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Abstract 9 

The Total Grain-Size Distribution (TGSD) of tephra deposits is crucial for hazard assessment 10 

and provides fundamental insights into eruption dynamics. It controls both the mass 11 

distribution within the eruptive plume and the sedimentation processes and can provide 12 

essential information on the fragmentation mechanisms. TGSD is typically calculated by 13 

integrating deposit grain-size at different locations. The result of such integration is affected 14 

not only by the number, but also by the spatial distribution and distance from the vent of the 15 

sampling sites. In order to evaluate the reliability of TGSDs, we assessed representative 16 

sampling distances for pyroclasts of different sizes through dedicated numerical simulations 17 

of tephra dispersal. Results reveal that, depending on wind conditions, a representative grain-18 

size distribution of tephra deposits down to ~100 µm can be obtained by integrating samples 19 

collected at distances from less than one tenth up to a few tens of the column height. The 20 

statistical properties of TGSDs representative of a range of eruption styles were calculated by 21 

fitting the data with a few general distributions given by the sum of two log-normal 22 

distributions (bi-Gaussian in Φ-units), the sum of two Weibull distributions, and a generalized 23 

log-logistic distribution for the cumulative number distributions. The main parameters of the 24 

bi-lognormal fitting correlate with height of the eruptive columns and magma viscosity, 25 

allowing general relationships to be used for estimating TGSD generated in a variety of 26 
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eruptive styles and for different magma compositions. Fitting results of the cumulative 27 

number distribution show two different power law trends for coarse and fine fractions of 28 

tephra particles, respectively.  29 

Our results shed light on the complex processes that control the size of particles being 30 

injected into the atmosphere during volcanic explosive eruptions and represent the first 31 

attempt to assess TGSD on the basis of pivotal physical quantities, such as magma viscosity 32 

and plume height. Our empirical method can be used to assess the main features of TGSD 33 

necessary for numerical simulations aimed to real-time forecasting and long-term hazard 34 

assessment when more accurate field-derived TGSDs are not available. 35 

 36 

Keywords: Tephra dispersal; Grain-size distribution; Eruption Source Parameters; Magma 37 

fragmentation  38 
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1. Introduction 39 

Volcanic explosive eruptions are typically studied, characterized, and classified based 40 

on physical parameters associated with eruption dynamics and their deposits (e.g. plume 41 

height, mass eruption rate, erupted volume, and deposit dispersal). Out of all Eruption Source 42 

Parameters (ESPs), the size distribution of tephra at the vent, i.e. all particles injected and 43 

dispersed through the atmosphere, commonly defined as Total Grain-Size Distribution 44 

(TGSD), retains fundamental information on fragmentation mechanisms (e.g. Kaminski and 45 

Jaupart, 1998; Rust and Cashman, 2011) and is crucial to tephra hazard assessments and real-46 

time forecasting (e.g. Folch, 2012). Nonetheless, the determination of TGSD is not 47 

straightforward mostly due to i) poor exposure of most tephra deposits, with significant areas 48 

being often of difficult access, ii) variable rate of deposit erosion, iii) difficulty to recognise or 49 

correlate proximal with distal deposits, iv) combination of multiple eruptive styles and 50 

processes that complicate the deposit, e.g. co-Pyroclastic Density Currents (PDC) plumes 51 

(e.g. Carey and Sigurdsson 1982), v) uncertainties arising from the integration of individual 52 

grain-size samples (e.g. Bonadonna and Houghton 2005; Bonadonna et al. 2015a; Murrow et 53 

al. 1980). For these reasons only a few TGSDs are available in the literature, and are often 54 

lacking of either or both the fine and the coarse fraction (e.g. Bonadonna and Houghton, 55 

2005; Rose and Durant, 2009; Scollo et al., 2014). The large uncertainties associated with the 56 

determination of TGSD, limit our understanding of eruption dynamics and significantly affect 57 

the simulation of tephra dispersal necessary for hazard assessments and real-time forecasting. 58 

In particular, the TGSD has already been shown to represent one of the most critical ESP, 59 

which significantly affects tephra dispersal model outputs (e.g. Scollo et al. 2008; Beckett et 60 

al. 2015). Numerical models used for the real-time forecasting of volcanic clouds typically 61 

model only the fine-ash fraction of the TGSD (i.e. particles < 63 µm) because it is the most 62 

relevant for the far-field dispersal and risk mitigation for aviation (e.g. Folch 2012). 63 

Nonetheless, an accurate characterization of the whole size range of erupted particles is 64 
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necessary to assign the associated mass and describe the mass distribution in the eruptive 65 

plume (e.g. Beckett et al. 2015). 66 

Existing models of magma fragmentation commonly assume a threshold criterion for 67 

magma fragmentation, simply using a critical vesicularity (Sparks, 1978; Kaminski and 68 

Jaupart, 1998), or a critical shear-rate beyond which the liquid magma behaves as a brittle 69 

solid (Dingwell, 1996; Papale, 1999), or a critical bubble overpressure (e.g. Melnik, 1999). 70 

Fragmentation can occur, in a “brittle-like” fashion, when the characteristic decompression 71 

time is larger than the relaxation time (e.g. Kameda et al., 2013). Generally the process is 72 

controlled by several factors, such as magma chamber pressure, conduit geometry, gas 73 

content, magma surface energy (Macedonio et al. 1994; Dingwell, 1996; Melnik, 1999; 74 

Papale, 1999; Costa et al., 2009c). Other key conduit properties, such as magma permeability, 75 

shear-rate, and crystallinity, can vary locally due to differential magma velocity, shear heating 76 

and crystal resorption, determining non uniform fragmentation within the conduit or during 77 

the eruption (e.g. Costa et al., 2007; Mueller et al. 2008; Polacci et al., 2001).  78 

Other processes, such as comminution due to particle collision above magma 79 

fragmentation level (both within the eruptive jet and within pyroclastic density currents) and 80 

water-magma interaction, further increase the complexity of TGSDs (e.g. Wohletz, 1986). 81 

Disruption and erosion of the wall-rock enriches the erupted mixture in lithic fragments (e.g. 82 

Macedonio et al., 1994; Costa et al., 2009c) with a relative weight fraction that varies 83 

significantly with eruptive style, ranging typically from a few to a few tens percent in 84 

subplinian/Plinian eruptions to 100% in phreatic eruptions (e.g. Bryan et al., 2000). 85 

Magma/water explosive interaction can increase such a fraction (e.g. Barberi et al., 1989).  86 

The complexity of magma fragmentation and the interplay of multiple eruptive phases 87 

and processes that characterize many explosive eruptions imply that analytical descriptions of 88 

TGSDs are difficult to constrain and generalize. Nonetheless, TGSDs represent a crucial input 89 

parameter of tephra transport models used to produce long-term hazard assessments and real-90 
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time forecasting, and, therefore, an accurate description and discussion of associated 91 

uncertainties is necessary. At the moment, although their number is increasing fast, there are 92 

still a limited number of reliable TGSD of tephra deposits available in the literature. These 93 

data do not have uniform characteristics in terms of number of sampled outcrops, computing 94 

techniques, and extent of sampling. However, a limited dataset was selected, consisting of the 95 

most representative distributions, for which statistical analysis was performed to identify 96 

complexities and common features and to define statistical models that can used to describe 97 

their general properties. Finally, in order to develop a practical method to estimate TGSDs 98 

generated in a variety of eruptive styles and for different magma compositions, we propose an 99 

empirical method based on the strongest correlations between the statistical parameters of the 100 

best fitting distributions and two parameters routinely assessed relevant to the fragmentation 101 

process: the magma viscosity and the height of the eruption column of the main explosive 102 

phase of the eruption (that is a function of the mass eruption rate).  103 

 104 

2. Representativeness of sampling distance and outcrop density 105 

TGSDs are typically reconstructed from the deposit GSD (commonly expressed as 106 

wt.% of particles in Φ-classes where the diameter of the particles is 𝑑 = 2!"mm) measured at 107 

single locations and integrated using various techniques. The GSD of particles settled at a 108 

given location varies with distance from the vent as it is controlled by wind conditions, 109 

column height and particle terminal fall velocity, which is a function of their size, shape, and 110 

density. 111 

The reliability of the reconstructed TGSDs strongly depends on sampling spatial 112 

distribution and sampling density (Bonadonna et al. 2015a) and numerical models can be used 113 

to assess the representativeness of data sampling (e.g. Tsunematsu and Bonadonna 2015). We 114 

carried out a set of numerical simulations to calculate the centre of mass of the deposit 115 

(hereinafter barycentre) for particles of any Φ-class leaving the eruptive column from 116 
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different heights and being affected by different winds at different levels (Macedonio et al., 117 

2008). The minimum sampling distance from the vent for each Φ-class is assumed to be at 118 

least equal to the barycentre of that class (i.e. the location where most of the mass of that Φ-119 

class is mainly deposited). If we consider Φ = 3  as the size threshold for particles that settle 120 

as an individual particle, i.e. their settling velocity is not altered by aggregation processes and 121 

convective instabilities (e.g. Brown et al. 2012; Tsunematsu and Bonadonna 2015), from 122 

simulation results carried out considering different conditions, we can infer that tephra 123 

deposits should be sampled up to about 10-60 km for 6-30 km high plumes dispersed in a low 124 

wind field (e.g. ~8 m/s as maximum wind intensity at the tropopause), 45-300 km for 6-30 km 125 

plumes transported in a medium wind field (e.g. ~40 m/s as maximum wind intensity at the 126 

tropopause), and 90-650 km for 6-30 km plumes dispersed in a strong wind field (e.g. ~80 m/s 127 

as maximum wind intensity at the tropopause) (see ESM1 for further details). Interesting to 128 

notice that for a given wind field, the sedimentation distance normalized with respect to the 129 

maximum plume height remains almost constant for coarse particles or varies less than a 130 

factor ~2 for fine particles (Fig. 1, Table 1, ESM1).  131 

Finally, it is also important to highlight that both the method chosen to reconstruct the 132 

TGSD and the distribution of outcrops can significantly affect the final outcomes (e.g. 133 

Bonadonna and Houghton, 2005). The lack of proximal or distal outcrops due to either 134 

erosion/remobilization or inaccessibility of the deposit due to vegetation, urbanization or 135 

presence of a lake/ocean can also result in an overestimation or underestimation of the fine 136 

fraction, respectively (Bonadonna and Houghton 2005; Bonadonna et al. 2015a). Therefore, 137 

the evaluation of the sampling distance from the vent with respect to the eruptive column 138 

height and atmospheric conditions and the distribution of the sampling sites are both 139 

necessary to assess the associated representativeness (Bonadonna et al., 2015a; Tsunematsu 140 

and Bonadonna, 2015). It is also worth remarking that, on a large scale, many natural deposits 141 

could represent amalgamations of time-variable eruption processes (e.g., column height, wind 142 
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direction), in particular when the eruption processes vary faster than particle sedimentation. In 143 

these special cases, the deposit TGSD is difficult to relate to a specific eruptive phase. 144 

 145 

3. The TGSD dataset 146 

The analysed dataset comprises TGSDs of 20 explosive eruptions of different style, 147 

magnitude, and intensity selected for their completeness out of all TGSDs available in 148 

literature, both in terms of extent of the sampling area, number, and distribution of the 149 

sampling sites (Table 2, and references listed therein). For each of these eruptions we also 150 

reported the maximum column height and Mass Eruption Rate (MER) from literature and 151 

calculated magma viscosities taking into account groundmass compositions and magma 152 

crystallinity according to Giordano et al. (2008) and Costa et al. (2009b) (Table 2, ESM2). 153 

Additional tests were also conducted calculating viscosity based on a melt with the 154 

composition of the bulk rock, following Giordano et al. (2008).  155 

Four of the selected eruptions (i.e. Etna 2007, Etna 2011, Fuego 1974, Vesuvius 1906, 156 

and S. Vincent 1979) were fed by mafic magmas, eight by intermediate magmas 157 

(Eyjafjallajökull May 2010, Ruapehu June 1996, Mt Spurr August and September 1992, 158 

Soufrière Hills 1997 and 2005), four by dacitic to rhyolitic magmas (Mount St Helens 1980, 159 

Cordón Caulle 2011 – Unit I, Askja 1875 phases C and D), and the remaining four by alkaline 160 

magmas (Astroni U6, Agnano-Monte Spina B and D units). Their eruptive styles range from 161 

Strombolian to Hawaiian, violent Strombolian, Vulcanian, subPlinian, and Plinian. Eruption 162 

intensities range by 5 orders of magnitude, from 103 to 108 kg/s.  163 

TGSDs were reconstructed using the Voronoi tessellation method (Bonadonna and Houghton, 164 

2005), the deposit sectorization (Carey and Sigurdsson 1982; Sparks et al. 1981) or the 165 

weighted average based on a number of outcrops and sampling distance that vary from 4 to 96 166 

and a few to a few hundreds km, respectively, corresponding to D/H distances varying from 167 

0.1 to 27, being D the maximum sampling distance and H the eruptive column height (Table 168 
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2). Soufrière Hills eruptions were sampled only between 3 km from the vent and until 169 

distances 1 to 2 times the column height for eruptive events that occurred under medium to 170 

low wind intensities. The resulting TGSDs are very fine grained mostly due to the very 171 

efficient particle aggregation, which promoted premature deposition of fine ash in proximal 172 

areas (Bonadonna et al.  2002). The deposit of one eruption (Soufriere Hills 12-09-1997) was 173 

exclusively fed by co-PDC plumes (Bonadonna et al., 2002), and it was analysed only for the 174 

sake of comparison but its statistical parameters were not used for the formulation of the 175 

method proposed to estimate TGSDs. Most eruptions had complex dynamics with multiple 176 

explosive episodes and/or significant plume collapsing phases. In particular, a few eruptions 177 

also generated large PDCs, whose co-PDC plumes significantly contributed to the fallout 178 

deposit (e.g., Fuego 1974, Mount St. Helens 1980, Agnano-Monte Spina). It is also important 179 

to notice the difference between the 26 September 1997 Vulcanian explosion of Soufrière 180 

Hills volcano, associated with collapsing PDCs that significantly affected the fallout deposit, 181 

and the 2005 dome explosions of the same volcano that did not generate significant PDCs. 182 

Finally, the initial phase of the Ruapehu 1996 eruption, the final phase of the Vesuvius 1906, 183 

Astroni and Agnano Monte Spina eruptions, and the entire Askia 1875 C phase are considered 184 

to have had a large phreatomagmatic component (Costa et al. 2009a; Isaia et al., 2004; Rose 185 

et al., 2007; Sparks et al., 1981). 186 

Based on a qualitative analysis of the selected dataset, only three TGSDs are clearly 187 

unimodal (i.e. Etna 2007 and 2011, Fuego 1974, Askja C), while eight show two clearly 188 

distinct populations (i.e. Vesuvius 1906, Astroni, Agnano-Monte Spina B1 and D1, Mt Spurr 189 

August and September 1992, Mt St Helens 1980, and Soufrière Hills Volcano 27 July 2005) 190 

(Fig. 2). Finally, three eruptions show either a coarse (i.e. Askja D, St Vincent 1979 and 191 

Soufrière Hills Volcano 18 July 2005) or a fine tail (i.e. Eyjafjallajökull May 2010 and 192 

Cordón Caulle 2011) (Fig. 2). The clear bimodality can be mostly associated with co-PDC 193 

deposits (e.g. Mt St Helens 1980, Soufrière Hills Volcano 1997) but it can also be observed in 194 
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TGSDs associated with eruptions that are not characterized by a collapsing phase (e.g. Mt 195 

Spurr August and September 1992). The contribution of a phreatomagmatic phase to 196 

bimodality sometimes is not obvious (e.g., Ruapehu 1996), while in others appears more 197 

evident (e.g., Vesuvius 1906, Astroni and Agnano-Monte Spina). Heterogeneity of magma 198 

texture could also contribute to bimodality (e.g., Unit I of the 2011 eruption of Cordón Caulle 199 

volcano). All of these observations suggest that there is no univocal correspondence between 200 

the shape of the TGSD and eruptive dynamics, and its complexities. 201 

According to the results of Section 2, we can conclude that the TGSDs of Etna 2007 202 

and 2011, Fuego 1974, Eyjafjallajökull May 2010, Ruepehu 1996, Mt St Helens 1980, and 203 

Cordón Caulle 2011 are representative of the initial grainsize distribution of the associated 204 

eruptions, while Askja D and Askja C (plume height >30 km and wind speed ~30 m/s) could 205 

be depleted in fines. 206 

 207 

4. Modelling the reconstructed TGSD  208 

The lognormal distribution has been largely used over the last century to describe 209 

several observational and experimental data of tephra deposits. As discussed in Brown and 210 

Wohletz (1995), a lognormal distribution obtained from sieving data closely resembles the 211 

corresponding distribution obtained from the Weibull distribution for particle number that can 212 

be derived on physical principles. However, although the Weibull distribution has stronger 213 

physical basis (e.g. Tenchov and Yanev, 1986; Brown and Wohletz, 1995), the lognormal 214 

distribution is very practical and easy to use, especially because tephra grainsize data obtained 215 

by sieving are directly expressed in term of Φ-units. Lognormal distributions of tephra 216 

deposits are commonly described using the parameters MdF and sorting representing the 217 

Φ - class associated with 50 wt% of the total mass (coinciding with the mode in case of 218 

Gaussian distribution) and a measure of size spread, respectively (Inman 1952). However, 219 



10 
 

most reconstructed TGSDs show a significant bimodality for which MdF and sorting are not 220 

very descriptive.  221 

TGSDs should be described based on an appropriate statistical distribution 222 

representative of the associated physical processes (e.g. magma fragmentation). Considering 223 

i) the current poor knowledge of the actual processes occurring in a volcanic conduit during 224 

and after primary magma fragmentation, ii) the uncertainties related to both the available data 225 

and the reconstruction of TGSDs (see Section 2), and iii) the fact that we do not know the 226 

exact general distribution to use for volcanic clasts, for the sake of simplicity we will describe 227 

selected TGSDs using a general practical distribution. Such a distribution consists of the sum 228 

of two log-normal distributions (i.e. Gaussian in Φ: the distribution is used to describe #$
#"

 229 

obtained as the ratio between the mass associated to each bin, 𝑑𝑀, and the associated 230 

logarithmic width expressed in Φ -units, dΦ) that is used as an empirical approximation for 231 

TGSD:  232 

 233 

𝑓%&!'()**(Φ) = 𝑝 +
,!√./

exp -− ("!1!)"

.,!"
/ + (1 − 𝑝) +

,"√./
exp -− ("!1")"

.,""
/   (1) 234 

 235 

where 𝜇+, 𝜇. and 𝜎+, 𝜎. denote mean and standard deviation of the two Gaussian distributions 236 

in	Φ-units, respectively, whereas p is a parameter determining the weight of each 237 

subpopulation.  238 

We are also introducing a bimodality index, 𝐵𝐼, defined as: 239 

 240 

𝐵𝐼 = √2
|1"!1!|

4,""5,!"
 8𝑝(1 − 𝑝)       (2) 241 

 242 
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For this index bimodality is considered significant when 𝐵𝐼 > 1.1. Besides the bimodality 243 

index, 𝐵𝐼, we also consider the index B suggested by Sambrook Smith et al. (1997) for 244 

sediment in bed of rivers: 245 

 246 

𝐵 = |𝜇. − 𝜇+| 𝑃. 𝑃+⁄           (3) 247 

 248 

where 𝑃+ and 𝑃. denote the proportion contained in the primary (that with the greater 249 

amplitude) and secondary (that with the lesser amplitude) populations respectively, with a 250 

minimum cut-off value with B>1.7 for a bimodal distribution and B<1.5 for a unimodal 251 

distribution. For each eruption values of 𝐵𝐼	and 𝐵 given by relationships (2) and (3) are also 252 

reported in Table 4. 253 

For the sake of comparison, we also fitted the data assuming a mass distribution 254 

derived by the sum of two Weibull distributions (hereinafter bi-Weibull for brevity) as 255 

(Brown and Wohletz, 1995): 256 

 257 

𝑓%&!67&%)88(𝑑) = 𝑞 9!
:!
? #
:!
@
9!
exp -− ? #

:!
@
9!
/ + (1 − 𝑞) 9"

:"
? #
:"
@
9"
exp -− ? #

:"
@
9"
/  (4) 258 

 259 

where 𝑑 denotes particle diameters, 𝜆+, 𝜆. and 𝑛+, 𝑛. represent scale and shape parameters of 260 

the two distributions respectively, and, as above, 𝑞 is a parameter determining the 261 

effectiveness of each subpopulation. Brown and Wohletz (1995) showed that a Weibull 262 

distribution can be derived on physical principles and when such a distribution is expressed in 263 

terms of particle mass distribution it resembles the empirical log-normal distribution (i.e. 264 

Gaussian in Φ-units). Here we used a more general Weibull distribution able to account for 265 

two different sub-populations. 266 
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Concerning the cumulative distribution of the number of particles, in analogy with 267 

fragmentation of solid rocks (Turcotte, 1986), TGSDs have been also described as fractal 268 

distributions. The fractal exponent 𝐷	 of the cumulative distribution of the number of particles 269 

should be related to the magma fragmentation energy (e.g. Kaminski and Jaupart, 1998). 270 

Grady (2008), while analysing fragmentation of brittle material suggested that once initiated, 271 

fractures advance catastrophically, converting the elastic strain energy into fracture energy 272 

and kinetic energy of the ejected fragments, proceeding on successively finer scales through a 273 

cascade of cracks until a small length scale adequate to dissipate efficiently the initial stored 274 

energy. Considering this framework and the complexity of reconstructed TGSDs, we used a 275 

generalized power-law distribution to fit data relative to the cumulative number distributions. 276 

In fact, most of the selected TGSDs show significant slope change toward finer sizes, and a 277 

cumulative number distribution with a single power-law exponent cannot satisfactorily 278 

describe the data. For this reason we used a generalized log-logistic distribution able to 279 

capture two different power-law ranges: 280 

 281 

;(<)
;#

= +

+5= $%&
>
'&
5? $

%(
@
'(

            (5) 282 

 283 

where 𝜆A, 𝜆B denote two characteristic length scales, and 𝐷A , 𝐷B correspond to the exponents 284 

in two different power-law regimes. It is worth highlighting that estimations made on 285 

cumulative distributions, such as distribution (5), through the Least Square technique can 286 

introduce significant biases due to the logarithmic transformation and because the assumption 287 

of independence of the observations is not satisfied. 288 

For the best-fit analyses we used the nonlinear function Least-Squares fitting 289 

algorithm of the free software Gnuplot.  290 

 291 
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5. Results 292 

 293 

5.1 Features of the distributions and relationships with magma properties and eruptive 294 

parameters 295 

The skewness and bimodality of TGSDs can be described using generalized statistical 296 

distributions that consider at least two different subpopulations. Any of the tested 297 

distributions (i.e. bi-lognormal- and bi-Weibull-like for particle mass distribution and log-298 

logistic-like for cumulative number distribution) can accurately fit the data (parameters are 299 

listed in tables 3, 4, and fitted distributions shown Figs. 2 and the Appendix).  300 

The main parameters obtained from the bi-lognormal fitting for the studied dataset are 301 

listed in Table 3. Three main distribution types can be identified: i) unimodal, ii) bimodal 302 

with the peak of the coarser mode larger than the peak of the finer mode, and iii) bimodal 303 

with the peak of the finer mode larger than the peak of the coarser mode. Intermediate 304 

magmas (andesitic) eruptions tend to have a large contribution of both populations and a more 305 

significant bimodality (Fig. 2b) than rhyolitic/dacitic and basaltic eruptions.  306 

The mode of the coarser population (𝜇+) ranges from about -4 Φ  to 1 Φ   while the 307 

mode of the finer population (𝜇.) spans from about 0 Φ  to 6 Φ. Either of the two parameters 308 

shows any correlation with column height (𝑅 ≈ 0.1, Table	3), but 𝜇. is weakly correlated 309 

with magma viscosity (𝑅 ≈ 0.5, Table 3).  310 

The distance between the two modes (𝜇. − 𝜇+) spans from about 1	Φ  to 4 Φ   with a 311 

relatively low standard deviation (< 𝜇. − 𝜇+ >≈ 4.6	Φ∓ 1.7	Φ) and although it shows 312 

almost no correlation with column height (Table 3), it has a relatively strong correlation with 313 

magma viscosity (𝑅 ≈ 0.6) (Table 3, Fig. 3a). In addition, the weight of the two 314 

subpopulations, 𝑝, shows two separate trends from basaltic to intermediate and from 315 

intermediate to rhyolitic/dacitic  magma compositions (Fig. 3b). There is good correlation of 316 
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𝑝 with magma viscosity from basaltic to intermediate composition (𝑅 ≈ −0.8, Table 3), but it 317 

becomes much worse if we include silicic magmas (Fig. 3b).  318 

The standard deviation of the coarse population (𝜎+) ranges from 1.4 Φ  to 4.4 319 

Φ  while the standard deviation of the fine population (𝜎.) from 0.4Φ  to 1.9Φ  (Table 3). It is 320 

worth noting that both standard deviations, 𝜎+ and 𝜎., have a relatively narrow variability. 321 

Considering all the selected cases we have:  322 

< 𝜎+ >	≈ 1.61Φ ∓ 0.81Φ and < 𝜎. >	≈ 1.46Φ ∓ 0.41Φ.  323 

Moreover, 𝜎+ has a moderate correlation with plume height (and, therefore, eruption intensity) 324 

(𝑅 ≈ 0.6, Table 3 and Fig. 4a), whereas 𝜎.	shows very weak correlation with the same 325 

parameter (Table 3), although it has an even lower standard deviation with respect to 𝜎+, i.e. > 326 

30% vs 50%.  327 

The characteristic grain-size above which 99.7% of the coarse population is contained, 328 

i.e. 𝜇+ + 3	𝜎+ has a relatively high correlation with plume height (𝑅 ≈ 0.6) but almost no 329 

correlation with magma viscosity (Table 3). 330 

Weibull distribution parameters of equation (4) show similar variability. The scale 331 

parameters λ+, λ. vary between -5.77	Φ and 3.93 Φ and -2.75	Φ and 4.98 Φ, respectively. 332 

The shape parameters 𝑛+, 𝑛. show more limited variability: 333 

< 𝑛+ >	≈ 1.07Φ ∓ 0.44Φ  and  < 𝑛. >	≈ 1.21Φ ∓ 0.44	Φ.  334 

The weight q, which quantifies the relative proportion between the two populations, similarly 335 

to p for eq. (3), covers almost the entire range of possible values, ranging from 0.1 to 1.00. 336 

However, although the Weibull-like distribution (4) is theoretically more justified (e.g., 337 

Brown and Wohletz, 1995; Tenchov and Yanev, 1986), and, for several cases appears to 338 

reproduce slightly better (as marked by lower relative Root Mean Square Error, RMSE) the 339 

reconstructed TGSDs (shown in the Appendix) and the tails of fine particles, it is worth to 340 
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highlight that correlations of the parameters of the distribution (4) with magma viscosity and 341 

column height are lower than those of the distribution (i) (see Table 4). 342 

Concerning the parameters characterizing the distribution (5), 𝐷B shows a positive 343 

correlation with column height (𝑅 ≈ 0.6) and magma viscosity (𝑅 ≈ 0.7) (Table 4), whereas 344 

𝐷A has a negative correlation with column height (𝑅 ≈ −0.6), but is almost insensitive to 345 

magma viscosity (Table 4). The opposite trends of these two parameters with the plume 346 

height explains why data do not show any clear correlation when only one power-law 347 

exponent is estimated on the entire range of particle sizes. The ratio of the two exponents 348 

𝐷A/𝐷B maintains a relatively strong correlation with eruption column height and magma 349 

viscosity (𝑅 ≈ −0.8) (see Table 4 and Fig. 5). 350 

Moreover, we found quite remarkable that the mean value of the exponent 351 

characterizing the coarse population, 𝐷A , has a relatively low variability (~26%): 352 

 353 

 < 𝐷A >≈ 4.46	 ± 	1.15           (6) 354 

 355 

with a mean value generally larger than the typical D-value characterizing rock fragmentation 356 

(e.g., Turcotte, 1986; Kaminski and Jaupart, 1998) that likely indicates the strong control of 357 

bubble number and bubble size distributions on magma fragmentation (e.g., Martel et al., 358 

2000; Namiki et al., 2003; Rust and Cashman, 2011).  359 

Exponents characterizing the fine population, 𝐷B , are smaller than 𝐷A , and have lower 360 

variability (14%):  361 

 362 

< 𝐷B >≈ 2.97	 ± 	0.42          (7) 363 

 364 
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with a typical value indicating a fragmentation mechanism compatible with impact processes  365 

(e.g., Turcotte, 1986). On the basis of laboratory experiments this exponent should increase 366 

linearly with potential energy for fragmentation (Kueppers et al., 2006). Our data show an 367 

increase only of 𝐷B with column height (hence intensity) but with a much lower dependence 368 

than that suggested by experiments (Fig. 5). 369 

 370 

5.2. Empirical method to assess TGSD 371 

Among the analysed distributions, (1) is the most suitable to be adopted as a model to 372 

assess TGSDs because it satisfactorily reproduces the distribution of the dataset, can be 373 

directly compared with TGSDs distribution obtained from field data, and the parameters 374 

correlates with two ESP (column height and magma viscosity).  375 

Based on the results described in the previous section, we propose the following 376 

empirical method to estimate parameters of the distribution (1) as a function of plume height 377 

and magma viscosity: 378 

i) considering the trends of the standard deviation, 𝜎+, and tail of the coarse sub-379 

population, 𝜇+ + 3	𝜎+, with column height (see Fig. 4), 𝜇+ and 𝜎+ and their statistical 380 

errors can be estimated from:  381 

 382 

𝜎+ ≈ 𝑎+ + 𝑏+𝐻  with  𝑎+ = 0.67 ± 0.32 and 𝑏+ = 0.07 ± 0.02           (8) 383 

 384 

𝜇+ + 3	𝜎+ ≈ 𝑎. + 𝑏.𝐻  with  𝑎. = 0.96	 ± 0.97 and 𝑏. = 0.20 ± 0.06       (9) 385 

 386 

being 𝜇+ and 𝜎+ expressed in Φ-units and 𝐻 in km; 387 
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ii) once 𝜇+ is estimated, from the trend of the distance between the fine and coarse mode, 388 

𝜇. − 𝜇+, with magma viscosity (Fig. 3a), 𝜇. and its statistical error can be estimated 389 

from the following relationship:  390 

 391 

𝜇. − 𝜇+ ≈ 𝑎C	(Log+D 𝜂)%)   with 𝑎C = 1.62	 ± 0.60 , 𝑏C = 0.66 ± 0.10   (10) 392 

 393 

where Log+D 𝜂 denotes the logarithm of the average magma viscosity in Pa s.  394 

iii) the standard deviation of the fine sub-population, that shows a low variability (<30%) 395 

and almost no correlation, is set to its mean value plus or minus its standard deviation: 396 

 397 

𝜎. ≈ 1.46 ∓ 0.41	Φ;              (11) 398 

 399 

iv) we can estimate plausible range values for 𝑝 from its trend with magma viscosity (see 400 

Fig. 3b): 401 

 402 

𝑝 = 𝑎E exp(𝑏E Log+D 𝜂)		          (12) 403 

 404 

where 𝑎E = 1.61 ∓ 0.47 , 𝑏E = 0.31 ∓ 0.07 (obtained from the fitting of the parameters 405 

excluding the Cordón Caulle and Askja D cases considered as outliers; Fig. 3b).  406 

Following this method, given a column height and a magma viscosity it is possible to 407 

determine an approximated TGSD (including an estimation of the associated uncertainty). 408 

Note that the empirical relationships (8)-(12) are valid only in the range we explored (column 409 

heights comprised between 2-30 km and magma viscosities between 102 and 108 Pa s). An 410 

Excel file illustrating the TGSD estimation method is available as Electronic Supplementary 411 

material to this paper (see ESM3). 412 
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 413 

7. Discussion  414 

7.1 Representativeness of TGSDs 415 

Simulations of tephra deposits produced by synthetic single class grain-sizes (see 416 

ESM1) allowed us to estimate the representative distance ranges at which tephra deposits 417 

should be sampled for a given plume height and mean wind intensity in order to reconstruct a 418 

TGSD close to the initial grain-size distribution. Table 1 can be used to rapidly assess both 419 

the representativeness of existing TGSDs and the distance at which new tephra deposits 420 

should be sampled in order to derive comprehensive TGSDs. 421 

As we discussed above, for a given wind field the sedimentation distance normalized with 422 

respect to the maximum plume height almost collapses in a single curve suggesting the strong 423 

control of the maximum wind intensity on the travelled distance. In addition to the 424 

estimations for the mid-latitude, ESM1 also reports the simulations carried out at different 425 

latitudes (polar and equatorial) confirming the main control of the maximum wind intensity 426 

on the transport.  427 

Obviously our results are based on a few assumptions including the particle distribution 428 

within the eruptive column, particle settling velocity, and wind field (see ESM1) but results 429 

are poorly sensitive to those assumptions and the simulations are able to capture the correct 430 

order of magnitude allowing the use of the results for general purposes. However, we note 431 

that our simulations do not take into account the relative distribution of the sampled outcrops, 432 

which could also affect the final TGSD (Bonadonna et al., 2015a). 433 

 434 

7.2 Statistical description of TGSDs 435 

The statistical analysis of the selected TGSDs show that, for any of the distributions 436 

tested, it is necessary to account for the contribution of at least two sub-populations. The 437 

occurrence of two distinct grain-size populations is likely due to different processes. Each 438 
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population can correspond to distinct eruptive processes, such as primary magma 439 

fragmentation deeper in the conduit, comminution of particles in the conduit and in the jet, 440 

elutriation of fine material of the PDC which is then entrained in the eruptive plume (e.g., Mt 441 

St Helens 1980), or could derive from significant fluctuations in the eruptive intensity or main 442 

changes in the magma properties (e.g. composition, crystallinity, vesicularity, permeability) 443 

which can have a primary effect on the fragmentation process (e.g., Papale et al., 1999; 444 

Kueppers et al., 2006; Rust and Cashman, 2011). Multiple populations can also reflect a 445 

significant contribution of the lithic material to the distribution, whose fragmentation 446 

mechanisms are distinct from the magma.  447 

Finally, as mentioned above, when the variation of eruption and atmospheric 448 

parameters (e.g. plume height and wind direction) is faster than particle sedimentation, the 449 

cumulative TGSD might not be representative of individual phases. All of these observations 450 

suggest that there is no univocal correspondence between the shape of the TGSD and eruptive 451 

dynamics. As a result, even though empirical correlations of TGSDs cannot provide useful 452 

insights into eruptive processes, they can still help reconstruct the main features of particle 453 

distributions necessary for numerical modelling and hazard assessment. 454 

Any of the proposed models (bi-lognormal, bi-Weibull for particle mass, and log-455 

logistic-like for cumulative number distribution) can adequately fit the data although the bi-456 

Weibull distribution shows even a slightly better performance (with lower relative root mean 457 

square errors). However considering the uncertainties associated with the data and the fact 458 

that the adjustable parameters have generally lower correlations with column height and 459 

magma viscosity, from a practical point of view it is more convenient to use a bi-lognormal 460 

rather than a bi-Weibull distribution. 461 

As discussed above, each of these distributions provides complementary information on 462 

fragmentation processes but a deep discussion of the meaning of the associated parameters 463 

and their relationship with the fragmentation dynamics and eruptive complexities require a 464 
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larger dataset comprising a relevant number of eruptions with similar eruptive features which 465 

is not available at the moment.  466 

 467 

7.3 A proposed empirical method for TGSD assessment 468 

We propose an empirical method to assess TGSD based on the estimation of the five 469 

independent parameters of the bi-lognormal distribution (Table 3). In particular this 470 

distribution appears the most useful as it is directly based on the values of the distribution 471 

computed from field data (wt. % of Φ-classes) and does not require any conversion. The 472 

adjustable parameters (or a combination of them) of the distribution are easily interpreted and 473 

correlate with column height and magma viscosity. 474 

However we need to highlight that the reliability of the relationships among the statistical 475 

parameters with magma viscosity and column height is affected by i) the large uncertainty in 476 

the reconstruction of TGSD, ii) the uncertainty in the determination of eruptive parameters, 477 

and iii) the complexity of eruptive dynamics, which is often reflected in the reconstructed 478 

TGSDs (e.g., presence of co-PDC ash, multiple eruptive phase with variable plume height and 479 

dispersal).  480 

For these reasons, the application of the model is not straightforward as each eruption can be 481 

affected by several contemporaneous phenomena and some significant deviation from the 482 

proposed trend can occur. Among the estimated parameters, p (which define the weight of the 483 

coarser grain population) is the most sensitive to the specific eruption dynamics, and should 484 

be assessed carefully. The proposed relationship predicts a decrease of the weight of the 485 

coarse population and an increase of the fine population as viscosity increases, reaching a 486 

maximum in the bimodality index for eruption of magmas of intermediate composition, 487 

suggesting more complex eruptive dynamics. For these reasons, when estimating a TGSD, it 488 

is important to set the value of p not only based on the proposed correlation, but to explore its 489 
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effects within all the observed range depending on the specific dynamics of the analysed 490 

eruption. 491 

Moreover, great care should be used also when estimating magma viscosity; our method takes 492 

into account the effect of phenocryst crystallinity and could likely be improved by also 493 

considering groundmass crystallinity and magma vesicularity at fragmentation, which were 494 

not available for all eruptions of our dataset. Our tests using viscosity estimates based on bulk 495 

composition showed much worse correlations, suggesting that such a rough assumption 496 

should be avoided when applying the proposed method.  497 

We tested the method on eruptions whose TGSDs were not included in the dataset. As an 498 

example, the results of two case studies are shown in Figure 6: the Plinian deposit of Cotopaxi 499 

layer 3 (Tsunematsu and Bonadonna, 2015) and the violent Strombolian deposit of Izu 500 

Oshima 1986 eruption (Mannen, 2006). In the first case, our empirical method produces a 501 

TGSD similar to the reconstructed one, in the second case predicts a distribution with much 502 

finer components than the originally reconstructed TGSD. Cotopaxi layer 3 tephra deposit 503 

was evenly sampled at location from 12 to 25 km from the vent, which, according to our 504 

calculations, and with a column height of 23 km and a maximum wind speed around 20 m/s 505 

(Biass and Bonadonna, 2010) should give representative proportions of classes between 0	Φ 506 

and 3	Φ; the TGSD predicted from our method predicts a slightly finer mode but substantially 507 

reproduces the data. The Izu Oshima deposit was evenly sampled at distances from 1 to 5 km 508 

from the vent, down to the sea coastline. At these distances, along the dispersal axis, MdΦ of 509 

the deposits was between -3	Φ and -2	Φ, suggesting that fractions smaller than -2	Φ were not 510 

fully sampled. This is also confirmed by our simulations, which suggest that (with a column 511 

of 12 km, Mannen, 2006) only the coarser fraction of particles (from -6	Φ to -3	Φ, with 512 

medium wind intensity), could be accurately sampled. In this case the predicted TGSD, with a 513 

mode at -1	Φ, strongly differs from the estimated one, suggesting that our method could give 514 

a more robust estimation for the real particle distribution.  515 
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Finally, the proposed empirical strategy for the reconstruction of TGSD based on 516 

plume height and magma viscosity represents a valuable step forward towards a better 517 

evaluation of ESPs when more rigorous data are not available, e.g. real-time forecasting 518 

during volcanic crisis and fast hazard assessments. Due to the large plume height and 519 

viscosity ranges explored by the analysis, the model is of general application, but, because of 520 

an uncertainty of at least 50% on µ� and  µ�  and 40% on s1 (equations 8 to 10), it is not 521 

aimed at replacing more accurate field derived TGSD estimations. 522 

 523 

Conclusions 524 

Our statistical analysis of selected Total Grain Size Distributions (TGSDs) associated with 525 

variable eruptive styles and Eruption Source Parameters (ESPs) have shown that: 526 

1) Representativeness of TGSD depends on many factors including sample number, 527 

sampling spatial distribution, and distance from the vent. In particular, we showed that 528 

it is necessary to integrate the grain-size of individual samples collected at distances 529 

from ~1/10 (up to 1/20 for weak wind intensity) to ~10 times the column height (up to 530 

30 for strong wind intensity) to be able to adequately sample ash fractions down to 531 

125 µm. 532 

2)  TGSDs of tephra deposits often show at least two sub-populations, likely due to the 533 

combination of multiple eruptive processes, heterogeneity of eruptive materials, and 534 

potential biases in the averaging of individual sample sites.  535 

3) TGSDs can be described in terms of mass fraction using a statistical distribution given 536 

by the sum of either two lognormal distributions or two Weibull distributions. Both 537 

these distributions describe well the reconstructed TGSDs (with the Weibull 538 

distribution having a lower RMSE), but, for practical purposes, we focused on the 539 

lognormal distribution that is the most straightforward to apply.  540 
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4) In terms of cumulative number distribution, in order to explore whether there is the 541 

fractal behaviour of TGSD, the correlations of the fractal exponents with ESPs were 542 

explored by fitting the data with a generalized log-logistic distribution with two 543 

power-law ranges having two distinct power-law ranges. The exponent characterizing 544 

finer particles (𝐷B ≈3) correlates with eruptive column height and magma viscosity, 545 

whereas the exponent characterizing coarser particles (𝐷A ≈ 4.5) has a negative 546 

correlation (Table 4, Fig. 5).  547 

5) The TGSD parameters of the bi-lognormal distributions of the reconstructed TGSD 548 

correlate with eruptive plume height (which is function of mass eruption rate) and 549 

magma viscosity. In particular, regardless of the processes producing the two 550 

subpopulations, the relevance of the two subpopulations (as measured by the 551 

parameter p) correlates with magma viscosity. There is also a significant correlation 552 

between the column height (that is a function of MER) of the main explosive phase 553 

and the properties of the coarser population (i.e. µ1 and s1), indicating a strong control 554 

of the energy of the eruption on these parameters.   555 

6) Using the strongest correlations we propose an empirical method based on the bi-556 

lognormal distribution for the reconstruction of TGSD that is able to capture main 557 

grain-size features and can be used for numerical simulations aimed to real-time 558 

forecasting and long-term hazard assessment when accurate field-derived TGSDs are 559 

not available. 560 
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 735 

FIGURE CAPTIONS 736 

Fig. 1 Representative sampling distances along the dispersal axis (expressed as barycentre 737 

distance D normalized by column height H) for particles of different Φ-classes calculated for 738 

mid latitudes. The labels indicate wind intensity. Blue lines: plume height =30 km; dark grey 739 

lines: plume height= 17 km; red lines: plume height=10 km, green lines: plume height=6 km. 740 

Vertical dashed lines delimitate the classes beyond which the method is not valid. The method 741 

used for the calculations is described in ESM1 where estimations relative to equatorial and 742 

polar latitudes are also reported. 743 
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Fig. 2 TGSDs of the eruptions selected for this study, labelled as in Table 2. Green and blue 744 

dotted lines indicate the lognormal populations whose sum (full line) fit the observed 745 

distribution. 746 

Fig. 3 Magma viscosity versus a) µ2-µ1 and b) the weight p of the coarse population of the bi-747 

Gaussian best fitting curves for each TGSD of the dataset. The full blue line indicates the best 748 

fitting curve of the observed trend; the dashed blue lines define the confidence interval of the 749 

proposed relationships. Eruptions labelled as in Table 2. Red points denote eruptions not 750 

considered for the computation. 751 

Fig. 4 Column Height versus a) s1 and b) µ1+3s1 of the bi-Gaussian best fitting for each 752 

TGSD of the dataset. The full blue lines denote the best fitting lines for the observed trend 753 

and the dashed blue lines define the confidence interval of the proposed relationships. 754 

Eruptions labelled as in Table 2. 755 

Fig. 5 Column Height versus a) Df and b) Dc/Df and magma viscosity versus c) Df and d) 756 

Dc/Df . Eruptions labelled as in Table 2. 757 

Fig. 6 Total Grainsize Distributions of a) Cotopaxi layer 3 and b) Izu Oshima 1986 eruptions. 758 

Bars indicate the TGSD computed from field data and the lines the ones predicted using the 759 

relationships proposed in Section 6. 760 

 761 

 762 

TABLE CAPTIONS 763 

Table 1. Normalized distances from the vent of the barycentre of the deposits for different 764 

particle diameters representative of lapilli and coarse ash sizes, for deposits from plumes 765 

erupted at different latitude and variable wind speeds, as given by numerical simulations. D = 766 

distance, H = plume height above vent. Sampling distances normalized to H should be similar 767 

to the reported D/H values in the table in order to be representative of sampling the entire 768 

spectrum of lapilli and ash. See ESM1 for further details. 769 
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Table 2. List of the selected eruptions and eruption characteristics; in bracket the composition 770 

index. H= plume height above vent, N= number of studied outcrops) SME: Small-Moderate 771 

Eruption, SPE: Sub-Plinian Eruption, PE: Plinian Eruption, following Bonadonna and Costa 772 

(2013), CO-PDC= co-pyroclastic density current plume, PH=Phreatomagmatic. Refs: 1- 773 

Andronico et al. (2008); 2- Andronico et al. (2014); 3- Rose et al. (2007); 4- Sulpizio et al. 774 

(2012); 5- Brazier et al. (1982); 6- Bonadonna et al. (2011); 7- Costa et al. (2009a); 8- 775 

Bonadonna and Houghton (2005); 9- Durant and Rose (2009); 10- Bonadonna et al. (2002); 776 

11- Cole et al. (2014); 12- Durant et al. (2009); 13- Bonadonna et al. (2015b); 14- Sparks et 777 

al. (1981). 778 

Table 3. Main parameters of distribution (1) obtained fitting selected TGSDs. p = fraction of 779 

the coarse population; µ1, µ2,  means  of coarse- and fine-grained populations, respectively; 780 

s1, s2 standard deviations of means  of coarse- and fine-grained populations, respectively; BI 781 

= Bimodality Index; B = Bimodality Parameter. 782 

Table 3. Main parameters of distribution (2) and (3) obtained fitting selected TGSDs and 783 

associated cumulative number distributions. p = fraction of the coarse population; l1, l2,  784 

scale parameters  of means  of coarse- and fine-grained populations, respectively; n1, n2 shape 785 

parameters of means  of coarse- and fine-grained populations, respectively. Df, Dc, exponents 786 

of the coarse and fine sub-ranges, respectively; lc, lf scale parameters of the coarse and fine 787 

sub-ranges. 788 

 789 

  790 
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 791 

APPENDIX: 792 

Bi-Weibull and log-logistic-like distribution fitting results 793 

In terms of particle number distribution we can use a distribution given by the sum of two 794 

Weibull distributions:  795 

 796 
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 799 

where 𝑑 denotes particle diameters, 𝜁+, 𝜁., 𝑠+and 𝑠. represent scale and shape parameters of 800 

the two distributions respectively, q is a parameter determining the effectiveness of each 801 

subpopulation. A justification of a Weibull-like distribution for TGSD can be found in Brown 802 

and Wohletz (1995). 803 

Expressing particle mass as function of particle diameter, in terms of mass distribution from 804 

(A1) we obtain (Brown and Wohletz, 1995): 805 

 806 
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 809 

where 𝑑 denotes particle diameters, 𝜆+, 𝜆., 𝑛+and 𝑛. represent scale and shape parameters of 810 

the two distributions respectively, q is a parameter determining the effectiveness of each 811 

subpopulation.  812 

Results of fitting TGSD data with (A2) are reported in Figs. A1.  813 
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814 
Figure A1. Reconstructed TGSD (red rectangles) and best-fit model (black lines) using 815 

distribution A1 for the different eruptions labelled on the figures. Dashed lines show the 816 

coarse and fine sub-populations of the total distribution A1. 817 

! !

! !

! !
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818 
Figure A1. Continued. 819 
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820 
Figure A1. Continued. 821 

822 
Figure A1. Continued. 823 
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  Concerning cumulative number distribution, exponential-like distributions describe 825 

reasonably well fragment size distribution of ductile materials, but their application to brittle 826 

solids has been shown to be more problematic (Grady, 2008 and references therein). In fact, 827 

in the case of brittle solids, experimental fragment distributions seem to be better described by 828 

a power-law (Grady, 2008). To explain such a behaviour, in analogy with hydrodynamic 829 

turbulence, Grady (2008) suggested that once initiated, fractures advance catastrophically, 830 

converting the elastic strain energy, U, into fracture energy, 𝛤, and kinetic energy of the 831 

ejected fragments. With respect to ductile materials, fractures in brittle solid are less 832 

dissipative because elastic energy is converted less efficiently into surface fracture energy or 833 

plastic work. In this case, power-law cumulative distribution for fragments is valid from a 834 

length L, of the order of magnitude of the characteristic dimension of the body subject to 835 

fragmentation, and proceed on successively finer scales through a cascade of cracks until a 836 

small length scale, 𝑙, adequate to dissipate efficiently the initial stored energy (Grady, 2008). 837 

According to Grady (2008), 𝑙 can be estimated from the ratio of the elastic strain energy at a 838 

stress P (either due to tension or loading), 𝜌𝑈, and the new fracture surface energy, 6𝛤, that is 839 

𝑙 ≈ GH
IJ

. Obviously, power-law behaviour cannot be extrapolated from very large to extremely 840 

small sizes. In order to account for that, Grady (2008) suggested a complimentary cumulative 841 

number distribution that for 𝑧 ≫ 𝜆 has fractal behaviour, and for 𝑧 ≤ 𝜆 has the proper 842 

asymptotic conditions:  843 

;(<)
;#

= +

+5=$%>
'         (A3) 844 

where N represents the cumulative number distribution of fragments of size (greater than) z,  845 

𝑁D is the total number of fragments and 𝐷 is the exponent in the fractal range. Note that 846 

relationship (A3) corresponds to the survival function of log-logistic distribution whose 847 

cumulative distribution, 𝐹(𝑧), is: 848 
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𝐹(𝑥) =
=$%>

'

+5=$%>
'         (A4) 849 

In (A4) the first parameter, 𝜆, corresponds to the length scale adequate to dissipate the initial 850 

stored energy, and the second parameter, 𝐷, to the exponent characterizing the range of fractal 851 

behaviour that should be related to the fragmentation energy (Kaminski and Jaupart, 1998). 852 

However, as discussed in the main text, most of the TGSD are typically bimodal, so a 853 

cumulative distribution like (A3) will not be able to describe the data. For this reason we 854 

generalize distribution (A3) in order to capture the bi-fractal behaviour: 855 
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'"           (A5) 856 

where 𝜆+, 𝜆. denote two characteristic length scales, and 𝐷+, 𝐷. correspond to the exponents 857 

in two different fractal regimes. 858 

For the reconstruction of a fractal-like distribution, the number of particles was 859 

calculated from wt % by multiplying it by the average volume of the particles in each phi 860 

class and the particle density. The density of each particle was calculated taking into account 861 

the DRE density and assuming a constant average porosity of the pyroclastic fragments.  862 

Results of fitting cumulative number distribution of our dataset with (A5) are reported 863 

in Figs. A2. 864 
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865 
Fig. B1. Complementary cumulative number distribution A5 for the distribution reported in 866 

the plots. 867 
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868 
Fig. B1. Continued. 869 
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871 
Fig. B1. Continued. 872 
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874 
Fig. B1. Continued. 875 

 876 

ELECTRONIC SUPPLEMENTARY MATERIAL: 877 

ESM1: Assessing Representativeness of TGSDs 878 

ESM2: Methods, references and results of viscosity calculations 879 

ESM3: Excel file illustrating the TGSD estimation method 880 


