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Abstract Among scoring methods employed to determine the performance of
probability predictions, the log-likelihood method is the most common and useful.
Although the log-likelihood score evaluates the comprehensive power of forecasts,
we need to further evaluate the topical predictive powers of respective factors of seis-
micity, such as total numbers, occurrence times, locations, and magnitudes. For this
purpose, we used the conditional- or marginal-likelihood function based on the ob-
served events. Such topical scores reveal both strengths and weaknesses of a forecast-
ing model and suggest the necessary improvements. We applied these scores to the
probability forecasts during the devastating period of March 2011, during which the
Mw 9.0 Off the Pacific Coast of Tohoku-Oki earthquake struck. However, the eval-
uations did not suggest that any of the prospective forecast models were consistently
satisfactory. Hence, we undertook two additional types of retrospective forecasting
experiments to investigate the reasons, including the possibility that the seismicity
rate pattern has changed after the M 9 mega-earthquake. In addition, our experiments
revealed a technical difficulty in the one-day forecasting protocol adopted by the
Collaboratory for the Study of Earthquake Predictability (CSEP). Results of further
experiments lead us to recommend specific modifications to the CSEP protocols, lead-
ing to real-time forecasts and their evaluations.

Introduction

The evaluation method for the probabilistic forecasting
of earthquake occurrences by the log-likelihood function has
been previously proposed, discussed, and implemented
(compare Kagan and Jackson, 1995; Ogata, 1995; Ogata
et al., 1996; Vere-Jones, 1998; Harte and Vere-Jones, 2005;
Schorlemmer et al., 2007). In some such studies, the evalu-
ation score has been called entropy, which is basically similar
to the log-likelihood score. Currently, the evaluations of
earthquake forecasts have been conducted to promote better
seismicity models and are performed by the comparison
of forecasting performance. The international partnership
Collaboratory for the Study of Earthquake Predictability
(CSEP; Jordan, 2006; Zechar, et al., 2010) evaluates the
performances of submitted forecasts of respective regions.
This project has a similar framework to the California Re-
gional Earthquake Likelihood Models project (Field, 2007).

The likelihood-ratio test is a primary measure that is
commonly used by CSEP testing centers to compare evalu-
ations between two forecasts. The statistical significance of
the evaluation scores is assessed on the basis of the uncer-

tainty distributions due to simulation experiments by the
forecasting models (Schorlemmer et al., 2007; Zechar, et al.,
2010) or their approximations (Imoto and Rhoades, 2010;
Imoto et al., 2011; Rhoades et al., 2011). The other tests
for the model components, such as magnitude and space
tests, are performed in a similar manner.

However, evaluations of time-dependent forecasts re-
quire highly intensive computations due to complex testing
procedures. It has been demonstrated that these likelihood-
ratio tests assume that each of the models is true in order to
test the others. Therefore, the conventional log-likelihood-
ratio test theory cannot be applied because of the non-nested
situation. In fact, any model may be false or incorrect but can
be assumed to be an approximation to the truth.

In this study, we assume that the forecasting models are
generally incorrect. We then compare forecasting perfor-
mance by comparing log-likelihood scores to measure the
quality of the model. The log-likelihood score measures the
prediction performance that follows from the original con-
cept of the relative entropy (Boltzmann, 1877, 1878), as
subsequently explained. Similarly, we separately evaluate the
forecasting performance of each component in terms of
space, time, and magnitude. For this purpose, we compare
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the marginal likelihood of each component. These scores are
adopted as an alternative method to the statistical-testing
procedures proposed in Werner et al. (2010) and Zechar,
et al. (2010).

To illustrate the proposed scores, we first used the results
of several prospective one-day forecasts that have been sub-
mitted to the ongoing CSEP Japan experiments (Nanjo et al.,
2011). Nanjo et al. (2012) evaluated the partial results in the
20-day period before and after theM 9 earthquake, following
the CSEP evaluation procedure. All the one-day forecasts
were given for predicting earthquakes ofM ≥4 for the entire
Japan region, as required by the CSEP Japan protocol. How-
ever, we restricted the evaluations to M ≥5 earthquake fore-
casts, similar to that done by Nanjo et al. (2012), due to
incomplete detection of aftershocks after theM 9 mainshock.

We evaluated the prospective forecasts from 1 to 31
March 2011, as well as two types of retrospective forecasts
during the same period, to examine the reasons of apparent
unexpected results of the prospective forecast. Before the
M 9 event, conspicuously active foreshocks were observed.
Furthermore, using the point-process log-likelihood method,
we proposed and demonstrated the conditional-intensity-
based forecasts in continuous time and their evaluations.
These may be an alternative of the CSEP protocol in cases
that involve time-dependent forecasts and evaluations.

Evaluation of Predictive Powers

The CSEP protocol requires forecasting probabilities of
earthquakes at all prescribed discrete bins of time, space, and
magnitude. Hence, modelers calculate the probabilities of
earthquakes in each bin using their proposed forecasting
models. When an earthquake occurs, the CSEP testing centers
add a unit in the corresponding bin for the data to evaluate the
forecasting performance. Because the CSEP evaluation pro-
tocol assumes the independency between different space–
time–magnitude bins, we also assume the independency
when calculating the error estimates of the log likelihoods of
current forecasting models. Table 1 illustrates the setup used
to derive the proposing scores. Let the forecast probabilities
be fp1; p2;…; pKg, at the respective bins fk � 1; 2;…; Kg,
where

P
kpk � 1. Then, let the respective outcomes be

fδ1; δ2;…; δKg, where δk � 0; 1; 2;…; indicates the number
of earthquakes that occurred in each bin k.

The likelihood of a model is proportional to a probabil-
ity that the simulated sample distribution from a model will
realize the frequency of observations. Boltzmann (1878) cal-
culated the probability that the observed relative frequencies
can be realized from the forecast probabilities. Let L�pjν� be
the probability that the model p � �p1; p2; p3;…; pK� real-
izes the frequency data ν � �ν1; ν2; ν3;…; νK�. Then,

L�pjν� � n!
n1!n2!n3!…nK!

pn1
1 pn2

2 pn3
3 …pnK

K

≈ const: × e
N
P
k

νk ln
pk
νk ; (1)

by using the de Moivre–Stirling approximation for the fac-
torials, n!≈ �n=e�n ���������

2πn
p

.
The exponent of L�pjν� is the well-known relative en-

tropy that is related to the log likelihood. Therefore, we refer
to L�pjν� as the likelihood of the model p given the dataset
ν. The likelihood score L�pjν� measures the probability of
the realization of forecasting p by data ν. That is, if the like-
lihood score of a forecast is two times that of another fore-
cast, it means that the forecast was twice as likely to correctly
guess earthquake occurrences compared with the other. If we
have a number of competing models p�1�; p�2�;…; p�M�, then
their likelihoods are normalized as ~L�p�m�jν� � L�p�m�jν�=P

M
m�1 L�p�m�jν� for the interpretation of the probability.
In general, we compare the forecasting performance by

directly comparing the log-likelihood scores, logL�xjy�.
Here, y is the data for the model estimation and forecast, and
x is the data of outcomes. The log-likelihood score is an es-
timate of the relative entropy, Ex�logL�xjy��, where the ex-
pectation is taken with respect to the underlying, or true,
occurrence stochastic law of the realized data x. It is inter-
esting to note that the same concept was derived by the
Akaike information criterion (AIC; Akaike, 1973, 1974,
1985), which selects better models from the predictive view-
point using the available present data y in cases in which
future datasets are not available, and the likelihood of the
models m � 1; 2;…;M is similarly understood by the nor-
malization of the likelihood expf−AICk=2g.

Therefore, in this study, we compare the forecasting per-
formance that uses the realized data by directly comparing
comprehensive and topical scores and employing the loga-
rithms of likelihood, conditional likelihood, and marginal
likelihood.

Scores and their Error Estimates

All the models considered in this study are history-
dependent point processes, including various space–time
epidemic-type aftershock sequence (ETAS) models, and their
likelihood functions can be described in a continuous space
as given in Appendix B. However, the CSEP testing centers
assume that the number of earthquakes in discrete time–
space–magnitude bins Δ of the size of 1 day × 0.01 square
degree × 0.1 magnitude unit is Poisson random variables.

Table 1
Probability Forecasts and Realizations

Bins 1 2 3 … K Sums

Forecast
probabilities

p1 p2 p3 … pK
P

kpk � 1, pk > 0

Number of
earthquakes

n1 n2 n3 … nK
P

knk � N, nk ≥ 0

Relative
frequencies

ν1 ν2 ν3 … νK
P

kνk � 1,
νk � nk=N
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Therefore, their comprehensive scores are based on the Pois-
son log likelihood, and their error estimates can be given by
using the independency assumption between bins. These are
briefly described below and are listed in Table 2 with the
variances of uncertainty; the details and derivations are
described in Appendix A.

Poisson Likelihood for Comprehensive
Forecasting Evaluation

Suppose that δk is the number of earthquakes occurring
in a time–space–magnitude bin k. The CSEP testing centers
assume that for earthquakes, such outcomes are given by the
independent Poisson distributions with the expected number
of earthquakes on the kth bin,pk � λkΔ with an occurrence
rate λk. If pk < 1, pk can be interpreted as the probability of
earthquake occurrence. Suppose that we have observed a to-
tal number of earthquakes N at time–space–magnitude coor-
dinates �tn; xn; yn;Mn�; n � 1; 2;…; N, during a period.
Then, the log likelihood is given by

lnL�p� �
XK
k�0

fδk lnpk − ln δk! − pkg

≈XN
n�1

lnp�tn; xn; yn;Mn� −
XK
k�1

pk; (2)

where p�t; x; y;M� represents the probability of the bin k in
which the time–space–magnitude coordinate of the earth-
quake �t; x; y;M� is included. The uncertainty of the score
lnL�p� can be approximated by

Var lnL�p�≈XK
k�1

pk ln2 pk;

ignoring the very small probability of multiple earthquakes
occurring in the same bin.

Topical Scores and their Error Estimates

The probability of the total number of earthquakes in the
entire volume becoming n events can be expressed as πn �
Λne−Λ=n!, where Λ � P

K
k�1 pk represents the expected total

number of earthquakes. Therefore, its variance is Λ, and the
standard error is

����
Λ

p
.

The following scores focus on the evaluations of fore-
cast locations, occurrence times, and magnitudes of earth-
quakes, neglecting the forecast number of earthquakes.
Suppose that we have observed a total number of earth-
quakesN at �tn; xn; yn;Mn�; n � 1; 2;…; N, during a period.
Then, the forecast number of earthquakes pk at each bin k �
�l; i; j; m� is compensated by ~pk � p�l; i; j; m�=Λ × N in
such a way that the total sum of ~pk over all the bins becomes
N. Let the compensated probability at the bin be ~p�t; x; y;M�,
including an earthquake coordinate �t; x; y;M�. Then, we
have the log-likelihood score and the error estimate, as shown
in Table 2. Similarly, we define the compensated probabilities
at marginal bins in time–space, space, and time. Thus, their
log-likelihood scores and the error estimates are as given in
Table 2. For further details, see Appendix A.

The magnitudes of earthquakes in most hypocenter
catalogs are defined in discrete units of magnitude due to
rounding-off values. Although they can be represented by
general-probability distributions, if we assume the Gutenberg–
Richter (G-R) law for magnitude distribution, the coefficient
b-value may depend on locations (e.g., Ogata and Katsura,
1993) or on earthquake histories (Ogata, 1989).

Forecasting Models

Here, we consider the six submitted forecast models, in
addition to UNIFORM as the reference model. These six
models are variants of the space–time ETAS model (Ogata,
1998) and consist of a time-independent background and
triggering components, specified by a conditional function

λ�t; x; y;MjHt� �
�
μ�x; y��

X
ti<t

g�t− ti; x− xi; y− yi;Mi�
�

× π�Mjx; y�: (3)

Both the ERS and ETES models (Falcone et al., 2010)
are space–time extensions of the ETAS model. The ERS
model has a spatial-response function based on the rate/state
friction law of Dieterich (1994), where the stress change

Table 2
Summary of Scores for Forecasting Probabilities and Error Variances

Scores Log Likelihood Error Variance Estimate

Comprehensive
PN

n�1 lnp�tn; xn; yn;Mn� − Λ
P

K
k�1 pk ln2 pk

Number N lnΛ − Λ − lnN! Λ
Time–space–magnitude

PN
n�1 ln ~p�tn; xn; yn;Mn� − N

PK
k�1 ~pk ln2 ~pk

Time–space
P

N
n�1 ln ~p�tn; xn; yn� − N

P
l

P
i

P
j ~pl;i;j ln2 ~pl;i;j

Space
P

N
n�1 ln ~p�xn; yn� − N

P
i

P
j ~pi;j ln2 ~pi;j

Time
P

N
n�1 ln ~p�tn� − N

P
l ~pl ln2 ~pl

Magnitude
P

N
n�1 lnβ�xn; yn� − β�xn; yn� ~Mn N

See Appendix A for the details including the derivation in this table.
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is assumed to be positive depending on the magnitude of
the triggering earthquake. The ETES model has a simpler
spatial-response function with an inverse-power decaying
rate in distance. Another difference between the ERS and
ETES models is in the time distribution of the triggered ac-
tivity, as the first model is based on Dieterich’s state-and-rate
law and the second one is based on the Omori–Utsu law. The
ETASZH1 and ETASZH2 models (Zhuang, 2011) also deal
with location-independent model parameters. The ETASZH1
model is the same as the model referred to as ETAS in Nanjo
et al. (2012), as is ETASZH2. However, ETASZH2 contains
revised parameter values for this study, in particular, the nar-
rower bandwidth parameters of the kernel functions for
evaluating the forecasts by smoothing simulated seismicity.
In contrast to the above models, two variants of the hier-
archal space–time-epidemic-type aftershock sequence (HIST-
ETAS) model (HISTETAS5pa and HISTETAS7pa) were
developed to deal with anisotropic clustering in space and
to use location-dependent model parameters (Ogata, 2011).
The difference between these two variants is that the
HISTETAS7pa model only has two location-dependent
parameters—the background parameter μ and the aftershock
productivity parameter K—whereas the HISTETAS5pa mod-
el also has location-dependent parameters α, p, and q. The
differences among the models are summarized in Table 3.

All models incorporate the G-R law (Gutenberg and
Richter, 1944) for forecasting magnitudes. The HIST-ETAS
models take the conditional probability π�Mjx; y� �
β�x; y�e−β�x;y� ~M with ~M � M −Mcutoff and β�x; y� �
b�x; y� ln 10, but the ETES, ERS, ETASZH1, and ETASZH2
models take location-independent b-values; that is, they take
the same value throughout all of Japan using the maximum
likelihood estimate.

In addition to the above models, the stationary space–
time Poisson model (UNIFORM) is considered for the
reference forecast. With regards to the magnitude-frequency
distribution, this takes the G-R distribution with the location-
independent b-value of the maximum likelihood estimate.

Results, their Interpretations, and Suggestions

Here we evaluate and examine the prospective forecasts
and two types of retrospective forecasts during March 2011.
Prior to theM 9 earthquake, conspicuously active foreshocks
were observed. The 9 March 2011 Mw 7.3 earthquake was
the largest. Three M ≥7 aftershocks occurred on the same
day of the M 9 mainshock. The spatial distribution of after-
shocks was spread over an unprecedented broad area of
∼500 km in length and 200 km in width. Many strong earth-
quakes were also triggered in and around the Tohoku District
and central Japan.

Evaluations of the Prospective Forecasts

All of the forecasts followed the protocol of the Japan
CSEP experiment (Nanjo et al., 2011) for the one-day forecast

applied to the Japan testing region. That is, a model forecasts
the probability of an earthquake at each space–time–
magnitude bin. Here, for a bin, the spatial region is discretized
with a spacing of 0.1°, one-day time windows start at mid-
night, and the magnitude is discretized to 0.1 unit steps in
the 5 ≤ M ≤ 9:9 range. The one-day forecast time window
started at midnight of 1 November 2009.

In these prospective forecasts, the learning period of the
HISTETAS5pa and HISTETAS7pa was from October 1997
to October 2009, whereas that of the ETASZH1, ETASZH2,
ERS, and ETES models was significantly longer—from
1965 to October 2009. Then, no updating of the parameters
was allowed after November 2009. Figure 1a–g shows the
evaluation scores of the six forecasts relative to those of
the UNIFORM forecast during March 2011.

Figure 1a shows the full log-likelihood score as the com-
prehensive performance of the one-day forecast in number–
space–time–magnitude during the month. By considering the
score errors, the performance of the one-day forecasts by
the HIST-ETAS7pa models was seemingly worse than the
others.

The topical performances of the respective forecasts are
as follows. Except for the ETES model, all the models sub-
stantially underestimated the total number of earthquakes
(433 events) during the period (see Fig. 1b). Conversely,
the ETES model predicted the worst forecast both in
space–time–magnitude distribution (see Fig. 1c) and in
space–time distribution (see Fig. 1d). Figure 1e shows that
the HIST-ETAS7pa and HIST-ETAS5pa models provided a
forecast significantly better in the marginal space distribution
during the month compared with other models. In contrast,
the one-day S-tests results by Nanjo et al. (2012), which is
equivalent to the space score in Table 2 for each day, pro-
vided a completely opposite evaluation. The inconsistent
evaluations are attributed to the CSEP one-day forecast pro-
tocol, and these issues will be discussed below. Figure 1f
shows that the forecast provided by the HIST-ETAS7pa
and HIST-ETAS5pa models in marginal time distribution
throughout all of Japan was better than that provided by
the others. Here, it is interesting to note that Figure 1f shows
that the forecast by the four models in the marginal distribu-
tion in time is worse than that of the uniform. This is mainly
due to their extremely low-rate forecasts on the days of the
M 9 mainshock and the M 7 class foreshock. Because of the
CSEP one-day forecast protocol, which, in turn, inevitably
ignored immediately triggered aftershocks on the same
day. This subsequently affected those that occurred within
days of the M 9 event and large aftershocks and foreshocks.
Finally, Figure 1g shows that the magnitude distribution fore-
cast of all models was performed in a similar manner due to
the G-R law.

Figure 2a,b shows the one-day forecast performances
for each day of March 2011. Figure 2a shows the daily num-
ber forecasts. Figure 2b shows the mean log-likelihood ratio
per earthquake relative to the UNIFORM forecast for each
day. Figure 2a shows that the forecasts by the other models,
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with the exception of the ETES, significantly underestimated
the number of earthquakes that had occurred during the
period of foreshocks, the mainshock, and the early part of
the aftershock activity. Figure 2a also indicates that the num-
ber of earthquakes forecast by the ETES was overestimated
during the latter half of the month; the reason for the under-
estimated number of aftershocks will be examined in the next
section.

The time series of the observed earthquakes in Figure 2a
appears to be proportionally similar to those forecast by
the HIST-ETAS7pa and HIST-ETAS5pa models, implying
similar p-values of the aftershock decay; this is why their
forecasts performed best in time distribution, as shown in
Figure 1f. From Figure 2b, the daily forecasts by ETASZH1
and ETASZH2 models appear to be slightly superior to those
by the other models several days before and after the M 9
event.

From the previous evaluations, we cannot confirm the
specific model that provides completely superior forecasts
to the other models and suspect that there may be some rea-
sons for this. Therefore, we also undertook the following
diagnostic analysis and retrospective forecast experiments.

Diagnostic Analysis of the Prospective Forecast

The inconsistent results for the number forecasts in the
previous section led to the question of whether the aftershock
productivity parameter of the M 9 earthquake was signifi-
cantly different from that of seismicity during the learning
period. In the previous subsection, we noted that the
HIST-ETAS and other models have different learning peri-
ods. To clarify the issue, we apply the temporal ETAS model
to fit the data of M ≥5 from October 1997 to October 2009,
which was used by the modelers. Then, the forecast number
of aftershocks of the M 9 earthquake is less than one-half of
the actual cases, as shown in Figure 3b. However, if the same
ETAS model is fitted to the Japan Meteorological Agency
(JMA) data for a longer period (see Fig. 3a,b), the forecast
became closer to the actual aftershock cumulative number.
The main difference between the estimated parameter is in
the K0 values, which represent the aftershock productivity.
This suggests that the parameter values, including the larger
K0 values, can adequately forecast the aftershock activity
in time. A comparison of the slope of the cumulative curve
from October 1997 to October 2009 suggests that seismic
quiescence roughly took place during the 10-year period
preceding the M 9 earthquake. See Ogata and Kumazawa
(2011) for more detailed results, which leads to the retrospec-
tive experiments in the next subsection.

Let us consider the issue of the space and time distribu-
tion, ignoring the number size forecast. Figure 4b,c shows
superposed intensities of the two typical space forecasts—
anisotropic and isotropic—throughout March 2011.
Figure 4d,e shows projected locations of the aftershocks
(see Fig. 4a for the axes) against transformed times. The
aftershocks occurred during March 11 mainly on the western
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side of the mainshock toward the coasts, but after that, they
extended eastward beyond the trench of the Pacific Plate.
Although the HIST-ETAS models well predicted the spatial
range of aftershocks during the first day, they did not catch
the eastward off-fault aftershocks from the next day. Con-
versely, the other ETAS models forecast in spatially isotropic
directions about the mainshock, including the extended after-
shocks area from the next day onward. This observation leads
to the suggestions for the real-time forecasting protocol and
the related evaluation scores in the subsequent subsection.

Retrospective Forecasts and their Evaluations

Note that the previous prospective forecasts (hereafter
referred to as Type 0 forecasts) were based on models esti-
mated using the JMA data forM ≥4 from November 1997 to

November 2009. Hereafter, we examine the issue for the
learning periods. The different datasets, such as those used
in Figure 3a, were applied to the HIST-ETAS7pa and HIST-
ETAS5pa models. Now, our first retrospective forecast (re-
ferred to as a Type 1 forecast) is obtained by applying the
models to the data for earthquakes from the JMA catalog with
M ≥5 for the longer period of January 1926–November
2009. We refer to their corresponding forecasts as HE7-Type
1 and HE5-Type 1, respectively. We examine whether the
evaluation scores during this longer learning period will dif-
fer from those of the previous prospective forecast.

Furthermore, we estimate the two HIST-ETAS models
using the dataset of M ≥5 earthquakes from a forward ex-
tended period of January 1926–September 2011, which in-
cludes the focal period of March 2011. We then attempt to
carry out retrospective forecasting (called as Type 2 forecasts)

Figure 1. Full and marginal log-likelihood scores for evaluations of the prospective one-day forecasts duringMarch 2011. The bars of the
scores indicate one-fold and two-fold standard errors. (a) Comprehensive evaluation; (b) total number forecasts of earthquakes, of 433 events
withM ≥5; (c) space–time–magnitude forecast evaluation; (d) space–time forecast evaluation; (e) space forecast evaluation; (f) time forecast
evaluation; and (g) magnitude forecast evaluation. The seven forecasting models (UNIFORM, HIST-ETAS7pa, HIST-ETAS5pa, ETASZH1,
ETASZH2, ERS, and ETES) are explained in the text. The scores are listed in Table 2. The color version of this figure is available only in the
electronic edition.
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to examine whether this retrospective forecast will be the best
in cases in which the seismicity patterns are different before
and after the M 9 event. We refer to the forecasts by the
HIST-ETAS7pa and HIST-ETAS5pa models as HE7-Type
2 and HE5-Type 2, respectively. Hereafter, we therefore com-
pare performances of forecasts of the same models but with
the different datasets. Table 4 summarizes previously men-
tioned periods of the datasets.

Figure 5a–g represents evaluations of such forecasts
throughout March 2011. Figure 5a shows the full log-
likelihood scores for the comprehensive evaluation of the
forecasts in number–space–time–magnitude throughout the
month. This suggests that the scores of both the HIST-
ETAS7pa and HIST-ETAS5pa models increase in the order
of Type 0, Type 1, and Type 2 forecasts.

Figure 5b shows the number forecast for earthquakes
throughout the month. This figure shows that Type 0, Type
1, and Type 2 forecasts improve in this order, although they
are still significantly underestimated in comparison to all pre-
viously mentioned events. In contrast, according to Figure 5f,
Type 2 forecasts have the worst forecast in time distribution
and are worse than the uniform distribution in time. Again,
we note that this is because the one-day probability forecast,
that is, based on the CSEP protocol, had to ignore aftershocks
that triggered immediately after large earthquakes, especially
on the days before and after the M 9 event and large after-
shocks and foreshocks. Indeed, Figure 6a shows that the
occurrence rates of the Type 2 forecasts appear to be over-
estimated during the latter half of the period of the aftershock
activity to compensate for the lower occurrence rates during
the earlier period of the aftershock activity. As has been
observed in both the prospective and retrospective forecasts,
the performances of the number and the time forecasts are the
opposite of each other when we apply the one-day forecast to
highly active seismicity.

The performances of all the forecast types in space–
time–magnitude (Fig. 5c), space–time (Fig. 5d), and space
(Fig. 5e) have similar score values, considering their
uncertainty. Figure 5f shows that the Type 1 forecast of
the HIST-ETAS7pa model was better than the others in time
distribution. Here, we note that the uniform distribution in
time (the UNIFORM forecast) was better than the Type 2
forecasts. This is again due to the one-day forecast protocol
that is unproductive on the days of very large earthquakes.

Finally, Figure 5g suggests that the magnitude distribu-
tions of Type 2 forecasts are slightly better than the other
types. Incidentally, the b-values before and after the March
2011 Mw 9.0 Off the Pacific Coast of Tohoku-Oki earth-
quake aftershock region are 0:87� 0:02 and 0:78� 0:03,
respectively, with the standard error bars. This suggests that
the temporal change of the b-value is nearly significant.
Hence, we adopted the latter b-value for the Type 3 UNI-
FORM forecasts in Figure 5g to examine whether they were
improved. Actually, the forecast is better than the Type 0
UNIFORM forecasts (see Fig. 5g), but was worse than the
Type 2 HIST-ETAS forecasts, which are based on the loca-
tion-dependent b-values.

Figure 6a,b shows evaluation scores of the forecasts on
each day of March 2011. We see the forecast performance
of the respective one-day forecasts performances in more
detail. Figure 6a suggests that the number of earthquakes
predicted by Type 1 models was still significantly underesti-
mated. Conversely, the actual number of earthquakes (two-
fold standard error bars) of Type 2 forecast numbers during
the month is within 95%, although the occurrence rates of
the Type 2 cases appear to have been systematically overesti-
mated during the latter half of the period of aftershock activity.
According to the mean log-likelihood ratio per earthquake rel-
ative to the UNIFORM forecast for each day in Figure 6b, the
Type 1 daily space-magnitude forecasts are systematically bet-
ter than the Type 0 forecasts. The Type 2 forecasts are much

Figure 2. Prospective one-day forecast evaluations and their
standard errors against the date of March 2011. The forecasts pre-
dicted for the next day are, from left, HIST-ETAS7pa (open squares),
HIST-ETAS5pa (closed squares), ETASZH1 (open circles),
ETASZH2 (closed squares), ERS (open triangles), and ETES (closed
triangles). (a) The forecast numbers of earthquakes and the observed
number (histogram) are both in logarithmic scale. (b) The mean log-
likelihood ratio of the forecasts of the day against the stationary
space–time Poisson model (UNIFORM) forecast. The color version
of this figure is available only in the electronic edition.
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better than those of Type 1 because the learning period of the
Type 2 model included the forecasting period.

Incidentally, the better performances of the Type 1 fore-
cast relative to the Type 0 forecast in Figure 6a,b explain why
the daily forecast of HIST-ETAS models in Figure 2a,b show
worse performances than the other models.

Real-Time Forecasts

Up to this point, following the CSEP experiment protocol,
the study design sliced a continuous time–space-correlated
point process into independent forecasts and observation
space–time–magnitude bins. Also, the daily forecasts use
the earthquake data until previous days. However, such fore-
cast protocols introduce bias into the individual CSEP tests
(Werner and Sornette, 2008; Lombardi andMarzocchi, 2010;
Werner et al., 2010). Similarly, we have observed some
inconsistencies in the suggested scores. In particular, the
CSEP’s one-day forecasts inevitably missed the triggering
occurrence rates on the days of large earthquakes.

Therefore, we require point-process forecasting (e.g.,
Vere-Jones, 1995) and its evaluation. We suggest that the
modelers provide computational subroutines of the condi-
tional intensity rate λ�t; x; y;MjHt� of a point process in
the time–space–magnitude domain �S; T� × A ×M, where
Ht is the occurrence history up to time t. Indeed, all of

the current modelers have already used the conditional inten-
sity function to calculate the probabilities of the prescribed
bins. Furthermore, given a dataset of the earthquake occurrence
record �tn; xn; yn;Mn�; n � 1; 2;…; N, in the space–time–
magnitude domain �S; T� × A ×M, the full log likelihood
as the comprehensive score is expressed by

lnL�S; T� �
X

S<tn<T

lnλ�tn; xn; yn;MnjHtn�

−
Z

T

S
dt

ZZ
A×M

λ�t; x; y;MjHt�dxdydM: (4)

This computational subroutine can be also supplied by the
modelers since they already use it in their parameter optimi-
zation algorithm, and this can be a comprehensive score.
Table 5 shows the comprehensive scores for the original
point process models in equation (3).

Modelers can also provide the individual subroutines for
calculating the topical scores by the marginal integrals

ZZZ
Θ

λ�t; x; y;MjHt�dtdxdydM (5)

on a subset Θ of the space–time–magnitude domain �S; T�×
A ×M. Table 5 lists topical scores that are derived in

Figure 3. Panel (a) represents Type 1 data, namely, the Japan Meteorological Agency (JMA) data ofM ≥5 for the period since 1926 and
Utsu’s data forM ≥6 for the precursory period. Panel (b) represents Type 0 data, namely, the JMA unified data ofM ≥5 for the period since
October 1997, which corresponds to the rectangle within panel (a) The upper curve in each panel is the empirical cumulative function of the
earthquakes. The thin curve in each panel is the theoretical cumulative function of the temporal ETAS model by fitting to the Type 1 dataset.
The thick curve in panel (b) is the theoretical cumulative function of the ETAS obtained by fitting the to Type 0 data. The color version of this
figure is available only in the electronic edition.

Comprehensive and Topical Evaluations of Earthquake Forecasts in Terms of Number, Time, Space, and Magnitude 1699



Appendix B. For example, the daily number scores are ob-
tained by taking the subset byΘ � �l − 1; l� × A ×M; l � 1;
2;…; 31. Figure 7a shows the number of forecast earth-
quakes for each day. The probability forecasts, especially
on the days of the M 9 earthquake, large aftershocks, and
foreshocks, are improved relative to the corresponding fore-
casts in Figures 2a and 6a. In particular, Type 2 retrospective
forecasts agree well with the cumulative number of earth-
quakes on each day.

However, the forecast intensity of Type 1 was still sig-
nificantly low for the aftershock of theM 9 earthquake. First,
we recall the result in Figure 3 showing that the temporal
ETAS model well forecast the aftershock activity for March.
Then, by comparing the parameter values in g�t; x; y;M� of
space–time models in (3) that were estimated from the Type
1 and Type 2 datasets, the excessively many aftershocks can
be attributed to the different d-value (spatial-scaling param-
eter; see Ogata, 1998).

Figure 4. Space and time distribution in and around the aftershock region. Panel (a) shows epicenters of earthquakes with M ≥5 until
April 2012. Panels (b) and (c) represent spatial probability maps of the HIST-ETAS7pa and ETES models, respectively, that were forecast for
the next day of the Mw 9.0 Tohoku-Oki earthquake (i.e., 12 March 2011). Panels (d) and (e) show the projected locations of the aftershocks
against the transformed time by the ETAS model. The projected axes are shown in the panel (a). The color version of this figure is available
only in the electronic edition.
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Also, we calculate the log likelihoods for each day as

ΔLL�l − 1; l� � lnL�S; l� − lnL�S; l − 1�;
l � 1; 2;…; 31:

(6)

The score of Figure 7b shows the daily mean log-likelihood
ratio per event, that is, the daily log-likelihood scores relative
to those of the UNIFORM are divided by the respective
number of earthquakes on each day in March 2011. Accord-
ing to Figure 7b, the Type 2 daily space–magnitude forecasts

Table 4
Summary for Period Used in the Data

Forecast Experiment Forecast Models Precursory Period Leaning Period

Prospective HIST-ETAS7pa — Oct. 1997–Oct. 2009
HIST-ETAS5pa — Oct. 1997–Oct. 2009

ETASZ1 — 1965–Oct. 2009
ETASZ2 — 1965–Oct. 2009
ERS — 1965–Oct. 2009
ETES — 1965–Oct. 2009

Retrospective Type 0 — 1926–Oct. 2009
Type 1 1885—1925 1926–Oct. 2009
Type 2 1885—1925 1926–May 2012

Figure 5. Full and marginal log-likelihood scores of both HIST-ETAS7pa and HIST-ETAS5pa for evaluation of the retrospective fore-
casts during March 2011. These models are estimated from the datasets of Type 0, Type 1, and Type 2, where Type 0 is the same dataset in
Figure 1. These datasets are listed in Table 4 and are described in the text. Panels (a)–(f) are the same scores as those described in Figure 1.
The color version of this figure is available only in the electronic edition.
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are systematically better than Type 1 forecasts. Type 2 fore-
casts here are even better than those in Figure 6b and all the
prospective forecasts in Figure 2b.

Conclusions

The likelihood score represents the predictive ability of
stochastic earthquake occurrence. Its variability is estimated
by assuming that the number of events in each bin is inde-
pendent of the others according to the CSEP protocol. Fur-
thermore, in place of various topical tests used in the CSEP
testing centers, we compared marginal likelihood scores to
evaluate topical predictive powers, such as space, time, and
magnitude. Their variabilities are calculated in a similar man-
ner. These scores are useful to improve the forecasting model
and procedure by clarifying its strong and weak parts.

We evaluated the prospective one-day forecasts during
the unusually active period of March 2011, including theM 9
event, its foreshocks, and aftershocks. Our comprehensive
and topical evaluations suggest that none of the submitted
forecasts provide totally superior performances relative to the
rest. Some models were even worse than the space–time uni-
form forecast by a topical score. The reasons for the un-
satisfactory performances of the prospective forecasts were
subsequently constrained by the additional examinations of
retrospective forecasts.

First, the prospective forecast models, especially the
HIST-ETAS models, were estimated by the data from the
periods, including a considerable portion of the anomalously
low seismic activity, that is, the quiet period during the 10-
year period prior to the M 9 event. This issue is solved by
applying the longer data (Type 1 data) for the learning
period.

Second, the CSEP protocol for the one-day forecast
inevitably missed the occurrence rate of immediately trig-
gered earthquakes until the next day; hence, they provided
significantly lower forecast rates for the day. In fact, some
forecasts were even worse than the temporally uniform fore-
cast. This technical difficulty suggests that we should adopt
the real-time intensity forecast in continuous time and the
evaluation by the likelihoods of point processes, which im-
proved the scores including the immediately triggered earth-
quakes.

Finally, the forecast number of aftershocks of the M 9
earthquake was still low, even for the HIST-ETAS models
using the longer-period data (Type 1 data). This may be due
to the change of the spatial scaling parameter d of theMw 9.0
Tohoku-Oki earthquake in the space–time ETAS models.

Figure 6. Retrospective one-day forecast evaluations and their
standard errors against the date of March 2011. The forecasts were
made for the next day, and from left, the evaluated models are HE7-
Type 0 (open sqares), HE5-Type 0 (closed squares), HE7-Type 1
(open circles), HE5-Type 1 (closed circles), HE7-Type 2 (open tri-
angles), and HE5-Type 2 (closed triangles). These forecasting mod-
els are described in the text. Panels (a) and (b) represent the same
scores as those described in Figure 2a and Figure 2b, respectively.
The color version of this figure is available only in the electronic
edition.

Table 5
Summary of Scores for Conditional Intensities and Error Variances

Scores Log Likelihood, etc. Error Variance Estimate

Comprehensive
P

S<tn<T lnλ�tn; xn; yn;MnjHtn � − Λ
P

S<tn<T ln
2 λ�tn; xn; yn;MnjHtn �

Number n lnΛ − Λ − ln n! Λ
Time–space–magnitude

P
S<tn<T lnλ�tn; xn; yn;MnjHtn � − N�S; T� P

S<tn<T ln
2 λ�tn; xn; yn;MnjHtn �

Time–space
P

S<tn<T lnλ�tn; xn; ynjHtn � − N�S; T� P
S<tn<T ln

2 λ�tn; xn; ynjHtn �
Space

P
S<tn<T lnλ�xn; yn� − N�S; T� P

S<tn<T ln
2 λ�xn; yn�

Time
P

S<tn<T lnλ�tnjHtn � − N�S; T� P
S<tn<T ln

2 λ�tnjHtn �
Magnitude

PN
n�1 lnβ�xn; yn� − β�xn; yn� ~Mn N
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In cases in which the space and time forecasts are topi-
cally satisfactory, the number-size forecast can be modified
at a time immediately after the large earthquake. Such updat-
ing is required to realize better operational forecasting (see
also Vere-Jones, 1998). For example, we can change the
aftershock productivity relative to the magnitude (i.e., K0

parameter; see Ogata, 1998) in g�t; x; y;M� of the space–
time ETAS models in (3) by using the data of a short period
immediately after the mainshock. This is very important in
real-time aftershock probability forecasts (e.g., Ogata and
Katsura, 2006).

Data and Resources

We used the Japan Meteorological Agency (JMA) data
for the entire Japan region (20°–50° N and 120°–150° E)
from 1 January 1926 to 31March 2012. Also, we used Utsu’s

catalog, which was compiled by Utsu (1982) from 1885
to 1925.
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Appendix A

Evaluation Scores and their Errors–Discrete Version

All clustering models, such as the epidemic-type after-
shock sequence (ETAS) model, are continuous-time, history-
dependent point processes (see Appendix B), while the

Collaboratory for the Study of Earthquake Predictability
(CSEP) testing centers evaluate the forecasts assuming the
independent Poisson random variables on discretized bins.
Therefore, under such an assumption, the log-likelihood
value is an approximation and has some uncertainty
errors.

Comprehensive Scores and their Error Estimates

Let the time–space–magnitude domain T × A ×M be
discretized into K bins of volume Δ (size of a bin unit).
For each of the bins k � 1; 2;…; K, the forecast probability
is pk ≈ λkΔ, and the likelihood and the log likelihood of
p � fpk; k � 1; 2;…; Kg are, respectively, described by

L�p� �
YK
k�0

pδk
k

δk!
e−pk ; (A1)

lnL�p� �
XK
k�1

fδk lnpk − ln δk! − pkg≈
XK
k�1

δk lnpk − Λ;

(A2)

where δk is a random variable such that δk � 1 if a bin k
includes earthquakes; otherwise, δk � 0 for each of the bins
k � 1; 2;…; K, and Λ � PK

k�1 pk.
Similarly, the variance of the discretized log likelihood

is given by

Var lnL�p� �
XK
k�1

varfδk lnpkg

�
XK
k�1

varfδkg ln2 pk �
XK
k�1

pk ln2 pk: (A3)

Incidentally, we can also consider the binomial approxi-
mation for the log likelihood by assuming that the pixelΔ is
sufficiently small to assume that, at most, one event occurs in
a bin. Assume that pk � λkΔ, where Δ is sufficiently small
such that pk ≤ 1. Hereafter, K indicates the number of all
bins in the entire range of time–space–magnitude, and N in-
dicates the number of bins in which earthquakes occurred.
Then, we have

lnL�p� �
XK
k�1

fδk lnpk � �1 − δk� ln�1 − pk�g; (A4)

where δk � 0 or 1, and we can use the binomial’s variance
Var�δk� � pk�1 − pk�. Thus, we have

VarflnL�p�g �
XK
k�1

pk�1 − pk�fln2 pk � ln2�1 − pk�g:

(A5)
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Both the log likelihood and its error are consistent with those
of Poisson if pk is sufficiently small.

Topical Scores and their Error Estimates

Forecasting of the Number of Earthquakes and its
Errors

We have assumed independent Poisson random variables
on respective bins. Hence, the probability that the total num-
ber becomes n events in the entire volume can be expressed
as πn � Λne−Λ=n!, where Λ � PK

k�1 pk represents the pre-
dicted total number of earthquakes. Therefore, the variance is
Λ, and the standard error is

����
Λ

p
. In the case of the one-day

forecasts during very high seismic activity, such as after-
shocks or swarms, we can compare the forecasts of the daily
numbers with the actual daily number of earthquakes (com-
pare Nanjo et al., 2012). The predicted number for each day
is obtained by summing the forecast probabilities on the
space and magnitude bins of the day.

We can also consider the binomial approximation for the
log likelihood by assuming that the pixel Δ is sufficiently
small to assume that, at most, one event occurs in a bin. As-
sume that pk � λkΔ, where Δ is sufficiently small such that
pk ≪ 1. Hereafter, K indicates the number of all bins in the
entire range of the time–space–magnitude, and N indicates
the number of bins in which earthquakes occurred. Then, we
have

lnL�p� �
XK
k�1

fδk lnpk � �1 − δk� ln�1 − pk�g; (A6)

where δk � or 1, and we can use the binomial’s variance
Var�δk� � pk�1 − pk�. Thus, we have

VarflnL�p�g �
XK
k�1

pk�1 − pk�fln2 pk � ln2�1 − pk�g:

(A7)

Both the log likelihood and its error are consistent with
those of Poisson if pk is sufficiently small.

Space–Time–Magnitude Forecast Evaluation

Consider the score that focuses on the evaluation of the
location and occurrence-time prediction of earthquakes, ne-
glecting the total forecast number of earthquakes. Let the
time–space–magnitude domain T × A ×M be discretized
into K bins of volume Δ (size of a bin unit). For each of
the bins k � 1; 2;…; K, the forecast probability is
pk ≈ λkΔ. By normalizing the forecast probability pk at
every bin k in (A2) by ~pk � pk × N=Λ in the entire
space–time–magnitude domain, we can use the complemen-
tary score to the comprehensive Poisson log likelihood

lnL� ~p�≈XK
k�1

fδk ln ~pk − ~pkg �
XK
k�1

δk ln ~pk − N: (A8)

The error estimate for the above score becomes

Var lnL� ~p� �
X
k

Varfδk ln ~pkg �
X
k

Varf ~pk ln2 ~pkg;

(A9)

which is the same as that of (A3).

Space and Time Forecast Evaluations

This score focuses on the evaluation of the location and
occurrence-time prediction of earthquakes, neglecting both
the number and earthquake magnitude forecast. Let the
time–space–magnitude domain T × A ×M be discretized
into K bins of volume Δ (size of a bin unit). For each of
the bins k � 1; 2;…; K, suppose that their predicted proba-
bility at each bin k � �l; i; j; m� was pk � p�l; i; j; m�:
Then, the compensated marginal time–space probability is
given as

~pl;i;j ≡ ~p�l; i; j� � �N=Λ�
X
m

p�l; i; j; m�

�
�
N=

X
k

pk

�X
m

p�l; i; j; m�; (A10)

and the marginal log likelihood of space–time locations is
described by

lnL� ~p�≈X
l

X
i

X
j

fδl;i;j ln ~p�l; i; j� − ~p�l; i; j�g

�
X
l

X
i

X
j

δl;i;j ln ~pi;i;j − N; (A11)

where δl;i;j is the bin identification where the earthquake
occurred; that is, δl;I;j � 1; otherwise, δl;i;j � 0 for each
of the (l, i, j) bins and Λ � P

kpk.
The error variance is obtained by

Var lnL� ~p� �
X
l;i;j

Varfδl; i;j ln ~pl; i;jg �
X
l; i;j

~pl; i;j ln2 ~pl; i;j

(A12)

as that of (A9).

Space Forecast Evaluation

Let the time–space–magnitude domain T × A ×M be
discretized into K bins of volume Δ (size of a bin unit). For
each of the bins k � 1; 2;…; K, suppose that their predicted
probability at each bin k � �l; i; j; m� was pk � p�l; i; j; m�.
Then, the compensated marginal space probability is given as
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~pi;j ≡ ~p�i; j� � �N=Λ�
X
l

X
m

p�l; i; j; m�

�
�
N=

X
k

pk

�X
l

X
m

p�l; i; j; m�; (A13)

and the marginal log likelihood of the spatial locations is
described by

lnL� ~p�≈X
i

X
j

fδi;j ln ~p�i; j� − ~p�i; j�g

�
X
i

X
j

δi;j ln ~pi;j − N; (A14)

where δk is the bin identification where the earthquake
occurred; that is, δi;j � 1; otherwise, δi;j � 0 for each of the
(i, j) bins.

The error variance is obtained by

Var lnL� ~p� �
X
i;j

Varfδi;j ln ~pi;jg �
X
l

~pi;j ln2 ~pi;j:

(A15)

Time Forecast Evaluation

This score focuses on the evaluation of the occurrence-
time prediction of earthquakes, neglecting the total number,
space, and earthquake magnitude forecast. Let the time–
space–magnitude domain T × A ×M be discretized into
K bins of volume Δ (size of a bin unit). For each of the bins
k � 1; 2;…; K, suppose that their predicted probability at
each bin k � �l; i; j; m� was pk � p�l; i; j; m�: Then, the
compensated expected number of earthquakes for each
day is given as

~pl ≡ ~p�l� � �N=Λ�
X
i

X
j

X
m

p�l; i; j; m�

�
�
N=

X
k

pk

�X
i

X
j

X
m

p�l; i; j; m�; (A16)

and the marginal log likelihood of time is described by

lnL� ~p�≈X
l

fδl ln ~p�l� − ~p�l�g �
X
l

δl ln ~pl − N;

(A17)

where δk is the bin identification where the earthquake
occurred; that is, δl � 1; otherwise, δl � 0 for each of the
l bins.

The error variance is obtained by

Var lnL� ~p� �
X
l

Varfδl ln ~plg �
X
l

~pl ln2 ~pl: (A18)

Magnitude Forecast Evaluation

Let us assume that the density function of the earthquake
magnitude is conditional on the location such that p�Mjx; y�.

If p�:j:� obeys the Gutenberg–Richter (G-R) law, we have
p�Mjx; y� � β�x; y�e−β�x;y� ~MΔ with ~M � M −Mcutoff�
0:05 when Δ � 0:1 and β�x; y� � b�x; y� ln 10. If the
b-value is a constant over space and time, then β �
b ln 10.

The magnitudes of earthquakes in most hypocenter
catalogs are given in the two digits before and after the deci-
mal point. On the discretized bins, the ~p is normalized such
that

~p�mjl; i; j� � p�mjl; i; j�
�X

m

p�mjl; i; j�; (A19)

where m represents the number of magnitude bins such that
Mcutoff ≤ Ml ≤ 9:9. Thus, we write the conditional likeli-
hood as

L�magnitudejtimes; locations� �
YK
k�1

δi;j ~p�mji; j�

�
YN
n�1

~p�Mnjxn; yn�: (A20)

Thus, the conditional log-likelihood function of magnitudes
becomes

lnL �
XN
n�1

ln ~p�Mnjxn; yn�: (A21)

By setting pn;j � ~p�Mjjxn; yn�, the respective variance
is given as

Var�lnL� ~Mjlocation�� �
XN
n�1

Varfln ~p�Mnjxn; yn�g

� N
�XJ

j�1

pn;j ln2 pn;j

−
�XJ

j�1

pn;j lnpn;j

�
2
�
: (A22)

If p�·j·� obeys the G-R law and is independent of the
history, the previous variance reduces to

Var�lnp� ~M�� �
XN
n�1

β�xn; yn�2Var� ~Mnjxn; yn�

�
XN
n�1

β�xn; yn�2=β�xn; yn�2 � N: (A23)
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Appendix B

Evaluation Scores and their Errors–Continuous
Version

Comprehensive Scores and their Error Estimates

Consider a forecasting conditional intensity rate
λ�t; x; y;Mj Ht� of a point process in the time–space–
magnitude domain �S; T� × A ×M, where Ht is the history
up to time t, and suppose that we have a dataset of the earth-
quake occurrence record �tn; xn; yn;Mn�; n � 1; 2; � � � ; N.
Then, the full log likelihood is given by

lnL�S; T� �
X

S<tn<T

lnλ�tn; xn; yn;MnjHtn�

−
Z

T

S

ZZ
A×M

λ�t; x; y;MjHt�dtdxdydM

�
Z

T

S

ZZ
A×M

λ�t; x; y;MjHt�N�dt; dx; dy; dM�

−
Z

T

S

ZZ
A×M

λ�t; x; y;MjHt�dtdxdydM:

(B1)

The variance of the log likelihood can be obtained as

VarflnL�S; T�g � E
��Z

T

S

ZZ
A×M

ln λ�t; x; y;MjHt�

× fN�dt; dx; dy; dM�

− λ�t; x; y;MjHt�dtdxdydMg
�
2
�

� E
�Z

T

S

ZZ
A×M

ln2 λ�t; x; y;MjHt�

× λ�t; x; y;MjHt�dtdxdydM
�
; (B2)

by virtue of a martingale property, conditional expectation
calculus, and orderliness (compare Ogata, 1978). If we have
a sufficiently large number of earthquakes in an observed
interval �S; T�, we can approximate this by

X
S<tn<T

ln2 λ�tn; xn; yn;MnjHtn�: (B3)

Topical Scores and their Error Estimates

Forecasting of the Number of Earthquakes and its
Errors

From the definition of the conditional intensity
of a point process, the expected total number becomes

Λ�S; T� � R
T
S dt

RR
A×Mλ�t; x; y;MjHt�dxdydM. If we as-

sume a Poisson process, the variance is Λ. Otherwise, it is
larger than Λ, as was shown by the variance–time curve
in Ogata (1988). In the case of daily forecasts during very
high seismic activity, such as aftershocks or swarms, we can
compare the forecasts of the daily numbers with that of actual
earthquakes (compare Nanjo et al., 2012). The predicted
number for each day is obtained by summing the forecast
probabilities on the space and magnitude bins of the day.

Space–Time–Magnitude Forecast Evaluation

This score focuses on the evaluation of the location and
occurrence-time prediction of earthquakes, neglecting the
forecast number earthquakes. Consider that we have ob-
served N earthquakes and that their predicted intensity is
compensated by N�S; T� × λ�t; x; y;MjHt�=Λ�S; T�. Then,
the conditional log likelihood is described by

ln ~L�S; T� �
X

S<tn<T

ln λ�tn; xn; yn;MnjHtn� − Λ�S; T�

� N�S; T� lnN�S; T�
Λ�S; T�

� lnL�S; T� � N�S; T� lnN�S; T�
Λ�S; T� : (B4)

Therefore, we obtain the variance of the log likelihood.
Namely,

Varfln ~L�S; T�g � Var
�Z

T

S

ZZ
A×M

lnλ�t; x; y;MjHt�

× fN�dt; dx; dy; dM�

− λ�t; x; y;MjHt�dtdxdydMg
�

� E
�Z

T

S

ZZ
A×M

ln2 λ�t; x; y;MjHt�

× λ�t; x; y;MjHt�dtdxdydM
�
: (B5)

If we have a sufficiently large number of earthquakes in an
observed interval �S; T�, we can approximate the variance by

X
S<tn<T

ln2 λ�tn; xn; yn;MnjHtn�: (B6)

Space and Time Forecast Evaluation

This score focuses on the evaluation of the location and
occurrence-time prediction of earthquakes, neglecting both
the forecast earthquakes number and magnitude. Consider
the marginal conditional-intensity function of time and loca-
tion λ�t; x; yjHt� �

R
M λ�t; x; y;MjHt�dM, and suppose
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that we have observed N earthquakes and that their predicted
intensity is compensated by N × λ�t; x; yjHt�=Λ. Then, the
marginal log likelihood is described by

ln ~L�S;T��
X

S<tn<T

lnλ�tn;xn;ynjHtn�−Λ�S;T�

�N�S;T�lnN�S;T�
Λ�S;T�

�
Z

T

S

ZZ
A×M

lnλ�t;x;yjHt�N�dt;dx;dy�−Λ�S;T�

�N�S;T�lnN�S;T�
Λ�S;T� : (B7)

Therefore, the variance of the marginal log likelihood can be
obtained if we assume the Poisson process. Namely,

Varfln ~L�S; T�g �
Z

T

S

Z
A
ln2 λ�t; x; yjHt�λ�t; x; yjHt�dtdxdy

� o�dtdxdy�
≈ X

S<tn<T

ln2 λ�tn; xn; ynjHtn� (B8)

as that of (B5).

Space Forecast Evaluation

Consider the marginal conditional-intensity function of
location λ�x; y� � R

T
S λ�t; x; yjHt�dt, and suppose that we

have observed N earthquakes and that their predicted inten-
sity is compensated by N × λ�x; y�=Λ. Then, the log likeli-
hood is described by

lnL�S; T� �
X

S<tn<T

ln λ�xn; yn� − Λ�S; T�

� N�S; T� lnN�S; T�
Λ�S; T� : (B9)

Therefore, the variance of the log likelihood can be ob-
tained if we assume the Poisson process. Namely,

VarflnL�S; T�g �
ZZ
A

ln2 λ�x; y�λ�x; y�dxdy� o�dxdy�

≈ X
S<tn<T

ln2 λ�xn; yn�: (B10)

Time Forecast Evaluation

This score focuses on the evaluation of the occurrence
time prediction of earthquakes, neglecting the forecast total

number, spatial location, and magnitude of earthquakes.
Consider the marginal conditional-intensity function of time
λ�tjHt� �

R
A λ�t; x; yjHt�dxdy, and suppose that we have

observed N earthquakes and that their predicted intensity
is compensated by N · λ�tjHt�=Λ. Then, the marginal log
likelihood of occurrence times is described by

lnL�S; T� �
X

S<tn<T

lnλ�tnjHtn� − Λ�S; T�

� N�S; T� lnN�S; T�
Λ�S; T� : (B11)

Therefore, the variance of the log likelihood can be obtained
as

VarflnL�S; T�g �
Z

T

S
ln2 λ�tjHt�λ�tjHt�dt

≈ X
S<tn<T

ln2 λ�tnjHtn�: (B12)

Magnitude Forecast Evaluation

The magnitudes in the catalogs are given in discretized
values. Therefore, we have the same as those of (A19)–(A23).
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