more suited to dense granular flows, whose dynamics is dominated by frictional stress
and the longitudinal component of gravity acceleration (Campbell, 2006; Pudasaini & Domnik, 2009). For
this reason, concentrated currents are also more affected by the local topography and by the volcano slope.
Although there is a huge debate (e.g., Lucas et al., 2014; Pudasaini & Hutter, 2007) about the possibility of
describing rapid granular avalanches (including pyroclastic flows; Charbonnier & Gertisser, 2012) with a
constant and shear‐independent friction model, the energy cone model presents many applications to rela-
tively small‐scale PDCs, especially when they are confined within the topography of the volcanic edifice and
propagate over steep slopes.

On the other hand, the box model describes the kinematics (i.e., the front speed and average thickness and
particle concentration) of inertial pyroclast‐laden gravity currents. In contrast to the energy cone, this model
assumes that friction is negligible and thus the flow dynamics is driven by the hydrostatic pressure contrast,
while particle sedimentation dissipates momentum. Effects associated with steep slopes are typically nonhy-
drostatic, so that the box model formulation is strictly valid for low average slopes. It is worth reminding that
inertial currents are not necessarily dilute flows (several fluidization processes can strongly reduce granular
friction in natural granular flows), and in particular, low aspect ratio ignimbrites (Walker, 1983) are
expected to be dominantly inertial. Channelization phenomena are therefore expected to be stronger in
dominantly concentrated, frictional PDCs (or in their concentrated, basal part), but topography can affect
inertial density currents as well, as demonstrated in the laboratory (Woods et al., 1998), in numerical simu-
lations (Giordano & Dobran, 1994; Todesco et al., 2006) and in nature (Cas et al., 2011).

Both the presented test cases, like most of natural PDCs, are in our view intermediate between dominantly
frictional and dominantly inertial flows. For example, while the proximal dynamics of PDCs at Chaitén vol-
cano was likely dominated by propagation on steep slopes, the entrance in the Chaitén River Valley, char-
acterized by gentler slopes, was probably dominated by hydraulic effects. However, these hypotheses are
beyond the scope of the present paper, whose aim is to present a general methodology to improve any kinetic
model for PDCs. In fact, here we have demonstrated that the new methodology enhances the two tested
models, better describing channelization effects on a three‐dimensional topography and reducing model
sensitivity to unconstrained input parameters when topography controls PDC propagation. These two
improvements are of paramount importance for hazard assessment studies.

5. Conclusions

The traditional formulation of kinetic models is not able to properly consider the occurrence of channeliza-
tion processes of pyroclastic material and thus it tends to underestimate the runout distance into channels
(e.g., Sandri et al., 2018), which limits strongly its applicability in volcanic hazard assessment studies. To
address this point, here we have described a new strategy to adapt kinetic models, like the energy cone
and the box model, to consider the effects of channelization processes during the propagation of PDCs over
a rugged topography. This strategy consists in modeling secondary collapse processes (represented by sec-
ondary conoids) in the expected zones of flow channelization, adopting a tree branch‐like structure and
appropriate assumptions for setting the properties of the secondary sources. The characteristics of these sec-
ondary sources are based on the redistribution of a key physical variable such as energy or flow mass,
depending on the adapted kinetic model.
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This branching strategy was implemented by adapting the two most widely used kinetic models: the energy
cone (e.g., Malin & Sheridan, 1982; Ogburn & Calder, 2017) and the box model (e.g., Esposti Ongaro
et al., 2016; Huppert & Simpson, 1980). These models have been applied to describe PDCs derived from col-
umn and dome collapse processes and their appropriateness depends on the properties of the specific flow
investigated (frictional granular flows vs. inertial turbulent PDCs, as discussed above). Although these mod-
els differ in their hypotheses and formulations, they can be recast to a common mathematical framework to
which our new modeling methodology has been applied. We remark that the proposed methodology does
not require the inclusion of additional, poorly constrained input parameters, and the low computational cost
associated with these codes allows to adopt a probabilistic approach in volcanic hazard assessment
(Bevilacqua et al., 2017; Neri, Bevilacqua, et al., 2015; Sandri et al., 2018; Tierz, Sandri, Costa, Sulpizio,
et al., 2016). This approach permits to consider the natural variability of the eruptive process by sampling
model input parameters within the expected variation ranges and running a large set of simulations, while
numerical results are studied on the ensemble of simulations.

The implementation of the branching strategy, illustrated considering two case studies (Chaitén and
Citlaltépetl volcanoes), has a significant impact on the resulting inundationmaps. In some case studies, both
the branching energy cone and the branching box model are able to increase the maximum runout distance
in channelized zones by a factor of ~2.0 in comparison with their traditional formulations, with important
consequences for PDC hazard assessment. In fact, this formulation enhances the capability of kinetic models
to consider topographic effects in PDC transport dynamics and increases the model performance to simulate
channelization processes and reproduce real pyroclastic deposits. The improvement in the accuracy of mod-
eling results has been evidenced by different distance‐based parameters able to measure the similarity
degree between simulated inundation maps and real pyroclastic deposits, such as the Hausdorff distance
and the mean square distance, which are significantly reduced by adopting the branching formulations
instead of the traditional ones. Importantly, the results associated with the branching energy cone model
are significantly less controlled by the source height (Hc), in comparison with the traditional formulation.
Because of the intrinsic difficulties to properly constrain this parameter, this represents a further, relevant
strength of this strategy for application purposes. Finally, we remark that branching energy cone model
results are also consistent with other numerical tools, such as FLOW3D (Sheridan et al., 2004) and
IMEX_SfloW2D (de' Michieli Vitturi et al., 2019).

All in all, we suggest that these models can represent a useful tool for the early assessment of volcanic hazard
at poorly documented volcanoes and the construction of hazardmaps, as they highlight the topographic con-
trol on PDC propagation by modeling channelization processes, involve low computational costs, and
reduce the sensitivity of kinetic models to poorly constrained source conditions. In this way, this formulation
makes kinetic models a more robust tool for volcanic hazard assessment.

Data Availability Statement

The models used in this paper are available in https://github.com/AlvaroAravena/ECMapProb and https://
github.com/AlvaroAravena/BoxMapProb and also in the repository associated with the following DOI:
10.5281/zenodo.3755086.
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