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Abstract After the large-scale event of Neapolitan Yellow Tuff (~15 ka B.P.), intense and mostly explosive
volcanism has occurred within and along the boundaries of the Campi Flegrei caldera (Italy). Eruptions
occurred closely spaced in time, over periods from a few centuries to a few millennia, and were alternated
with periods of quiescence lasting up to several millennia. Often events also occurred closely in space, thus
generating a cluster of events. This study had two main objectives: (1) to describe the uncertainty in the
geologic record by using a quantitative model and (2) to develop, based on the uncertainty assessment, a
long-term subdomain specific temporal probability model that describes the temporal and spatial eruptive
behavior of the caldera. In particular, the study adopts a space-time doubly stochastic nonhomogeneous
Poisson-type model with a local self-excitation feature able to generate clustering of events which are
consistent with the reconstructed record of Campi Flegrei. Results allow the evaluation of similarities and
differences between the three epochs of activity as well as to derive eruptive base rate of the caldera and its
capacity to generate clusters of events. The temporal probability model is also used to investigate the effect
of the most recent eruption of Monte Nuovo (A.D. 1538) in a possible reactivation of the caldera and to
estimate the time to the next eruption under different volcanological and modeling assumptions.

1. Introduction

Temporal estimates of future volcanic activity are extremely challenging. This is due to the numerous sources
of uncertainty affecting the eruptive record and to the highly nonlinear behavior of volcanic systems [e.g.,
Sparks and Aspinall, 2004]. Such difficulties pertain to both the long- and short-term forecasts and are parti-
cularly relevant for calderic systems [e.g., Acocella et al., 2015]. Calderas can indeed exhibit irregular episodic
activity, alternating periods of intense activity with long periods of repose. Furthermore, calderas can persist
in unrest conditions for decades, periodically showing precursor signals that would almost certainly lead to
an eruption if observed at more typical central volcanoes. Despite such difficulties, temporal estimates of
volcano behavior have a major impact on both the scientific understanding of episodic volcanism and the
development of risk mitigation strategies [e.g., Deligne and Sigurdsson, 2015].

Long-term temporal models and estimates of volcanic activity are quite uncommon and often have been left
out from hazard assessment studies because of their complexity. Some examples include thework ofWickman
[1976], who developed temporal models based on finite state Markov processes with applications to a large
number of volcanoes worldwide; Carta et al. [1981], who focused on Vesuvius volcano further detailing the
Markov approach; and Jaquet et al. [2000, 2008, 2012]; Jaquet and Carniel [2006], who applied Cox processes
to the assessment of long-term hazards. Bebbington and Cronin [2011] introduced Hawkes processes for mod-
eling the temporal eruptive pattern of the Auckland volcanic field. Bebbington [2010] compared trends and
clustering of volcanic activity including many references on globally applicable cases. Thus, hazard estimates
are often based only on the spatial distributions of specific hazardous actions conditional on the occurrence of
a specific or an ensemble of volcanic events [e.g., Todesco et al., 2006; Costa et al., 2009; Neri et al., 2015;
Macedonio et al., 2016] and ignore the temporal aspects. Long-term temporal models are therefore necessary
to provide a comprehensive assessment of hazard to be used for urban planning and risk reduction of
the territory. In particular, these can be used for taking decisions for long periods of time and comparing
the volcanic hazard with the other hazard sources [see Woo, 1999; Rougier et al., 2013].Such analysis would
also benefit the estimates of short-term hazards which still largely rely on these background assessments
[i.e., Marzocchi and Bebbington, 2012]. Indeed, the long-term temporal estimates could be adopted as the
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prior probability distributions to be updated with medium/short-term geophysical and geochemical informa-
tion [e.g.,Marzocchi et al., 2004]. An example of how this can be done in the case of spatial vent openingmaps
is in the work of Martin et al. [2004]—in which a prior map based on past vent record is conditioned on the
geophysical parameters through the Bayes theorem. Assuming a probability model for estimating the like-
lihood of observing geophysical information in a time window before an eruption, a similar approach could
be followed also for updating the temporal forecasts in that time window.

The present study aims to integrate geological data with long-term probability models with the final goal of
quantifying the temporal and spatial occurrence of volcanic events at Campi Flegrei (CF) caldera. This caldera
is characterized by a highly episodic volcanism with a strongly nonhomogeneous spatial and temporal
distribution of the events. Previous studies describing the space-time eruptive behavior of CF include
Scandone et al. [1991] on Campanian Plain volcanism in the last ~50 ka, Di Vito et al. [1999] on CF volcanism
in the last 12 ka, and Di Renzo et al. [2011] and Smith et al. [2011] describing the structure and geochemical
evolution of the magmatic system in the last ~15 ka. Alberico et al. [2002], Selva et al. [2012], and Bevilacqua
et al. [2015] developed vent opening probability maps at CF accounting for some of the uncertainties affect-
ing the system. However, none of the above studies presents a quantitative analysis of the eruptive record
aimed at the development of a long-term temporal model.

More specifically, this paper develops the probability modeling of the epistemic uncertainty which affects the
past eruptive record and then, based on it, obtains quantitative estimates of the temporal and spatial distri-
butions of the CF volcanism. Key features of the new model are the capacity to represent clusters of events
and to explicitly consider the uncertainty affecting the eruptive record. Model results enabled the estimation
of the temporal eruptive base rate of the caldera as well as its capacity to generate clusters of events. Based
on the temporal model developed, the implications of the Monte Nuovo eruption were explored and a long-
term probability distribution for the time of the next explosive eruption was derived. Finally, the model
allowed analysis of the significantly different behavior of the western and eastern sectors of the caldera, a
factor potentially having a major impact on risk reduction and response planning at CF.

It is necessary to note that the study approach relies exclusively on the mathematical treatment of the
eruptive record data together with their associated uncertainties. The models developed here avoid any
assumption on the physical mechanisms and processes controlling such episodic volcanism [e.g., Connolly
and Podladchikov, 2013; Marsh, 2015]. The outcomes of the study should therefore be seen as a first attempt
to represent themain temporal features of CF volcanism and as a contribution to refine the hazard assessment
at this complex volcanic system.

2. The Campi Flegrei Caldera

Campi Flegrei is a volcanic area dominated by a 12 km wide caldera, a depression left as a consequence of
structural collapses following the ejection of large masses of magma in a short time during two huge
eruptions, the Campanian Ignimbrite, ~40,000 years B.P., and the Neapolitan Yellow Tuff, ~15,000 years B.P.
[e.g., Scarpati et al., 2012; Vitale and Isaia, 2014]. After the last collapse intense volcanism has occurred within
and along the boundaries of the caldera [e.g., Isaia et al., 2009; Bevilacqua et al., 2015]. Eruptions occurred
closely spaced in time, over periods from a few centuries to a few millennia, and were alternated by periods
of quiescence lasting even several millennia. Many events were also close in space, thus generating a cluster
of events [e.g., Isaia et al., 2004]. More than 70 eruptive vents were active in the caldera, andmost of the erup-
tions were explosive [e.g., Orsi et al., 2004; Smith et al., 2011].

The known sequence of eruptive events at CF is remarkably not uniformly distributed, both in time and space.
As a consequence, activity was generally subdivided into three distinct epochs, i.e., Epoch I, 15–10.6 ka; Epoch
II, 9.6–9.1 ka; and Epoch III, 5.5–3.8 ka B.P. [e.g., Rosi and Sbrana, 1987; Di Vito et al., 1999; Isaia et al., 2004; Orsi
et al., 2004; Smith et al., 2011], and moreover, in the stratigraphic record there are strong evidences of clusters
of eruptions in space-time inside the single epochs of activity. A significant amount of epistemic uncertainty
affects the time record of eruptions, the location of vents, and the erupted volume estimates [Orsi et al.,
2004; Smith et al., 2011; Bevilacqua et al., 2015]. Indeed, only for a limited number of eruptions age ranges
have been estimated, while for most of them only the stratigraphic order has been assessed. Particularly sig-
nificant is the uncertainty in the chronostratigraphic record of Epoch I, characterized by at least 33 eruptions.
Only six of these events were dated, and most of the events occurred at the beginning of the epoch showing
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a nonunivocal stratigraphic position [e.g., Di Vito et al., 1999]. Moreover, remarkably different ages have been
estimated by various authors for the same eruptive events [Fedele et al., 2011; Di Renzo et al., 2011; Isaia et al.,
2012]. As a consequence, even the time and duration of the eruptive epochs and periods of quiescence are
significantly uncertain.

Subsidence and uplift (bradyseism) of the upper crust are documented from the Roman times, and the most
recent “Monte Nuovo” eruption was in A.D. 1538, after ~3000–3500 years of quiescence [e.g., Di Vito et al.,
1987; D’Oriano et al., 2005; Del Gaudio et al., 2010; Guidoboni and Ciuccarelli, 2011; Di Vito et al., 2016]. The
volcano likely entered in a phase of unrest in the second half of the last century, which is not concluded
yet [e.g., Chiodini et al., 2012]. Hundreds of thousands people live inside the caldera, and a possible explosive
eruption could directly impact more than 1 million people living in the nearby city of Naples.

3. Approach and Methods

This study concerns probability modeling of the complex CF caldera system by using novel techniques for
describing, replicating, and forecasting the volcanic record. The approach is based on doubly stochastic mod-
els andmultivariate counting processes of the class of Cox-Hawkes processes, which combines the properties
of Cox and Hawkes processes [e.g., Cox and Isham, 1980; Daley and Vere Jones, 2005, 2008; Delattre et al.,
2015]. In addition, it includes analyses and figures aimed at illustrating the presence of clusters as well as
the not negligible effect of epistemic uncertainty affecting the data. A Partitioning Around Medoids (PAM)
algorithm was also applied to space-time samples of the eruptive record of the three epochs of activity to
provide an independent analysis of the data set (see Appendix A).

In more detail, in this study the volcano was treated as a complex stochastic system, which is described by
incomplete and uncertain information. Forecasting problems in volcanology are indeed affected by large
amounts of uncertainty. Doubly stochastic models are often developed to describe this uncertainty [e.g.,
Sparks and Aspinall, 2004; Selva et al., 2012; Bevilacqua et al., 2015; Neri et al., 2008, 2015]. This approach
accounts for some of the uncertainties affecting the past record to be included in analysis of the behavior
of the CF volcano. This implied that the probability density curves and maps produced were themselves
affected by uncertainty: for this reason, the mean, the 5th percentile, and the 95th percentile values were
calculated for all the probability density functions.

According to doubly stochastic methods it is possible to account for two different probability frameworks:
one is expected to describe the physical variability of the system (sometimes also called aleatoric uncer-
tainty) and the other to describe the epistemic uncertainty due to the imperfect knowledge of the system
under study. It is worth mentioning that this distinction is not always easy to do because the two frame-
works are correlated and convolved in describing the available observations. However, both types of
uncertainty, physical and epistemic, are important for hazard assessment, which is indifferent to where
the uncertainty originates.

This study included two distinct phases and models: (1) first, the volcanological information was reported
and a quantitative model of epistemic uncertainty affecting past eruption data was constructed, and then,
(2) the family of counting processes representing the number of eruptive events occurring in the different
zones of the caldera as a function of time was defined and modeled. In particular, in the first phase, the
time, location, and erupted volume of CF known events were characterized and randomly sampled through
Monte Carlo simulations. This permitted a first quantitative description for the main features of the space-
time structure of past activity. The presence of local clusters of events and some general features of the
volcanic system were highlighted through the probability simulation. In the second phase, the main
parameters of a Cox-Hawkes process were fitted on the record of past activity, incorporating the effect
of epistemic uncertainty described in the first phase. The mathematical procedure was based on maximiz-
ing the likelihoods of random sampled past records and was again implemented inside a Monte Carlo simu-
lation. The model allowed the description of processes with self-excitement locally in space but did not
consider any interaction between different zones of the caldera. The new model was then used, again
through Monte Carlo simulation, to quantitatively estimate the eruptive rate of the caldera, the influence
of Monte Nuovo eruption, and the probability of a future event based on conditional sampling and diverse
volcanological assumptions.
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4. Eruptive Record Data and Probability Model of Its Uncertainty

The available volcanological record of past eruptive events [see Orsi et al., 2004; Smith et al., 2011; Bevilacqua
et al., 2015] includes four types of information: (1) the uncertain location of the eruptive vents/fissures; (2) the
ordered stratigraphic sequence of the eruptions (unsure in a few cases); (3) some large dating time windows
for a subfamily of eruptions, i.e., 2.5th and 97.5th percentiles; and (4) volume estimates of dense rock equiva-
lent (DRE) for some the eruptions (also affected by a large uncertainty). The spatial localization of past vents
relied on Bevilacqua et al. [2015]: ellipses containing spatially uniformly distributed uncertainty and a caldera
partitioning in 16 zones were adopted as reported in Figure 1. Each eruption was associated with an element
of the partition if its ellipse does not spread on more zones, or otherwise, with a randomly sampled element
of the partition in proportion of the fraction of ellipse contained in each zone. The sensitivity analysis of the
study results on these assumptions about the caldera partitioning is detailed in Appendix B. A separation line
between western and the eastern sectors of the on-land portion of CF caldera was defined, corresponding,
respectively, to the zones 1–5 and 6–13 of the partition (see the dashed black-yellow line shown in
Figure 1). These two sectors show significant differences in terms of type and frequency of the eruptive activ-
ity as well as the magmatic signature of the emitted magmas [Vilardo et al., 2010]. Vitale and Isaia [2014]
further highlighted the structural differences between these two sectors, characterized by a different orien-
tation pattern of faults and fractures.

The eruption spatial pattern of Epoch I consists of several events on the boundary of Neapolitan Yellow Tuff
caldera, with evident spatial clusters in the zones of Soccavo and Pisani (Figure 1). In addition, there was a
remarkable activity in the central eastern sector, but the relevant spatial uncertainty affecting it makes very
difficult the recognition of clusters. The eruptions of the western sector seem less clustered and were signifi-
cantly aligned on the caldera rim. During Epoch II five of the eight eruptions concentrate in the central east-
ern part of the caldera; activity on the western sector is also present in the zone of Baia. The eruption pattern
of Epoch III is much more centralized than the previous epochs: there were three evident spatial clusters
centered, respectively, in the Agnano, Astroni, and Solfatara zones, including all the eruptions that occurred
in the epoch with exception of five that occurred in proximity of the caldera rim.

Figure 1. Partitioning of the Campi Flegrei caldera in 16 zones. The colors of the ellipses correspond to the epoch of activity
which belong the events. The black-and-yellow dashed line separates the western and eastern sectors of the caldera. The
inset shows a geological map of the area. Data are modified from Bevilacqua et al. [2015].
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In Table 1 the stratigraphic sequence and the time windows of past events are reported, largely relying on
Smith et al. [2011] with a few minor modifications and updates due to the most recent research findings
and uncertainty assessments [see also Bevilacqua et al., 2015]. In particular, in Epoch I the new eruptions
S4s3_1 and S4s3_2 were added and Archiaverno event was eliminated from the record. In Epoch II the
new eruptions of Baia and Monte Spina lava dome were considered. In Epoch III Solfatara lava dome and
Olibano tephra were added. Moreover, the stratigraphic order of some of the Epoch III eruptions was modi-
fied in the initial part of the epoch and just after Agnano Monte Spina. The three events with unknown
ordered sequence were reported in italic in the table.

In the following, the definition of the probability model for epistemic uncertainty affecting the order, the
time, and the location of past eruptions is illustrated in detail. The developed probability distribution of past
eruption times was assessed by a Monte Carlo simulation, based on simple conditional sampling procedures
[see also Bebbington and Cronin, 2011], including three main steps:

1. In the first step, the uncertain orders of some pairs of events were randomly sampled, including also the
constraint of a pair of simultaneous events [see Isaia et al., 2015]. This was done only for some eruptions of
Epoch III due to lack of details on the previous epochs. In particular, Averno 2 and Solfatara were assumed
contemporary, while for Pignatiello 2 and Cigliano, Olibano lava dome and Santa Maria delle Grazie,
Olibano tephra, and Solfatara lava dome, randomized orderings were assumed. The first pair with 50%
and the other pairs with 25% probability to have an order different than that reported in Table 1, depend-
ing on the stratigraphic evidences. However, this uncertainty had a negligible effect on the model output
because none of these eruptions was a large event and some of these pairs occurred in the same zone of
the partition.

2. In the second step, the time for the eruptions associated with dating time windows were sampled, assum-
ing symmetric triangular probability distributions with the percentiles shown in Table 1. The available age
ranges interested a total of 23 eruptive events: 6 of Epoch I, 4 of Epoch II, and 13 of Epoch III. This informa-
tion mostly comes from Smith et al. [2011] with some modifications: in Epoch I the uncertainty range of
Archiaverno event was not considered because the eruption was eliminated from the record and the
age range assumed for Astroni 3 was assigned instead to Astroni 1 because of updated stratigraphic evi-
dences. The samples which violated the stratigraphic order were repeated, except for three events of the
western sector assumed free to change their place in the eruptive sequence. In fact, the age ranges of
Bacoli and Porto Miseno in Epoch I and Capo Miseno in Epoch III were much larger than the constraints
coming from the stratigraphic sequence. It is worth noting that Gauro in Epoch I and Nisida in Epoch III
were affected by a very large epistemic uncertainty compared to the others events, but in both cases
the range was consistent with the eruptive sequence.

3. In the third step, the remaining subsequences of eruptions occurred between the times just fixed in step 2
and were sampled as ordered families of independent uniformly distributed random variables. To give an
example, let us assume that Astroni 1 and Astroni 7 eruption times were sampled at t1> t7 years B.P. Then,
five events were sampled uniformly and independently in the interval between these times obtaining
t2> t3> t4> t5> t6 years B.P.; hence, the first time was assigned to Astroni 2, the second to Astroni 3,
and so on, respecting the known ordered sequence. It should be noted that this uniform sampling could
partially hide a potentially stronger clustering behavior concealed by the uncertainty, in particular during
Epochs I and II. In addition, for such epochs, a few eruptions starting and ending the stratigraphic
sequence were without age ranges, so their times were sampled, for the sake of simplicity, a number of
years uniformly distributed between 0 and 100 before the successive and after the previous event. This
time scale was chosen because it is quite representative of the average time interval that separates the
events during the eruptive epochs (see section 6). For example, if Gauro was sampled at t years B.P., then
Mofete and Bellavista were assumed t+ u1 and t+ u1 + u2 years B.P., respectively, where u1 and u2 are the
uniform samples in [0, 100] years.

The erupted volumes reported in Table 1 also largely rely on Smith et al. [2011]. However, in that study,
most of volume estimates possessed only inequality bounds. In this analysis, such volumes were uni-
formly sampled inside three separate intervals associated to different volume scales, which were herein
defined based on the available inequalities: [0–0.01] km3 for very small eruptions/lava domes, [0.01–0.1]
km3 for small eruptions, and [0.1–0.3] km3 for medium eruptions [see also Orsi et al., 2009]. In addition,
the eruptions of Concola and Fondo Riccio and the newly included eruptions of Solfatara lava dome,
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Table 1. Record of Times, Erupted VDRE, and Locations of the Events of Campi Flegrei With Uncertainty Boundsa

ID Name

Time (a) VDRE (km3)

E/W Zone2.5th Percentile 97.5th Percentile 5th Percentile 95th Percentile

(a) EPOCH I
1 Bellavista - - 0.01 - 0.10 W 2
2 Mofete - - 0.01 - 0.10 W 2
3 Gauro 12,721 15,511 0.25 0.50 0.75 W 4
4 Santa Teresa - - 0.01 - 0.10 E 12
5 La Pietra - - 0.01 - 0.10 E 6
6 La Pigna 1 12,749 13,110 0.01 - 0.10 E 11
7 La Pigna 2 - - 0.01 - 0.10 E 11
8 Torre Cappella - - 0.01 - 0.10 W 2
9 Minopoli 1 - - 0.01 - 0.10 E 11
10 Paradiso - - 0.01 - 0.10 E 11
11 Soccavo 1 - - 0.25 0.50 0.75 E 11
12 Gaiola - - 0.01 - 0.10 E 13
13 Pomici Principali 11,915 12,158 0.43 0.85 1.28 E 8–9–10
14 Paleo Pisani 1 - - 0.01 - 0.10 E 7
15 Paleo Pisani 2 - - 0.10 - 0.30 E 7
16 Soccavo 2 - - 0.01 - 0.10 E 11
17 Soccavo 3 - - 0.01 - 0.10 E 10
18 S4s3_1 - - 0.10 - 0.30 E 8–9–10
19 S4s3_2 - - 0.01 - 0.10 E 8–9–10
20 Soccavo 4 - - 0.10 - 0.30 E 11
21 Paleo San Martino - - 0.01 - 0.10 E 7
22 Minopoli 2 - - 0.01 - 0.10 E 11
23 Soccavo 5 - - 0.01 - 0.10 E 11
24 Pisani 1 - - 0.10 - 0.30 E 7
25 Pisani 2 - - 0.10 - 0.30 E 7
26 Fondo Riccio - - 0.00 - 0.01 W 4
27 Concola - - 0.00 - 0.01 W 4
28 Montagna Spaccata - - 0.01 0.02 0.03 E 7
29 Pignatiello 1 - - 0.01 - 0.10 E 6-7-8-9-12
30 Pisani 3 10,516 10,755 0.01 - 0.10 E 7
31 Casale - - 0.01 - 0.10 E 6–9–12
32 Bacoli 11,511 14,154 0.10 0.20 0.30 W 1
33 Porto Miseno 10,347 12,860 0.01 - 0.10 W 1

(b) EPOCH II
1 Baia - - 0.00 - 0.01 W 2
2 Fondi di Baia 9,525 9,695 0.02 0.04 0.06 W 2
3 Sartania 1 9,500 9,654 0.01 - 0.10 E 8
4 Monte Spina lava dome - - 0.00 - 0.01 E 9
5 Costa San domenico - - 0.01 - 0.10 E 9
6 Pigna San Nicola 9,201 9,533 0.10 - 0.30 E 9
7 Sartania 2 - - 0.01 - 0.10 E 8
8 San Martino 9,026 9,370 0.03 0.05 0.08 E 7

(c) EPOCH III
1 Agnano 1 5,266 5,628 0.01 0.02 0.03 E 9
2 Agnano 2 - - 0.01 0.01 0.02 E 9
3 Averno 1 5,064 5,431 0.01 - 0.10 W 3
4 Agnano 3 - - 0.10 0.19 0.29 E 9
5 Cigliano * * 0.03 0.05 0.08 E 8
6 Pigniatiello 2 * * 0.01 0.02 0.03 E 9
7 Capo Miseno 3,259 4,286 0.01 0.02 0.03 W 1
8 Monte Sant’Angelo 4,832 5,010 0.10 - 0.30 E 9
9 Paleoastroni 1 4,745 4,834 0.03 0.05 0.08 E 8
10 Paleoastroni 2 4,712 4,757 0.10 - 0.30 E 8
11 Agnano Monte Spina 4,482 4,625 0.43 0.85 1.28 E 8–9
12 St. Maria delle Grazie 4,382 4,509 0.01 - 0.10 E 6
13 Olibano lava dome * * 0.00 - 0.01 E 6
14 Paleoastroni 3 - - 0.01 0.02 0.03 E 8
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Baia, and Monte Spina lava dome were assumed as very small sized; S4s3_2 and Olibano tephra as small
sized; and S4s3_1 as medium sized. For some of the eruptions the volume estimates were also available
in Smith et al. [2011]. Triangular sampling was adopted for them with 5th and 95th percentiles corre-
sponding to ±50% relative errors, consistently with the findings of Klawonn et al. [2014] and Engwell
et al. [2015]. The possibility of assuming even larger uncertainties [e.g., Spanu et al., 2015] or an under-
estimation bias on such estimates was also considered. Additional assessments carried out assuming
[�25%, +100%] relative errors affecting the volumes did not affect significantly the main outcomes of
the analysis.

In addition to the above defined categories, there were four major eruptions overcoming 0.5 km3 DRE: Gauro,
Soccavo 1, and Pomici Principali during Epoch I and Agnano Monte Spina during Epoch III. As for the time of
the eruptions also for their volume a Monte Carlo procedure was adopted to sample erupted volume time
sequence, as shown in section 6.

5. The Temporal Probability Model to Represent the Activity in Space-Time

Themathematicalmodel used in thepresent studywasbasedona family of countingprocesses of Cox-Hawkes
type. Their description was split in several subsections.

5.1. Previous Models

More elementary Poisson-type models are reviewed first, as they are useful to understand the Cox-Hawkes
model. During this description, it will also be explained why they were not used in this study. The simplest
choice of counting process is a homogeneous Poisson process. It assumes that the wait times between
two events are independent identically distributed exponential random variables. The inverse of the average
value of such wait times is called the intensity λ of the process. As a consequence, the intensity function λ is
also the average density of new event occurring. The number λ(t1� t0) is the average number of events in the
time interval [t0, t1]. This kind of process, although progenitor of all the ideas, is not suitable for this study
since it will be a poor fit of available data which show a strong nonhomogeneity in time and space of volcanic
events at CF, as detailed later.

More generally, a nonhomogeneous Poisson process (NHPP) corresponds to an intensity λ(t) that changes as

a function of time. The integral ∫
t1

t0λdt is the average number of events in the time interval [t0, t1]. Using
suitable functions λ(t) it is possible to produce clusters, first increasing and then decreasing the intensity
function; moreover, such processes are easy to simulate from conditionally sampled homogeneous processes

Table 1. (continued)

ID Name

Time (a) VDRE (km3)

E/W Zone2.5th Percentile 97.5th Percentile 5th Percentile 95th Percentile

15 Solfatara lava dome * * 0.00 - 0.01 E 6
16 Olibano tephra * * 0.01 - 0.10 E 6
17 Accademia lava dome - - 0.00 - 0.01 E 6
18 Solfatara 4,181 4,386 0.02 0.03 0.05 E 6
19 Averno 2 ** ** 0.04 0.07 0.11 W 3
20 Astroni 1 4,153 4,345 0.03 0.06 0.09 E 8
21 Astroni 2 - - 0.01 0.02 0.03 E 8
22 Astroni 3 - - 0.08 0.16 0.24 E 8
23 Astroni 4 - - 0.07 0.14 0.21 E 8
24 Astroni 5 - - 0.05 0.10 0.15 E 8
25 Astroni 6 - - 0.06 0.12 0.18 E 8
26 Astroni 7 4,098 4,297 0.04 0.07 0.11 E 8
27 Fossa Lupara 3,978 4,192 0.01 0.02 0.03 E 7
28 Nisida 3,213 4,188 0.01 0.02 0.03 E 13

a(a) Epoch I, (b) Epoch II, and (c) Epoch III data. Spatial information relies on the Western or Eastern Sectors and Partition Zones of Figure 1. The events with
unknown ordered sequence are reported in italic. Data are modified from Smith et al. [2011].
*In Epoch III data set, the pairs of events with uncertain order are indicated.
**In Epoch III data set, the two simultaneous events are indicated.
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[e.g., Jacod and Shiriaev, 2003; Daley and Vere Jones, 2005, 2008]. However, the function λ(t) must be
prescribed in advance. If the aim is to construct a model of eruptions which generates clusters at random,
following previous statistics, an a priori choice of λ(t) implies that the occurrence of clusters in an eruptive
era is unrealistically prescribed.

In addition, it was necessary to include a dual uncertainty in the model: the physical uncertainty described by
the process itself and an epistemic uncertainty affecting its parameters. There is a generalization of NHPP
which realizes the idea of doubly stochastic NHPP, and it is the class of Cox processes (see Cox and Isham
[1980] and Daley and Vere Jones [2005, 2008] for more information and Jaquet et al. [2000, 2008, 2012] and
Jaquet and Carniel [2006] for several examples of applications in volcanology). While a NHPP always assumes
λ as a deterministic function of time, in contrast, a Cox process Z has a random intensity function λ, but such
that Z conditional on each trajectory of λ is still a NHPP. These classes of processes permit the inclusion of the
epistemic uncertainty effects. Their drawback in CF example is that the randomness of parameters has to be
prescribed a priori, independent of the realizations of the counting process. On the contrary, the main idea is
that the sequence of volcanic eruptions contains a self-excitation. Cox processes are not able of producing
self-induced clusters, which are an evident feature of CF eruption record.

To the purpose of modeling such a clustering effect, the Hawkes processes differ from NHPP because the
intensity function increases whenever an event occurs and instead decreases as time passes without any
event occurring [see Bebbington and Cronin, 2011]. Hawkes processes can support self-induced clusters.
The intensity λ is time dependent and random, depending on the random times at which previous volcanic
events occur. The only drawback of this process is that it does not include double uncertainty. More pre-
cisely, it includes physical uncertainty in the best way for the purposes of this study but not the
epistemic uncertainty.

5.2. The Model

Due to the reasons explained above, Hawkes processes are modified and a Cox-Hawkes process is considered
where λ is time dependent and random, with a double randomness related to the random times of previous
events—physical uncertainty—and to epistemic uncertainty. In addition, spatial structure is assumed by con-
sidering a Cox-Hawkes process for each partition zone. According to this model, each volcanic event is
assumed to self-excite its partition zone, increasing the probability of additional events in that zone.
Mutual influences between different zones are not accounted for due to the lack of detailed information. A
constant base rate produces the background events, each of which may generate an offspring. Each of these
spawn events may also in turn generate offspring.

Generally speaking, a Hawkes process indexed by the spatial zone l has a random time-dependent intensity
of the form:

λl tð Þ ¼ λl0 þ
X

0<tli<t
ϕ t � tl i
� �

where λl0 is the base rate, (t
l
i(ω))i = 1,…,n(l) is the random sequence of eruption times sampled before time t in

zone l, and ϕ is a positive decreasing function representing self-excitement decay. The base rate represents
the average density of new clusters in the considered zone (including even those of one point), while the
additional intensity generates the offspring points. An exponential decay of self-excitement is assumed, with
parameters independent of the zone (otherwise, the additional degree of freedom of such dependence
would produce a model with so many parameters that a data fit is impossible, with the existing records),
hence of the form

ϕ sð Þ ¼ h exp �k sð Þ

In this study, this scheme is modified and a Cox-Hawkes process is introduced to incorporate epistemic
uncertainty. In each zone the random intensity is now expressed as

λl tð Þ ¼ λl0 eð Þ þ
X

tli<t
ϕ eð Þ½ � t � tl i

� �
ϕ e; sð Þ ¼ h eð Þ exp �k eð Þsð Þ

wherewith the new variable e it is emphasized that the parameters λl0(e), h(e), and k(e) are subject to epistemic
uncertainty.
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5.3. Model Fit

From the past records of eruptive events, taking into account all the model uncertainties described in
previous sections, the parameters (λl0(e))l = 1,…,N, k(e), and h(e) are fitted. If a single realization of the model
(epistemic) uncertainty e is chosen, the corresponding values of the parameters are estimated by a maximum
likelihood (ML) procedure. The expression for the likelihood of an eruption sequence Θ in zones l= 1,…,N
during a time interval [0, t] is available in a closed form as

L Θlð Þl¼1;…;N; t
� �

¼ ∏N
l¼1Ll tl i

� �
i¼1;…;n lð Þ; t

� �
L tl i

� �
i¼1;…;n lð Þ; t

� �
¼ ∏n lð Þ

i¼1λ
l tl i
� �� �

exp �∫
t

0λ
l sð Þds

� �

∫
t

0λ
l sð Þds ¼ λl0t �

Xn lð Þ
i¼1

h=k exp �k t � tl i
� �� �� 1

� �� �

The estimate of (λl0(e))l = 1,…,N, k(e), and h(e) obtained by this method is repeated for several realizations of the
eruption sequence Θ by a Monte Carlo method (2500 samples were produced in our study).

A global base rate λ0 ¼
XN

l¼1
λl0 was assumed for the whole caldera, and the local base rate λl0 of each zone

was calculated in proportion to the frequency of the number of events observed in that location on the total.
The parameters k and h, as was already remarked above, were instead uniquely defined for the whole caldera
independently of the zone, although the possibility of assuming different parameters for the western and
eastern sectors of the caldera was also explored.

The parameter k is proportional to the time T= k ln(20) needed for the decay of the 95% of self-excitement
(i.e., the additional intensity integrated over the times above T is 5% of the total). A smaller k produces con-
centrated and better separated clusters, while instead, a larger k produces longer clusters with long-lasting
influences. The parameter h also permits us to define the mean offspring μ= h/k of an eruption, i.e., the
mean number of eruptions generated by the additional intensity caused by a single event. A larger value
of h (keeping k fixed) generates clusters including more events, with the critical threshold h ≤ k to avoid
the average size of the cluster events diverging to infinity. From a Galton-Watson representation of the
branching process [see Watson and Galton, 1875; Kendall, 1966; Daley and Vere Jones, 2005, 2008] it was
possible to obtain the total base rate λ0 as a function of the total number of past eruptive events and
the duration of the epochs of activity. In summary, the estimation of the parameters h and k as a function
of the record of epistemic uncertainty was sufficient to calculate λ0. In particular, the value 1/λ0, i.e., the
return time of new clusters on the whole caldera, has been named the base return time and will be
discussed in detail in the following section. Results will also include uncertainty ranges of the ML values
of 1/λ0, T, and μ.

5.4. Model Simulations

In addition, long-term forecasts of the wait time to the next eruption were produced by using the described
probability model. A random variable representing the time to the next eruption was assessed through a
double Monte Carlo simulation with a nested structure, calculating a family of time samples depending on
the different Cox-Hawkes model parameters obtained from each epistemic uncertainty sample. In more
detail, once the uncertainty ranges for the parameters λ0, T, and μ of the process were estimated by a first
Monte Carlo simulation, a second Monte Carlo simulation was run for sampling the time remaining before
the next eruption of CF, including the Monte Nuovo residual self-excitement. The samples of λ0, T, and μ in
this second simulation were based on independent triangular distributions which fitted their uncertainty dis-
tributions, for simplicity and lack of additional information. As a result, a family of ML exponential distribu-
tions (time curves) was calculated for assessing the physical variability of the model, conditional to each
epistemic uncertainty sample. These estimates were repeated under different volcanological assumptions
in order to test their influence on the results (see section 6.4).

6. Results
6.1. Analysis of Eruptive Record Including Uncertainty

According to the probability model defined for the sources of uncertainty affecting past eruptive record,
the average durations of eruptive epochs and periods of quiescence have been calculated with their 5th
and 95th percentiles by a simple Monte Carlo simulation. In the sequel, the triplets of numbers in
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brackets will represent the mean value between the 5th and 95th epistemic uncertainty percentiles. The
computed durations of the epochs were Epoch I [2.56–3.63–4.74] ka, Epoch II [0.29–0.46–0.63] ka, and
Epoch III [1.37–1.81–2.24] ka. Similarly, the first period of quiescence (between Epochs I and II) lasted
[0.79–0.95–1.10] ka, the second one [3.53–3.75–3.97] ka, and the time interval between Nisida and
Monte Nuovo [2.79–3.22–3.65] ka, the latter depending only on the time uncertainty affecting the
Nisida eruption.

From inspection of the data it is evident that the three epochs had remarkably different durations: Epoch I
lasted about twice Epoch III, while Epoch II was much shorter than both and lasted a quarter of Epoch III.
The first period of quiescence was much shorter than the second; its duration was even lower than the range
of uncertainty affecting the time of some eruptions in the first part of Epoch I. Monte Nuovo event occurred
478 years B.P. so the first period of quiescence was twice the time interval between Monte Nuovo eruption
and the present time (year 2016). In addition, the period of quiescence estimated as 3.22 ka between
Nisida and Monte Nuovo was more than 3 times longer than the first period of quiescence between Epoch
I and Epoch II, which lasted 0.95 ka in average. It was more similar to the long period of quiescence between
Epoch II and Epoch III, estimated as 3.75 ka. Hence, the assumption of considering Monte Nuovo as a conti-
nuation of the Epoch III activity is not consistent with the separation in epochs.

As mentioned in the previous sections, the data set of the eruptive record resulted to be not compatible with
a homogeneous Poisson process, particularly if the location in space of the eruptions is considered. In
Figure 2 two pairs of random samples of eruption time sequences during Epochs I and III are shown, separ-
ating the events that occurred in 13 different zones of the caldera partition (the zones of Figure 1 named Sea,
Campanian Ignimbrite, and Posillipo were not considered in the analysis). Each colored dash represents an
event: the presence of clusters is clearly shown by the samples of both epochs as remarked by the ellipses
drawn and corresponding to some recognizable clusters detailed in the sequel. An independent cluster
recognition analysis performed through the PAM method produced similar results which are reported in
Appendix A and as supporting information.

Figure 3 shows the cumulative eruption number as a function of time for the three epochs separately
(Figures 3a–3c) and for the last 15 ka (Figure 3d), with explicit consideration of the uncertainty affecting
the data set. Each plot of the figure includes in the bottom part the time derivatives of the mean graphs,
which represent the mean eruptive rates and help in the description of the cumulative estimates. An inten-
sification of the activity rate with time was quite evident during Epoch I despite the large uncertainties affect-
ing the age of the first events. The maximum rate of activity appears to be reached with the Pomici Principali
event and maintained for most of the second part of this epoch. It was not possible to clearly identify similar
features in the much shorter Epoch II due to the uncertainty. Instead, the data of Epoch III were significantly
more precise and consistent with those of Epoch I. Also in this case, after a relatively slow start, it is possible to
observe an increase of the activity frequency. The change in eruption rate appears to coincide with the
climactic eruption of Agnano Monte Spina (AMS), which somehow divided the epoch in two subepochs
characterized by two different eruption rates. However, since the time structure is quite different, the vent
locations during these two subepochs affected similar and overlapping zones. In addition, a major slowdown
of the activity rate is quite evident at the end of the epoch. It is worth noting that despite the described
features were accentuated by the large uncertainties affecting the starting and ending phases of both
Epoch I and Epoch III, from the plots they appear significantly robust.

It is relevant to observe that the above trends rely on the counting of known past eruptions in space-time, but
that the number of events itself could be a matter of discussion. In order to provide a more robust quantita-
tive description of past activity not exclusively based on the event counting, the analysis of the temporal
trend of erupted volume was also performed. The volume estimates in Table 1 were affected by large
additional uncertainties which were incorporated in the analysis and assessed by Monte Carlo samplings (see
section 3). The trends observed on the plots of cumulative events number shown in Figure 3 were confirmed
by similar plots reported in Figure 4 concerning the cumulative erupted volume as a function of time, for the
threeepochsseparately (Figures4a–4c)andfor the last15 ka (Figure4d).Again, the timederivativesof themean
graphs are also reported in the bottom part of the four plots of the figure. It was worth noting the significantly
different scale of erupted volume with estimates of 4.2 ± 0.7 km3 for Epoch I, 0.5 ± 0.1 km3 for Epoch II, and
2.6 ± 0.5 km3 for Epoch III.
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In Figure 5 the cumulative volumes erupted by the western and eastern sectors of the caldera were displayed.
From the plots it results that, even including the significant activity of Gauro volcano in Epoch I, the volume
erupted by the western part of the caldera was remarkably smaller. It should also be noted that the activity in
the western sector appears mainly associated to the initial stages of the eruptive epochs. This observation
supports the assumption of Monte Nuovo eruption as the first event of a new eruptive epoch.

6.2. Base Return Time, Self-Excitement Duration, and Mean Offspring

The ML values of the base return time 1/λ0, the self-excitement duration T, and the mean offspring μ com-
puted by the Cox-Hawkes process have been estimated for each past epoch of activity and then comprehen-
sively for all the three epochs included together. In addition, estimates were obtained under specific
assumptions such as (1) focusing just on the initial phases of the epochs, (2) separating the western and east-
ern sectors of the caldera, and (3) rejecting the epoch hypothesis. All these estimates were reported as aver-
age values and 5th and 95th percentiles as separate rows in Table 2. Except for the latter case, all the
estimates assumed that the volcano is in an eruptive epoch. The average number of clusters of two or more
events during each of the past epochs (not shown in the table) was also obtained from the probability model.
It should be noted that the branching structure of the process imposes that the chances of clusters of a given
size decrease with the number of events forming the cluster. Although the following description focuses
mostly on the mean values obtained, in several cases, their uncertainty ranges were significant and should
be carefully considered as described at the end of this subsection.

The first three rows of Table 2 report the results obtained by treating separately the three epochs of activity,
expressed as their mean values and their 5th and 95th epistemic uncertainty percentiles. In the fourth row are

Figure 2. Two pairs of random samples of eruption times and zones during (a) Epoch I in blue and (b) Epoch III in green.
Each colored dash represents an event, accordingly to the model for assessing the epistemic uncertainty of the record.
The red ellipses outline qualitatively recognizable space-time clusters of activity; the black dashed ellipse outlines a
hypothetically enlarged Astroni cluster including the Paleoastroni events.
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the estimates obtained maximizing the likelihood of the three epochs together, assumed as independent
samples and without including the periods of quiescence between them. In detail, Epoch I showed a base
return time 1/λ0 = 148 years, a self-excitement duration T=658 years, and a mean offspring μ= 0.30
(Table 2, first row). That implied the generation of [2.4–6.0–9.9] nontrivial clusters. It is notable that assuming
in average 0.3 offspring eruptions for each event, about 74% of the clusters are trivial (i.e., include only one
event). Comparing the parameters of Epoch II (Table 2, second row) with those of the previous epoch, the
base return time results in almost three times shorter spans, although the self-excitement duration was simi-
lar, and the mean offspring resulted lower, meaning a less clustered structure. This epoch included no more
than two clusters of two or more events. The ML values of Epoch III (Table 2, third row) indicated a base return
time 1/λ0 = 106 years, a self-excitement duration T= 96 years, and a mean offspring μ=0.42. These values
were associated with the generation of [3.6–5.5–7.6] nontrivial clusters. Assuming 0.42 offspring eruptions
in average, the trivial clusters were 65% and each nontrivial cluster was composed by 3.2 elements in

Figure 3. Event number as a function of time during (a) Epoch I in blue, (b) Epoch II in red, (c) Epoch III in green, and then
(d) during the entire record considered (including Monte Nuovo in dark violet), assuming the described probability
model. The bold line is the mean value, the narrow line is the 50th percentile line, and the dashed lines are the 5th and
95th percentiles of the epistemic uncertainty. The event labels correspond to the eruptions possessing age ranges and
ordering. Under the main plots the time derivatives of the mean graphs are reported, which represent the mean eruption
rates per year. It should be noted that such mean eruption rates are directly affected by the uncertainty associated to
each event age.
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average. The results obtained maximizing the combined likelihood of Epochs I × II × III (Table 2, fourth row)
were much similar to the Epoch III value with the only exception of the duration T that doubled to 189 years.

Figures 3 and 4 show a notably lower eruptive rate in the first phases of Epoch I and III. This observation moti-
vated the consideration of subsequences of the eruption records of Epochs I and III, excluding the events that
occurred after the climactic eruptions of Pomici Principali and AMS, respectively. This resulted in different
values of the three parameters considered (Table 2, fifth row). In detail, it was obtained a base return time
1/λ0 = 124 years, a self-excitement duration T= 452 years (i.e., twice the estimate on the entire epochs),
and μ=0.38.

The analysis of the data set also suggested considering separately the western and eastern sectors of the cal-
dera (corresponding to zones 1–5 and 6–13, respectively; see Figure 1). In fact, the recorded events in the
western sector are just 14 against 56 in the eastern one (see also Table 1). Assuming again the three epochs

Figure 4. Cumulative volume erupted as a function of time during (a) Epoch I in blue, (b) Epoch II in red, (c) Epoch III in
green, and then (d) during the entire record considered (including Monte Nuovo in dark violet), assuming the described
probability model. The bold line is the mean value, the narrow line is the 50th percentile, and the dashed lines are the 5th
and 95th percentiles of the epistemic uncertainty. The event labels correspond to the largest eruptions of each epoch.
Under the main plots the time derivatives of the mean graphs are reported, which represent the mean erupted volumes
rate per year. It should be noted that such mean eruption volume rates are directly affected by the uncertainty associated
to each event age.
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as independent samples, the probability model provided remarkably different results for the two sectors. For
the western sector a base return time 1/λ0 = 468 years; a self-excitement duration T=68 years; and most
remarkably, a mean offspring μ=0.14 were computed (Table 2, sixth row). Instead for the eastern sector
the computed values were 1/λ0 = 140 years, T= 352 years, and μ= 0.59 (Table 2, seventh row). For the western
sector it is significant that with 0.14 offspring eruptions in average, about 85% of the new clusters were trivial.
This clearly means that the clustering is not a main feature of this sector, whereas such feature is much stron-
ger in the eastern one.

A principal assumption of the above analyses was that the eruption record can be separated in three distinct
eruptive epochs. As it has been shown above such hypothesis is strongly supported by the nature of the data
set. Nevertheless, it was worth investigating the effect of the alternative hypothesis, i.e., to simply consider
the whole eruptive record as a unique period which included both the eruptive epochs and the periods of
quiescence. In this case, the results changed a lot (Table 2, eighth row): the base return time became
1/λ0 = 352 years, the self-excitement duration T= 337 years, and mean offspring μ= 0.45. Such a base return
time was much shorter than the duration of the quiescent periods as computed in section 6.1, thus confirm-
ing that the consideration of a single period is not supported by the strong nonhomogeneity of the data set.
Such an assumption was also applied to the western and eastern sectors separately. For the western sector
(Table 2, ninth row), the base return time calculation resulted in 1090 years, significantly more compatible
with the duration of the periods of quiescence. The self-excitement period (T= 112 years) and the mean off-
spring values (μ=0.19) also confirmed a low tendency to generate clusters. The results for the eastern sector
were quite similar to those of the whole caldera and confirmed the inadequacy of the above assumption for
this sector.

Figure 5. Cumulative volume erupted as a function of time separating the record between the western and eastern sectors
of the caldera during (a) Epoch I in blue, (b) Epoch II in red, (c) Epoch III in green, and then (d) during the entire record
considered (including Monte Nuovo in dark violet), assuming the described probability model. The bold line is the mean
value, the narrow line is the 50th percentile, and the dashed lines are the 5th and 95th percentiles of the epistemic
uncertainty.
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As mentioned previously, the reported average values of the model parameters are affected by a significant
uncertainty. Such uncertainty ranges can be expressed, for instance, by the two relative errors (5th percentile,
mean)/mean and (95th percentile, mean)/mean, expressed as percentages. For the base return time 1/λ0 such
ranges were approximately ±25–35% for Epoch III and for the three epochs considered together. The upper
boundof the ranges increased to about 50–60% for Epochs I and II and for the two separated sectors. The range
was instead reduced to about ±10–15% when the periods of quiescence were also included in the analysis
(although this hypothesis does not appear consistentwith the existence of the epochs). The uncertainty affect-
ing the self-excitement duration T was typically larger reaching about ±90–100%, often skewed toward the
higher values. It is also reduced to about ±45–55% when including the periods of quiescence. For the mean
offspring μ, the uncertainty range was about ±20–30% for Epoch III, but it increased to about ±35–45% when
considering the older epochs and to about ±60%when considering just the first part of the epochs. In general,
the uncertainty ranges reduced when considering longer periods and sequences of events. This occurred
because of the longer time window considered. Nevertheless, it should be noted that several of the above
describeddifferences between theparameters associated to thedifferent epochs, sectors, andanalysis periods
are much larger that their associated uncertainty ranges, making them significant.

6.3. The Effect of the Monte Nuovo Event

The analysis of the effect of the last event of CF, the Monte Nuovo eruption, is obviously of particular interest.
Through the new Cox-Hawkes model it was possible to quantify (1) the present probability of having an off-
spring of the Monte Nuovo event and (2) the likelihood of the last 478 years of quiescence (i.e., the time since
the MN eruption). Table 3 reports the residual probability, Qmn, of having in the future a second element of a
cluster generated by Monte Nuovo and the likelihood, Lmn, of not observing any other eruption anywhere in
the CF caldera for 478 years after Monte Nuovo, expressing their mean values and their 5th and 95th uncer-
tainty percentiles. In the table the estimates of these two variables are shown for the same cases assumed in
Table 2 and described in section 6.2 (with the only exception of the eastern sector case that is now not ana-
lyzed since the Monte Nuovo eruption occurred in the western sector). It should be noted that while the esti-
mate of Qmn concerns the forecast of a Monte Nuovo offspring, the estimate of Lmn is not a forecast but
instead represents how much the long period of quiescence observed after the Monte Nuovo eruption
was expected by the model. In the following, only the average values of the two variables are commented,
although, for some cases, they are affected by a significant epistemic uncertainty due to the partial knowl-
edge of the eruptive record (see section 4).

The probability Qmn of observing a second event of a cluster started by the Monte Nuovo event results in
about 3.8% relying on the record of Epoch I. Based on the data of this epoch, the likelihood Lmn of having
no eruptions in CF after Monte Nuovo for 478 years is also 3.8% (Table 3, first row). Both the probability
Qmn and the likelihood Lmn are almost null based on Epoch II (Table 3, second row). Based on Epoch III

Table 2. Base Return Time 1/λ0, Duration of the Self-Excitement T, and Mean Offspring of Each Event μ as Computed by the Probability Temporal Modela

Base Return Time Self-Excitement Duration Mean Offspring

1/λ0 (Years) T (Years) μ

Eruption Record/Statistics 5th Percentile Mean 95th Percentile 5th Percentile Mean 95th Percentile 5th Percentile Mean 95th Percentile

1 Epoch I 98 148 237 60 658 1320 0.14 0.30 0.43
2 Epoch II 43 63 94 3 101 304 0.13 0.23 0.36
3 Epoch III 80 106 142 11 96 196 0.30 0.42 0.50
4 Epochs I × II × III 82 105 140 48 189 435 0.26 0.41 0.59
5 Epochs Ia × II × IIIa 92 124 176 38 452 919 0.15 0.38 0.61
6 Epochs IW × IIW × IIIW 357 468 697 0 68 175 0.00 0.14 0.23
7 Epochs IE × IIE × IIIE 99 140 207 62 352 755 0.38 0.59 0.76
8 Epoch I *II *III *MN 303 352 404 152 337 480 0.38 0.45 0.51
9 Epoch IW *IIW *IIIW *MN 983 1090 1205 12 112 265 0.14 0.19 0.24

aMean values, 5th percentile, and 95th percentile are reported for each parameter. Maximum likelihood results refer to Epoch I (first row), Epoch II (second row),
and Epoch III records (third row) and also to the case of maximizing the product of likelihoods of the three epochs together (fourth row). Additional results are
shown considering just the first part of the epochs (fifth row), the western sector records (sixth row), the eastern sector records (seventh row), the merged record
including periods of quiescence (eighth row), and also the merged western sector records (ninth row).
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Qmn is again negligible, whereas the likelihood Lmn results 0.9%, about 4 times smaller than that based on
Epoch I (Table 3, third row). Considering all the three epochs together Qmn results about 0.3% and Lmn about
0.8% (Table 3, fourth row). The two estimates increase up to Qmn=2.5% and Lmn=1.8%, taking into account
the less intense activity characterizing the initial phases of the epochs (Table 3, fifth row). Finally, relying only
on the western sector record of the probability Qmn remains negligible, whereas the likelihood Lmn jumps up
to about 32.8%, indicating that the present long period of quiescence can be considered quite likely only if
based on the past activity of the western sector (Table 3, sixth row).

For completeness, as was done in the previous section, the two variables were also estimated considering the
entire eruptive record. Rejecting the separation in epochs, the probability Qmn results equal to 0.8% and the
likelihood Lmn to 16.4% (Table 3, seventh row). However, as mentioned above, Monte Nuovo occurred such a
long time after the end of Epoch III that not assuming its separation from that epoch implies the rebuttal in
the separation in epochs. In particular, by using the eruption rate computed for Epoch III the probability of
producing such a long repose time would be smaller than 10�12. Conversely, in case only the western record
is considered including the periods of quiescence,Qmn is again negligible but Lmn reaches values up to 53.5%
(Table 3, eighth row). In summary, the above results suggest that the probability of a future offspring of the
Monte Nuovo eruption is always below 4% in average and that the likelihood of having observed a quiescent
period of 478 years is significant (up to 30–50% in average) only if the western sector record is
assumed separately.

6.4. Probability Forecasts of the Next Eruption Time

The estimate of the next eruption time of CF is a very challenging goal, which relies on a large variety of data,
processes, and interpretations. Monitoring data have obviously a main role in any short-term forecast. In this
subsection the Cox-Hawkes model and the associated ML parameters above presented, based exclusively on
past eruptive record and its uncertainty, have been used to produce first long-term estimates of the time of
next eruption at CF. The doubly stochastic structure of the model permits again to separately quantify the
physical variability of the events from the epistemic uncertainty affecting the data. As a consequence the
values of each probability density function are themselves affected by uncertainty. Figure 6 reports the mean
and percentile curves of the eruption probability per year under the various assumptions discussed in the
previous subsections. The cumulative functions associated with such probability distributions are also
reported. All the estimates (except for the ones concerning the eastern sector separately) included the
residual self-excitement generated by the Monte Nuovo eruption, whereas the excitement coming from
previous eruptions was assumed negligible due to the long period of quiescence. All the curves correspond

Table 3. Probability Qmn of Monte Nuovo Eruption Producing the First Offspring Event After 478 Years and Likelihood
Lmn of Having 478 Years After an Eruption Without Observing Other Events Anywhere in the Caldera as Computed by
the Probability Temporal Modela

Eruption Record/Statistics

Probability of MN Offspring After
478 Years

Likelihood of 478 Years with No Events After
MN

Qmn Lmn

5th Percentile Mean 95th Percentile 5th Percentile Mean 95th Percentile

1 Epoch I 0.0% 3.8% 10.1% 0.6% 3.8% 10.5%
2 Epoch II 0.0% 0.0% 0.2% 0.0% 0.1% 0.5%
3 Epoch III 0.0% 0.0% 0.0% 0.2% 0.9% 2.3%
4 Epochs I × II × III 0.0% 0.3% 1.6% 0.2% 0.8% 2.2%
5 Epochs Ia × II × IIIa 0.0% 2.5% 8.5% 0.4% 1.8% 4.7%
6 Epochs IW × IIW × IIIW 0.0% 0.0% 0.0% 22.6% 32.8% 45.5%
7 Epoch I *II *III *MN 0.0% 0.8% 2.3% 13.2% 16.4% 19.8%
8 Epoch IW *IIW *IIIW *MN 0.0% 0.0% 0.1% 50.0% 53.5% 57.2%

aMean values, 5th percentile, and 95th percentile are reported for both parameters. Maximum likelihood results refer
to Epoch I (first row), Epoch II (second row), and Epoch III records (third row) and also to the case of maximizing the pro-
duct of likelihoods of the three epochs together (fourth row). Additional results are shown considering just the first part
of the epochs (fifth row), the western sector records (sixth row), the merged record including periods of quiescence
(seventh row), and also the merged western sector records (eighth row).
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to ML exponential distributions, but alternative nonparametric results coming from Gaussian kernel density
estimators produced fully consistent results.

Figure 6a illustrates the effects on the probability density function of the eruption probability per year of
different assumptions concerning the time window of the eruption record considered. Figure 6b reports
the associated cumulative functions. The three eruptive epochs assumed as independent samples, with
Monte Nuovo as the first event of a new epoch of activity (black curves), produced a mean time to the
next CF eruption of 103 years, with a physical variability ranging from 5 to 318 years, corresponding to
the 5th and 95th probability percentiles, respectively. Epistemic uncertainty due to inaccuracy of data was
quantified as ±20–35% of these values, skewed toward the higher values. Considering just the first part of
the epochs as discussed above (red curves) produced a slightly lower eruption rate: the mean time estimate
increased to 120 years with percentiles (5th and 95th) of the physical variability of 6 and 374 years. Epistemic
uncertainty increased to ±25–45%. Including the periods of quiescence in the eruptive record (purple curves)
produced 3 times longer, i.e., 346 years in mean with a physical variability from 18 to 1045 years (85th and
95th percentiles). In this case, the epistemic uncertainty reduced to ±15% due to the longer record.

In Figure 6b the probability of a new event in the next 10, 50, and 100 years was reported according to the
assumptions described above. The mean value is reported between the 5th and 95th uncertainty percentiles.

Figure 6. Probability forecasts of the time before the next eruption of CF, assuming maximum likelihood exponential dis-
tributions on the time samples of the described temporal model. The bold lines indicate (a and c) the mean probability
density functions per year and (b and d) the mean cumulative functions; the dashed lines in all the frames indicate the 5th
and 95th epistemic uncertainty percentiles of the values of the reported functions. The different colors correspond to the
alternative volcanological assumptions. In Figures 6a and 6b, the lines assuming different time records are shown, whereas
in Figures 6c and 6d, the lines referring to the western and eastern sector records are shown. In Figures 6a and 6c, the
values reported on the legend are the 5th percentile, the mean, and the 95th percentile with respect to epistemic
uncertainty (from top to bottom) and the 5th percentile, the mean value, and the 95th percentile of the physical variability
(from left to right). In Figures 6b and 6d, the values reported on the legend are the 5th percentile, the mean, and the 95th
percentile with respect to epistemic uncertainty (from left to right) of the probability of an eruption occurring in the next
10, 50, or 100 years (from top to bottom).
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In particular, in the next 50 years the probability of new event is [30.3%–38.2%–46.0%], considering the
eruptive record of the three epochs included together comprehensively (black curves). It decreases ~4%
considering only the first part of the epochs (red curves) and drops to [11.6%–13.5%–15.4%] if the periods
of quiescence are included (purple curves). It is remarkable that in the next 10 years the probability of a
new event reaches [7.0%–9.2%–11.6%] based on the three epochs of activity.

Figure 6c illustrates instead the effects on the probability density function of the eruption time forecast of the
separation between the western and eastern sectors of the caldera. Figure 6d reports the associated cumu-
lative functions. Considering only the eastern sector record during the three epochs (green curves) produced
amean time estimate of 133 years with variability from 7 to 420 years (corresponding to the 5th and 95th per-
centiles, respectively). The epistemic uncertainty was about ±30–55%, skewed to the higher values. In con-
trast, considering only the western record during the three epochs (light blue curves) raised the time
estimates of about 4 times, i.e., to 473 years for the mean value, with physical variability ranging from 24
to 1479 years (5th and 95th percentiles). Epistemic uncertainty was quantified as ±25–50% of these values,
again considerably skewed toward the higher values. Assuming the entire western record, i.e., including
the periods of quiescence (dark blue curves), additionally doubled the time estimates to 1082 years for the
mean, with variability ranging from 56 to 3255 years (5th and 95th percentiles). Epistemic uncertainty in this
case was reduced to ±10% on these values, because of the longer duration of the record.

Finally, different parameters were assumed for the western and eastern sectors in order to estimate the time
before the first eruption, i.e., the minimum time between two independent time samples for the separate sec-
tors. The results obtained (black curves in Figures 6c and 6d) were compatible with those of the model that
did not separate between the two sectors (black curves in Figures 6a and 6b): a mean time of 118 years with
physical variability from 6 to 369 years (5th and 95th percentiles). The epistemic uncertainty was ±25–45%.

In Figure 6d the probability of a new event in the next 10, 50, and 100 years is reported with the addi-
tional assumptions described. In particular, in the next 50 years the probability of a new event is
[21.2%–31.2%–40.6%], considering the eruptive rate only in the eastern sector (green curves). It decreases
to [6.9%–10.1%–13.1%], considering only the western sector instead (light blue curves), and it drops to
[4.1%–4.5%–5.0%] if the periods of quiescence are included in the western sector record (dark blue curves).

Amain finding of the above results is that the eastern sector has amuch higher eruptive rate than thewestern
sector. Through a simpleMonte Carlo sampling it is possible to estimate that the probability of having an erup-
tion in the eastern sector before one in thewesternone is [67%–78%–86%]. Such values havebeendetermined
byconsideringonly theeruptive recordsof thewestern record, althoughconsideringalso thequiescentperiods
provide not incompatible results. Such estimates appear also partially consistent with the values of Bevilacqua
et al. [2015] of having an eruption in the eastern sector of the caldera corresponding to [62%–66%–70%]. In this
latter case, the analysis also included the consideration of other properties of the caldera, such as the distribu-
tionof faults and fractures, that directly affected, togetherwith thedistributionof past vent locations, the prob-
ability of eruption in the two sectors, which were extended in the sea and the external caldera.

7. Summary and Concluding Remarks

In this study, a quantitative uncertainty model was developed to describe the eruptive record of CF caldera
and a long-term temporal probability model to describe its episodic and clustering nature. Both models refer
to the eruptive activity that occurred in the last 15 ka. The first model was able to account for the main uncer-
tainty sources affecting it, namely, the uncertain location of past vents, the uncertain age of events, and their
uncertain erupted volumes. Uncertainty on the order of some events was also considered.

Close inspection of the results as well as their graphical representation lead to the following main findings
derived from the uncertainty model:

1. Despite the remarkably different level of knowledge between Epochs I and III, and the longer duration of
the former, the two epochs show important similarities. These include an initially slow start of the activity
rate during approximately the first half of the epoch, followed by an increase of the eruptive rate in cor-
respondence of the largest event of the epoch. The activity rate then seems to decrease in the last part of
the epochs. Such a trend clearly emerges also from the analysis of the volume erupted in the two epochs
even considering the uncertainty range associated.
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2. Epoch II duration is significantly shorter than Epochs I and III, and such trends are less evident. Also, the
period of quiescence that separates it from Epoch I is significantly shorter than the others.

3. Specific analysis of eruptive activity as a function of spatial location clearly shows that eastern sector of the
caldera is characterized by an eruptive rate, in terms of both number of events and erupted volume, that is
remarkably larger than that of the western sector of the caldera.

With respect to the new temporal probability model of CF episodic volcanism, these are the main findings of
the analysis:

1. The double-stochastic Cox-Hawkes temporal model, once calibrated against the uncertain eruptive record
of CF, appears able to represent the main aspects of the space-time pattern of the past episodic volcan-
ism. In particular, the model is able to represent the spatial and temporal clustering of events within the
eruptive epochs. Average numbers of clusters of two or more events determined by the temporal prob-
ability model are 6, 1.3, and 5.5 for the Epochs I, II, and III, respectively. Such numbers are consistent with
the reconstructed record as well as with an independent cluster analysis carried out (see Appendix A).

2. The new temporal models allow computing the base return time, self-excitement duration, and mean off-
spring for each epoch as well as the all-comprehensive values for the three epochs treated as indepen-
dent events. Results show that the base return time of the three epochs is ~100 years with variability
from ~80 to ~140 years, given the record uncertainty considered and a combined approach including
the three epochs together. Such values are similar to those computed for Epoch III, whereas Epochs I
and II have return times of ~150 and ~60 years, respectively. The self-excitement duration including the
three epochs together is ~200 years, with Epoch I characterized by a significantly longer estimate than
the two more recent epochs. The mean offspring is 0.41 for the three epochs considered together with
the most recent epoch characterized by the higher values.

3. Consideration of the slower rate of activity observed in the first part of Epochs I and III increases the base
return time to ~120 years, the self-excitement duration to ~450 years, whereas the mean offspring
remains almost unchanged.

4. In contrast, major differences emerge between the behavior of the western and eastern sectors of the cal-
dera as defined in Figure 1. The eastern sector results to be characterized by a base return time of
~140 years, against the ~470 years of the western sector; a self-excitement duration of ~350 years, against
the ~70 years; and a mean offspring of 0.59, against a value of 0.14. Such values indicate a much more
intense eruptive regime in the eastern sector of the caldera, which results also characterized by a remark-
ably more clustered distribution of the events.

5. The assumption of rejecting the subdivision of the record in three epochs of activity, i.e., assuming the
inclusion of the quiescence periods in the analysis, provides significantly different results with respect
to those reported above considering the caldera as a whole. The base return time increase from
~100 years to ~350 years, the self-excitement duration from ~200 years to ~340 years, whereas the mean
offspring increases just slightly. However, such an assumption is not supported by the significant concen-
tration of volcanic events during the three epochs. In contrast, the changes are significantly lower if such
an assumption would be applied to the western sector of the caldera only. In this case, the base return
time would increase from ~470 years to ~1100 years and the self-excitement duration from ~70 to
~110 years. Such values also indicate that the eruptive rate and clustering effects were remarkably lower
in the western sector of the caldera.

6. All previous results come with quantified uncertainty ranges because of the epistemic uncertainty affect-
ing past record (in terms of time, order, and location of the events). In general, there is an uncertainty of
about ±30–40% concerning the base return time and the mean offspring of Epoch III with respect to the
comprehensive results including the three epochs together. Much larger uncertainties, above about
±90%, affect the self-excitement duration. Uncertainties are in general reduced including the periods of
quiescence and are increased considering the various subrecords.

Finally, with respect to the role of the Monte Nuovo eruption and the long-term probability of the next event
at CF the application of the new temporal model leads to the following findings:

1. Based on the estimated duration of the self-excitement duration with respect to the three epochs of
activity comprehensively, the probability that Monte Nuovo will have an offspring was estimated equal
to 0.3% in average, rising up to 2.5% with the consideration of the slower eruptive rate that characterized
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the beginning of the three epochs. Similarly, the probability to have observed 478 years of quiescence
after the Monte Nuovo event was estimated equal to 0.8% in average, rising up to 1.8% considering
the slower initial rate of the epochs. However, such a value would drastically increase up to ~33% if the
western sector is considered separately and up to ~53% if the western sector record also includes the
periods of quiescence between the epochs.

2. By assuming that Monte Nuovo represents the start of a new epoch of activity, and by considering the
caldera as a whole, the average time to the next eruptive event of CF is on the order of ~100–120 years,
with the 5th and 95th percentiles of physical variability corresponding to 5 and ~350 years, respectively.
These estimates are consistent with those of the base return periods reported above under the same
assumptions. Such values need to be multiplied by about a factor of 3 in case of consideration of the
periods of quiescence between the epochs, although such assumption appears in contrast with the epoch
structure.

3. Distinction between the western and eastern sectors of the caldera provides remarkably different average
return times for the events. The western sector is characterized by a return time of ~470 years, whereas
the eastern sector by a return period of ~130 years. The 5th and 95th percentiles values of such physical
variability of the events correspond to 24 and ~1480 years, respectively, for the western sector, and 7 and
~420 years, respectively, for the eastern sector. This implies a 78%mean probability of having an eruption
in the eastern sector of the caldera against a mean probability of 22% of having an eruption in the western
sector (again assuming that Monte Nuovo started a new epoch of activity). As a consequence, separate
analyses of the two sectors of the caldera would be more appropriate for hazard assessment purposes.

4. The long-term probability of a new event occurring in the next 50 years has been calculated as ~38% in
average. Considering only the first part of the epochs produces probability estimates ~4% lower.
Considering separately the eastern and the western sectors of the caldera produces estimates of ~31%
and of ~13%, respectively. Including the periods of quiescence in the records reduces such estimates of
more than a half. Even in the next 10 years the probability estimates of having an eruptive event are ~9%.

5. Uncertainty ranges on the above time estimates are up to ~50% of the reported values. Uncertainty
ranges for the probabilities of a new event in the considered time intervals are up to ~30% of the average
estimates. They are not able to substantially change the general trends described.

The above reported outcomes of the temporal model of CF episodic volcanism have the aim to provide first
long-term estimates of the eruptive rate of the caldera. The samemodel has been used to investigate the pre-
sent influence of the Monte Nuovo event and to quantify the time to the next eruption, assuming that it
represented the start of a new epoch. Such estimates account for the uncertain temporal and spatial records
of the caldera and are uniquely based on the available data. No assumption on the nature and dynamics of
the underlying volcanic processes has been included in the analysis presented here. Such a development
represents the natural follow-up of this study in order to produce a more complete understanding of CF
volcanism. Nevertheless, based on the outcomes of this study, it appears of the main importance to improve
the available tephrochronology data set, with specific reference to that of Epoch I and those of the initial
periods of activity of the epochs. Such a progress will likely allow further improvement of the description
of the temporal and spatial eruptive behavior of the CF caldera as well as the forecasts of its future evolution.

Appendix A: Cluster Recognition With Uncertainty
The problem of cluster recognition within the space-time random samples of past eruptions was also coped
with a formal partitioning method, obtaining results which were largely consistent with the qualitative and
quantitative outcomes presented in the text. In the following, the application of the PAM algorithm, imple-
mented in a Monte Carlo simulation which reproduced the epistemic uncertainty affecting the past eruptive
record, is presented.

The PAM method is based on the k-medoids partitioning scheme [see Theodoridis and Koutroumbas, 2009].
Let X be a set of points on which is defined an index of dissimilarity, i.e., a pairwise positive function f that
measures how much the pairs of points must be assumed distant in the partitioning scheme. It has to be a
semimetric at least. Once it is chosen the total number k of clusters, the PAM permits to obtain a partition
of the points in k subsets, each one representing a potential cluster. This number k has not the samemeaning
of the parameter k in the Hawkes intensity function expression reported in the text. The PAMmethod aims at
minimizing the distance between points labeled to be in a cluster and a point designated as the center of that
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cluster. In this study the method was applied to the space-time random samples of past eruptions during a
specific epoch of activity, defining the index of dissimilarity as the Euclidean distance in three dimensions:
two of them associated with the space coordinates of the eruptions and the third one to the time sequence.
The three axes were normalized such that the duration of the epoch matched the geographical size of the
spatial domain.

The choice of the number k of the clusters is the key point, and it was decided analyzing the silhouettes of the
points [e.g., Rousseeuw, 1987; Ester and Sander, 2000]. Let (Pi)i = 1,…,n be a finite partition of X, each subset in
the partition representing a potential nontrivial cluster of points, or it is a singleton (i.e., includes only one ele-
ment). Then, the silhouette function S for each point x ϵ X is defined as

S xð Þ ¼ 0 if x belongs to a singleton;

S xð Þ ¼ b xð Þ–a xð Þ½ �=max a xð Þ; b xð Þf g otherwise

where a(x) is the average dissimilarity of x with the other points of the subset which it belongs to and b(x) is
the lowest of the average dissimilarities of x with the points of each other subset in the partition. The silhou-
ette is an index between �1 and 1, expressing if the partition well matches the clustering of the considered
point with the others, with respect to the assumed dissimilarity function. A silhouette S(x) close to �1 means
that the point should be assigned to another cluster and a silhouette close to 1 means that the point is well
matched with its cluster. The average silhouette over all the points of a cluster is a measure of how tightly
grouped they are. Thus, the average silhouette over all points of X is a measure of how appropriately the data
have been clustered.

Figure A1. PAM cluster analysis results concerning Epoch III. (a) The silhouette values as a function of the number k of
clusters assumed are reported. In the small box the number of not singletons as a function of k is reported. (b and c)
The two-dimensional visualizations of the recognized clusters on a pair of random data samples are shown. On the right, a
legend of the eruption names and their potential clustering partition is reported, in blue the uncertain assignments and in
red the most variable events.
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In Figure A1 the results of the silhouette analysis and the visualization of the obtained k clusters on a pair of
random samples of the records of Epoch III were reported; similar figures concerning Epoch I and Epoch II are
included in the supporting information. The two-dimensional plots of the clusters were reported with respect
to the principal components of the sample sets, i.e., the eigenvectors of the maximum eigenvalues of their
covariance matrices.

In particular, the 5th percentile, mean value, and 95th percentile of the silhouettes were calculated as
functions of the number k, through a Monte Carlo simulation sampling the sources of epistemic uncertainty
(both spatial and temporal—2500 samples). Moreover, other plots were also obtained for the total number of
not singletons. This additional information permitted to explore if the increasing of k implied the detachment
of a new singleton or the break of a big clusters in smaller ones. The number k was chosen close to a local
maximum of the mean silhouette plot and the absolute maximum of not-singleton mean number. In particu-
lar, it was k=12 for Epoch I, k=3 for Epoch II, and k=10 for Epoch III. Looking at the plots, these values
implied a number of [8–9.2–11], [2–2.7–3], and [4–4.8–6] not-singletons clusters, respectively, which were
consistent with the intervals in Table 2 (see also supporting information).

Looking also at Figures 1 and 2 of the main text, in the Epoch I sample it was possible to identify some of the
clusters just qualitatively in the sequences of Soccavo zone, Pisani, and Astroni-Agnano, although the latter
was very uncertain spatially. Also, Epoch II may have presented very small clusters of couples or triplets of
eruptions (spatially evident in Figure 1). In both these epochs such description was consistent with the results
of PAM analysis, but the epistemic uncertainty overwhelmed any more detailed description. During Epoch III,
by visual inspection of Figure 2 it is natural to identify three space clusters in space-time in the zones of
Agnano, Solfatara, and Astroni, plus a cloud of reasonably homogeneous background points. Such qualitative
estimates are again consistent with those obtained from the PAM analysis.

Appendix B: Sensitivity Analysis of Results on the Spatial Partitioning Methods

In Bevilacqua et al. [2015] a method about the spatial representation of past vents is presented, in particular
on the assignment of the events to one (sometimes randomly chosen) zone of the caldera, which was pre-
viously partitioned in a number of distinct zones. Such partitioning was based on heterogeneous sources
of information coming from deposits, tectonics, andmorphology. Although it permitted a thorough adoption
of the available knowledge of the caldera, it could be an obstacle to the application of the presented method
to other volcanoes. Moreover, it could be a possible source of model ambiguity, in case other experts would
not agree with some partitioning details and these details have a not negligible influence on the results.

For these motivations and for makingmore robust the described results, an additional sensitivity analysis was
accomplished to show that some reasonable partitioningmodifications do not produce substantial ambiguity.
In detail, two different alternative approaches were adopted for separating the spatial clusters of past vents of
the last 15 ka, i.e., formodifying the zones of the caldera that correspondwith the components of themultivari-
ate Cox-Hawkes process. First, it was assumed a very simple rule for separating the spatial clusters: each new
ventwas assigned to the closerpreviouslydefinedclusterwhichwas less thand=1.5 kmdistant; if no such clus-
ter exists, thenan additional cluster is defined just for thenewvent. The secondapproachwas thePAMmethod
applied to the spatial record of past events, without including time and assuming a number of clusters k=12.

Both these alternativemethods included a parameter: the distance threshold d for the first and the number of
clusters k for the second. They were chosen relying on themain aspects of spatial locations pattern: d= 1.5 km
was a proxy for the distance which separated the previous spatial clusters (it was the scale of the radius of the
zones of the original caldera partition); k=12 was a proxy for the number of the past spatial clusters (it was
the number of the zones of the original caldera partition which included at least one event in the last 15 ka).
The results were not strongly sensitive on small variations of these parameters.

The methods were applied on the centers of the uncertainty ellipses of past vents and then also on random
locations each uniformly sampled inside one of the ellipses. The Monte Carlo simulation was modified for
including this additional source of epistemic uncertainty in the results. The visualization of an example of
the recognized spatial clusters applying the PAM method on random locations is included in the supporting
information, showing the correspondence with the original caldera partition. In Table B1 base return time
1/λ0, duration of the self-excitement T, and mean offspring of each event μ as computed by the probability
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temporal model according to the two spatial zonation methods alternative to the caldera partition adopted
in the study are reported. The original results were also reported as reference.

In general, the uncertainty bounds of the parameters were well consistent with their original estimates. The
Epoch III results were the most robust, confirming the reduced uncertainty affecting this part of the record.
The first two epochs presented a few variations but always limited to some of the alternative results.
Concerning the self-excitement duration T during Epoch I, the PAM method applied to the centers of the
ellipses produced the best matching results with the original estimates: in the other cases T increased up
from 50% to 100% depending on the method. In Epoch II, the two methods applied to the center of ellipses
confirmed the original estimates, but when considering the randomly sampled vent locations, the mean
value and the 5th percentile bound of the mean offspring μ decreased and the latter reached zero: the esti-
mates of T reported in the table are limited to the samples with positive μ.

The results including the three epochs together were much more robust for all the three parameters, show-
ing only a small increase of the self-excitement duration and a moderate enlargement of its uncertainty
bounds. This increased the probability Qmn of having in the future a second element of a cluster generated
by Monte Nuovo of about 3 times to [0.0%–1.0%–4.0%] in the best matching case with the original results but
had negligible effects on the probability forecasts of the next eruption time.
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Table B1. Base Return Time 1/λ0, Duration of the Self-Excitement T, and Mean Offspring of Each Event μ as Computed by the Probability Temporal Model by
Adopting Spatial Zonation Methods Alternative to the Caldera Partitioninga

Base Return Time Self-Excitement Duration Mean Offspring

1/λ0 (Years) T (Years) μ

Eruption Record/Statistics
5th

Percentile Mean
95th

Percentile
5th

Percentile Mean
95th

Percentile
5th

Percentile Mean
95th

Percentile

1 Epoch I Caldera partition 98 148 237 60 658 1320 0.14 0.30 0.43
2 Distance, centers of ellipses 103 161 260 200 1201 1880 0.20 0.37 0.47
3 Distance, random sampling 94 148 242 75 949 1695 0.11 0.31 0.45
4 PAM, centers of ellipses 96 149 240 100 773 1330 0.15 0.32 0.43
5 PAM, random sampling 93 142 232 65 918 1930 0.11 0.28 0.42

1 Epoch II Caldera partition 43 63 94 3 101 304 0.13 0.23 0.36
2 Distance, centers of ellipses 46 69 109 3 108 304 0.14 0.32 0.49
3 Distance, random sampling 39 57 85 3 106 430 0.00 0.09 0.32
4 PAM, centers of ellipses 42 63 96 3 103 310 0.12 0.25 0.38
5 PAM, random sampling 42 62 92 3 109 377 0.00 0.20 0.36

1 Epoch III Caldera partition 80 106 142 11 96 196 0.30 0.42 0.50
2 Distance, centers of ellipses 76 100 133 9 85 170 0.29 0.38 0.45
3 Distance, random sampling 73 98 135 9 96 206 0.25 0.37 0.47
4 PAM, centers of ellipses 75 97 126 12 97 195 0.25 0.36 0.42
5 PAM, random sampling 75 97 129 12 96 208 0.26 0.37 0.45

1 Epochs I × II × III Caldera partition 82 105 140 48 189 435 0.26 0.41 0.59
2 Distance, centers of ellipses 81 105 145 38 232 608 0.25 0.41 0.60
3 Distance, random sampling 76 99 137 28 267 973 0.20 0.37 0.59
4 PAM, centers of ellipses 79 102 140 48 242 685 0.24 0.39 0.60
5 PAM, random sampling 77 99 134 38 233 723 0.21 0.37 0.59

aMean values, 5th percentile, and 95th percentile are reported for each parameter. A distance threshold method with d = 1.5 km and PAM with k = 12 were
applied to the centers of the uncertainty ellipses reported in Figure 1 and to random locations uniformly sampled inside them. The results obtained by adopting
the caldera partition of Bevilacqua et al. [2015] used in study were also reported. Maximum likelihood results refer to Epoch I (first part), Epoch II (second part), and
Epoch III records (third part) and also to the case of maximizing the product of likelihoods of the three epochs together (fourth part).
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