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Abstract Campi Flegrei (CF) is an example of an active caldera containing densely populated settlements
at very high risk of pyroclastic density currents (PDCs). We present here an innovative method for assessing
background spatial PDC hazard in a caldera setting with probabilistic invasion maps conditional on the
occurrence of an explosive event. The method encompasses the probabilistic assessment of potential vent
opening positions, derived in the companion paper, combined with inferences about the spatial density
distribution of PDC invasion areas from a simplified flow model, informed by reconstruction of deposits from
eruptions in the last 15 ka. The flow model describes the PDC kinematics and accounts for main effects of
topography on flow propagation. Structured expert elicitation is used to incorporate certain sources of
epistemic uncertainty, and a Monte Carlo approach is adopted to produce a set of probabilistic hazard maps for
the whole CF area. Our findings show that, in case of eruption, almost the entire caldera is exposed to invasion
with a mean probability of at least 5%, with peaks greater than 50% in some central areas. Some areas outside
the caldera are also exposed to this danger, with mean probabilities of invasion of the order of 5–10%. Our
analysis suggests that these probability estimates have location-specific uncertainties which can be substantial.
The results prove to be robust with respect to alternative elicitation models and allow the influence on hazard
mapping of different sources of uncertainty, and of theoretical and numerical assumptions, to be quantified.

1. Introduction

Campi Flegrei (CF) is an example of a densely populated and active caldera characterized by predominantly
explosive eruptive activity [Rosi et al., 1983; Orsi et al., 2004; Smith et al., 2011]. Eruptions started more
than 80 ka B.P., included the two large caldera collapse events: the Campanian Ignimbrite (CI) and the
Neapolitan Yellow Tuff (NYT) eruptions, and continued over the last 15 ka through three main cycles of activity.
These lasted from several centuries to a few millennia each, alternated by periods of quiescence of several
millennia [Orsi et al., 2004; Smith et al., 2011]. Key features of this activity have been eruptions from different
vents scattered within the caldera, with individual events spanning a large range of eruptive scales.
The products of the explosive activity can be found over most of the Campanian region in conspicuous
pyroclastic deposits generated by tephra fallout and pyroclastic density currents (PDCs). PDCs represent the
main hazard of this volcanic system [Rosi et al., 1983; Di Vito et al., 1999; Orsi et al., 2004]. Due to their velocity,
temperature, and particle concentrations, PDCs can produce heavy damage to urban structures and lethal
conditions for human beings [Baxter et al., 2005;Neri et al., 2014]. Given the very high urbanization of the caldera
itself and its proximity to the city of Naples, it is of prime importance that areas which may potentially be
affected by PDCs are identified and ranked in terms of exposure likelihood in order that civil authorities can
prepare suitable mitigation measures [e.g., Baxter et al., 2008; Neri et al., 2008].

Basic mapping of PDC hazard at CF has been already reported in previous studies. Some related to field
reconstruction and numerical modeling of specific past events of CF, while others endeavored to produce
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specific or integrated PDC hazard maps in which variabilities of important parameters of the volcanic
system, such as the eruption scale and vent location, were explicitly accounted for. For instance, Lirer et al.
[2001] reconstructed the distribution of PDC deposits from the main events of the last 5 ka and outlined a
zonation of areas potentially affected by PDCs. Similarly, Orsi et al. [2004] used field data to reconstruct
the distribution of deposits in the last 15 ka and proposed a qualitative PDC hazard invasion map based on
the last 5 ka of activity. In both studies, the eastern part of the caldera was found to have the greatest hazard
exposure; however, the area considered for PDCs was limited to that within the caldera rim (i.e., excluding
the Collina di Posillipo). Rossano et al. [2004] proposed a hazard map based on a dynamic 1-D Bingham
flow model, which considered the variability of eruptive scale (including very large caldera collapse events)
and assumed a uniform vent opening probability in an area centered on the town of Pozzuoli. Todesco et al.
[2006] and Esposti Ongaro et al. [2008a], using 2-D and 3-D numerical multiphase flow simulations of Plinian
type events, analyzed in more detail the propagation dynamics of PDCs within the caldera to improve
the description of the complex interaction between flows and topography. Those studies were focused
specifically on the eastern sector of the caldera and showed that, for some positions of the vent, PDC
flows could overtop Collina di Posillipo, a notable topographical barrier for the central part of the city
of Naples.

More recently, Alberico et al. [2011], starting from the probability distribution of new vent opening positions of
Alberico et al. [2002] and the occurrence probabilities of the three eruption size categories of the last 5 ka, as
defined byOrsi et al. [2009], produced a qualitative integrated hazardmap of PDC invasion for the city of Naples
with five levels of hazard (Vesuvius hazards were also included in the map). Similar maps, this time associated
with various eruption VEIs (volcanic explosivity index), were also proposed by Alberico et al. [2002]. For both
studies, the invasion areas were determined using the energy cone model based on the assumption of linear
decay of flow energy with distance [Hsu, 1975]. In both cases, the final invasion maps were only qualitative and
did not account for any epistemic uncertainty quantification associated with the properties of the volcanic
system and its modes and dynamics of eruption.

Where probabilities are associated with them, the above maps represent background, or long-term/base-rate,
assessments of PDC hazard in the sense that none of them take into account information and measurements
that would come from monitoring and observation networks during an unrest or eruptive episode. This
context is necessary because of the present difficulty of predicting the timing, size, and vent location of a
future eruption, based on current understanding of the state of the volcano and monitoring data. As a
consequence, the definition of a quantitative background probabilistic PDC invasion map is a fundamental
need not only for the aim of effective urban planning for risk mitigation but also to have an a priori
probabilistic spatial distribution of hazard to be updated during the crisis [see, for instance, Marzocchi and
Woo, 2009; Spiller et al., 2014; Wadge and Aspinall, 2014].

The present study focuses on the definition of quantitative probabilistic PDC invasion hazard maps for the
CF area, incorporating key-controlling, but uncertain, variables of the system, particularly vent location and
eruptive scale of future activity. Probabilistic maps conditional on the occurrence of an explosive eruption
are produced by a Monte Carlo simulation approach, using a simplified invasion model able to represent
main topographic effects. In addition, our mapping attempts to quantify, by using a formal structured expert
elicitation approach, some of the main sources of epistemic uncertainty, such as the location of future vent
opening [Bevilacqua et al., 2015], the reconstruction of the dispersal of PDC deposits, and the possibility
that a future eruption could be characterized by the opening of two simultaneous vents located perhaps
several kilometers apart, as highlighted by Isaia et al. [2009] for the Averno 2 and Solfatara eruptions. We
first present our methods, followed by descriptions of the main data sets, the modeling tools, and the
resulting hazard maps.

2. Methods

Our mapping work integrates information on the distribution of the spatial probability of vent opening,
the density distribution of areas previously invaded by PDCs, and the results from a simplified PDC flow
invasion model. It is very difficult to predict the exact location of the next active vent as well as the scale
(or typology) of the next eruptive event, so this imposes the requirement to consider the potential physical
variability of these factors when producing hazard maps. Moreover, much of the available information is
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conditioned by large epistemic uncertainties that significantly influence the resulting maps. As in the
companion paper [Bevilacqua et al., 2015], we implemented a doubly stochastic model able to explicitly
consider, in addition to the aleatoric variability of the process, some of the main uncertainties by using
structured expert elicitation techniques [Cooke, 1991; Aspinall, 2006]. Such methods allow uncertainty
distributions on identified variables to be determined for hazard assessment purposes, based on expert
judgment when insufficient data or incomplete knowledge of the system do not permit conventional
statistical enumeration of uncertainties (see Bevilacqua et al. [2015], Appendix A, for a more detailed
description of the approach used).

2.1. Probabilistic Spatial Distribution of Vent Opening

We start with the information on the probabilistic spatial distribution of vent opening location (also called
susceptibility map, e.g., Martì and Felpeto [2010]) derived from the analysis presented in the companion
paper [Bevilacqua et al., 2015]. In that analysis it was assumed that the probability map of new vent opening
over the caldera, conditional on the occurrence of an eruption, could be expressed as a linear combination of
the distribution of the eruptive vents that opened during the three epochs of recent activity of the volcano
(i.e., the last 15 ka), the distributions of maximum fault displacement, and surface fracture density. In addition,
it was considered that the probability of new intracaldera vent opening could possibly be correlated to
other variables or unidentified processes which, in this phase of our investigation, cannot be included
specifically: to accommodate the influence of such unknowns, a single compensating surrogate contribution
was added, assumed uniformly distributed inside the Neapolitan Yellow Tuff caldera.

The analysis in Bevilacqua et al. [2015] also quantified the influence of some of the main sources of epistemic
uncertainty that affect the hazard distribution. In particular, their analysis considered the uncertain localization
of eruptive vents as reconstructed from field data, the number of past events which do not correspond to
presently identified vents but for which stratigraphic evidence exists (i.e., “lost vents”), and also the
uncertain weights to be associated with variables that contribute to the definition of the vent opening
map. For the definition of these weights, as well as of other relevant uncertain parameterizations, the
analysis used expert judgment techniques [Aspinall, 2006], with a simple logic tree of target questions
and various complementary procedures of structured elicitation to test the sensitivity of uncertainty
quantifications to the different models [e.g., Cooke, 1991; Flandoli et al., 2011].

Figure 1 shows an example of vent opening probability maps obtained with the above procedure [Bevilacqua
et al., 2015]. The three maps (Figures 1a–1c) represent, respectively, the 5th percentile, the mean, and
the 95th percentile of the uncertainty distribution of the vent opening location map. The distribution of
past vents was computed by assuming a partitioning of the caldera into 16 homogeneous zones, with
uniform spatial distributions within each. However, very similar maps were also generated by computing
a distribution of past vent positions based on Gaussian kernel functions. These synthesized results show
the presence of a high-probability region of vent opening in the central eastern part of the caldera (i.e.,
the Astroni-Agnano-Solfatara area), whereas the rest of the caldera is characterized by significantly lower
probability values with local secondary maxima in the Soccavo and Pisani plains and in the western zones of
Averno-Monte Nuovo-Baia-Capo Miseno.

2.2. Distribution of PDC Invasion Areas

Limitations in our ability to predict the type and scale of the next eruption event require a hazard mapping
approach that considers a range of possible eruptive scenarios. We take the well-known history of eruptive
activity from the last 15 ka and assume that it will be representative of future patterns of behavior of the
volcano. Very large scale eruptions (i.e., caldera forming), such as the NYT and the CI, are not included in the
data set due to their very low probability of occurrence (well below 1% based on frequency of occurrence
estimates [e.g., Rosi et al., 1983; Orsi et al., 2004]).

We designated the areas invaded by PDCs as a random variable representative of the aleatoric variability
affecting the next eruption event scale. The parameters of this variable were then assumed to be affected by
some epistemic uncertainty as described in the following. The PDC invasion model allows us to use the area
invaded by the flow as an input. The data set on areas inundated by PDCs that occurred in the three epochs of
activity (plus Monte Nuovo) largely relies on the work of Orsi et al. [2004], with a few minor modifications and
updates due to the most recent research findings (Figure 2). In detail, 20 records were included for Epoch I, 6 for
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Figure 1. Probability maps of new vent opening location obtained from Bevilacqua et al. [2015]. Contours and colors
indicate the percentage probability of vent opening per km2 conditional on the occurrence of an eruption. (a) The 5th
percentile, (b) mean, and (c) 95th percentile values. The maps were created by using a partition of the caldera into 16
homogeneous zones in order to compute the density of past vents; similar distributions were obtained by using kernel
functions (see Bevilacqua et al. [2015], for further explanations). Note that for the definition of the PDC invasion maps we do
not consider the offshore portion of the caldera as a possible area of vent opening.
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Figure 2. Reconstruction of the distribution of PDC deposits generated by explosive events that occurred in (a) Epoch I,
(b) Epoch II, and (c) Epoch III plus the Monte Nuovo event. Numbers refer to the events reported in the legend (lines with
different color tone indicate different events). Reported deposit boundaries were extended over the sea to allow estimation of
reasonable values for PDC invasion area (shown in the legend). Data were derived and updated from Orsi et al. [2004]. The
distribution shown for the AMS PDCs was derived from de Vita et al. [1999]. Naming of events follows Smith et al. [2011].
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Epoch II, and 20 for Epoch III, in addition to the Monte Nuovo event (i.e., 47 records in total). With respect to the
data of Orsi et al. [2004], the records of the events of Rione Terra and Archiaverno were deleted from Epoch
I, while the records of Capo Miseno and Nisida were moved from Epoch I to Epoch III [Smith et al., 2011].
In addition, the reconstruction of the PDC distribution produced for the Agnano Monte Spina (AMS) event
by de Vita et al. [1999] was considered as an alternative to the data of Orsi et al. [2004]. In all cases, part
of the PDCs went offshore, so on-land invasion areas were extended over the sea in order to better
represent the total area affected by the flow.

The flow area boundaries (Figure 2) refer to the minimum areas invaded due both to the irregular distribution of
outcrops and to the large erosive and anthropologic actions affecting the deposits [Orsi et al., 2004]. Based on the
available field data sets and using alternative expert judgment procedures [Bevilacqua et al., 2015], the radial
underestimation error of deposit boundaries (treated as epistemic uncertainty) is considered to vary between
about 150 and 1000m, with a mean value of about 500m [Bevilacqua et al., 2015]. It is worth mentioning that
such values are comparable with estimates of extended runout shown by surge-like flows with respect to the
underlying dense portion of the PDCs, observed in recent eruptions for flows of small-medium scale (see, e.g.,
Neri et al. [2014], for more information). Such an underestimation of the deposit extent could therefore represent
a minimum value of the actual flow runout.

In order to use a representative data set of the invasion areas, it was necessary to extend the recorded
inundated areas reported in Figure 2 with reasonable estimates for areas of “lost deposits.” Based on a
comparison between the data sets of invasion areas (Figure 2) and that of the identified vents [Bevilacqua
et al., 2015, Figures 2 and 3], a number of lost deposits were added to the three epochs. PDC invasion areas up
to 10 and 50 km2 were added as follows: for Epoch I, four records up to 10 km2 (representing the events of
Minopoli 1, Pisani 1, Fondo Riccio, and Concola) and nine records up to 50 km2 (representing the events of
La Pigna 1, La Pigna 2, Gaiola, Paradiso, Paleopisani 1, S4S31, S4S32, Pignatiello 1, and Casale); for Epoch II,
one record up to 10 km2 (representing the event of Baia or a flow from a lost vent); for Epoch III, seven records
up to 10 km2 (representing the events of Agnano 1, Pignatiello 2, Santa Maria delle Grazie, Paleoastroni 3,
Olibano Tephra, and two PDCs from lost vents) [Isaia et al., 2009; Smith et al., 2011]. The choice to add lost
deposits of two different areas reflects the fact that the reconstruction of deposits for Epoch I is significantly
more difficult than for the later epochs and so larger missing deposits are more likely to be appropriate. The
spatial extents invaded by these lost PDCs were sampled using a distribution fitted to available field data sets,
truncated with the thresholds mentioned above. This information was treated as another source of epistemic
uncertainty besides the radial underestimation.

With the data set of PDC invasion areas defined, it is possible to generate probability density functions of
spatial extent distribution considering either the last 5 ka (i.e., Epoch III plus the Monte Nuovo event) or the
last 15 ka data sets (i.e., the three Epochs together plus Monte Nuovo). Figures 3a and 3b show the histograms
of PDC invasion areas for these two alternative data sets together with the curves of probability density
functions derived from them, while Figures 3c and 3d show the corresponding exceedance probability curves
(survival functions). In the 5 ka data set, the AMS eruption represents an anomalous value much larger than
any other record. In contrast, the presence of several intermediate data points between the body of the
empirical distribution for the 15 ka data set and the AMS event allows a quasi-continuous distribution of the
PDC inundation areas to be hypothesized and the AMS event to be considered simply one element in a
continuous tail distribution, not as an extreme outlier.

The histograms (Figure 3) relate to the inundation areas (Figure 2), while the density and exceedance
probability curves include the radial underestimation of PDC inundation areas and the lost deposit areas
randomly sampled up to the above defined limits of 10 and 50 km2 from the distribution of the other invasion
area values. The curves, calculated by a Monte Carlo simulation, relate to the 5th, 50th, and 95th percentiles
coming from such uncertainty sources and to the maximum likelihood (ML) lognormal distribution, although
other distributions were also considered. More details and statistical tests on the adopted distributions are
reported in Appendix A. The ML lognormal distribution appears to be the most defendable for characterizing
available data sets; from sensitivity analyses, other different but plausible distributions do not significantly
change hazard estimate outcomes. Comparison of plots of Figures 3c and 3d indicates that the curves
associated with the 5 ka history are very similar to those associated with the 15ka counterpart, although the
latter has a slightly larger number of small events and a slightly fatter tail. We assume these probability
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distributions valid over the whole caldera, thus neglecting any dependence of eruptive scale (i.e., PDC invasion
area) on vent position or repose time.

2.3. The Simplified PDC Invasion Model

The dynamics of PDCs are particularly complex due to the multiphase nature of the flow, the highly uncertain
source conditions, and the complicated interactions of the current with topography [Druitt, 1998; Calder et al.,
1999; Branney and Kokelaar, 2002]. At CF volcanoclastic deposits seem to be mostly characterized by surge-like
facies, although a quite large variability of transport and emplacement mechanisms can be invoked for different
eruptions and even for the same eruptive sequence [e.g., Valentine, 1987; Dellino et al., 2004]. Some of these
complexities can be investigated by 2-D/3-D numerical simulations of the partial collapse of the eruption column
and propagation of PDCs over topography [e.g., Todesco et al., 2006; Esposti Ongaro et al., 2008b]. Such
simulations explored, for instance, the influences of different collapsing regimes in the column and of vent
positions on the PDC features. However, due to the large computation time needed to produce such
simulations (of the order of some days with parallel computing), it is impractical and expensive to apply this
kind of modeling within Monte Carlo algorithms involving thousands of simulations.

Therefore, with the aim of exploring main effects of the large variability of vent location and eruptive scale
(i.e., PDC invasion area) on the area inundated, a simple integral PDC propagation model is adopted here.

Figure 3. Histograms of the PDC invasion areas as estimated from Figure 2 for (a) Epoch III and (b) all three Epochs (plus the
Monte Nuovo event in both cases). Figures 3a and 3b also show probability density functions for the invasion areas after
consideration of underestimations of PDC runout and the addition of “lost deposits,” as discussed in the text and Appendix A.
Figures 3c and 3d show probability exceedance curves (survival functions) corresponding to the two periods considered, 5 ka
and 15 ka.
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The model is based on the so called box model of Huppert and Simpson [1980], Dade and Huppert [1996],
and Hallworth et al. [1998] and is suited to describing the propagation of turbulent, particle-laden currents,
in which inertial effects dominate over viscous forces and particle-particle interactions. The model has
been validated and calibrated through extensive comparison with 2-D numerical simulations produced
with the PDAC model [Neri et al., 2003; Esposti Ongaro et al., 2007, 2011]. A brief description of the model
and its comparison with 2-D numerical simulations is reported in Appendix B.

The integral model allows computation of flow kinematics and the maximum distance (flow runout) reached
over a subhorizontal surface by a current generated by instantaneous release (i.e., dam break configuration)
of a finite volume of gas and solid particles, at a given concentration. Based on outcomes of numerical
simulations [e.g., Todesco et al., 2006; Esposti Ongaro et al., 2008b], such a generation mechanism describes
reasonably well the unsteady release of a portion of the column collapsing to the ground. The box model
assumes that the current is vertically homogeneous and deposits particles during propagation as a function
of their (constant) sedimentation velocity. No effect of wind or other atmospheric conditions is considered by
the model. In the present application the model is used in its simpler formulation, which assumes a single
particle size representative of the mean Sauter diameter of the grain-size distribution of the mixture. The
integral model can therefore compute the flow front velocity, the average flow thickness, and the particle
concentration as a function of time, assuming either axisymmetric or unidirectional propagation, from which
the kinetic energy (or dynamic pressure) of the flow front can be calculated.

In order to quantify main effects of topography on the propagation of a PDC, the flow kinetic energy is
compared to the potential energy associated with, and therefore required to overcome, the topographical
relief that the flow encounters, thus following the same approach of the energy line (or energy cone) model
[Hsu, 1975; Alberico et al., 2011]. It is worth noting, however, that the integral model allows a more realistic
description of the propagation of a turbulent flow compared to the energy line, which instead assumes a
simple linear decay of flow kinetic energy more appropriate for describing the dynamics of landslides and
high-concentration granular flows (not commonly outcropping at CF). For instance, Figure 4a illustrates the
nonlinear decay of the flow kinetic energy, expressed as potential height for a radial flow with runout 10 km,
as a function of distance from source and as a function of the C parameter (m2/3/s) which accounts for the
initial volume concentration of particles and their sedimentation velocity in the flow (see Appendix B for
more details).

Figure 4. (a) Example of decay of radial flow head kinetic energy expressed in terms of potential height as a function of
distance from the source. Curves refer to a flow runout of 10 km and to values of the C parameter equal to 1.0, 1.8, 2.0,
and 2.4 (m2/3/s), as reported in the labels. In the inset the probability distribution of the C parameter is shown once a
uniform distribution is assumed on the physical variables forming it (see Appendix B for more details). (b) Estimates of the
initial mass of pyroclastic material of the column collapsing to the ground as a function of the initial concentration of
pyroclasts and their sedimentation velocity (see Appendix B). All curves refer again to a radial flow runout of 10 km,
whereas the colored lines refer to the four values of the C parameter reported in Figure 4a.
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In order to rely on the data set of PDC invasion areas described in the previous subsection, in this study the
PDC invasion model is applied in an inverse mode, i.e., starting from the invasion area (obtained using the
density functions described above) and then computing the volume (or the equivalent pyroclast mass)
required to generate such propagation, given a specific vent location and surrounding topography. Figure 4b
shows themass of pyroclasts collapsing to the ground that is able to generate a radial PDC with runout 10 km,
as a function of the initial pyroclast volume concentration and sedimentation velocity, considering a flat
topography. The physical parameters of the flow adopted in the integral model are assumed representative
of the eruptive mixture and collapse conditions at CF [e.g., Dellino et al., 2004; Todesco et al., 2006; Esposti
Ongaro et al., 2008a, 2008b]. More details on the numerical procedure and the parameters we use are
provided in Appendix B.

3. Results

Combining the spatial probability map of new vent opening, the probability distribution of PDC invasion
areas, and the PDC integral box model described above, it is possible to produce several probabilistic hazard
maps of PDC invasion with their associated uncertainty. In the following, a few cases are shown and discussed
to illustrate our main findings. Several other maps were produced to investigate the influence of some key
variables or assumptions on the hazard mapping. Our maps relate solely to the probability of invasion by
PDCs and not to the distributions of specific hazard variables, such as dynamic pressure and temperature. We
also assumed that a future PDC episode will originate in the on-land portion of the caldera because source
conditions would be fundamentally and significantly different in the case of an underwater vent.

Our invasion maps are the result of a Monte Carlo simulation procedure, implemented to combine the
several probability distributions discussed above (aleatoric variabilities) together with their epistemic
uncertainties, based on a doubly stochastic model. The Monte Carlo simulation has a nested structure,
configured for estimating uncertainty on the results: as a consequence, the procedure creates maps of
PDC invasion in terms of a mean (or median) value and of representative percentiles with respect to the
uncertainty sources we consider. With the location of the eruptive vent determined and the value of the
area to be invaded by the flow defined, the simulation of a single PDC propagation event associates a value
of 1 to those zones reached by the flow, and 0 otherwise. This is done using the PDC flow model in inverse
mode and including the blocking effect of the topography (Appendix B). Therefore, for each outcome
of the epistemic uncertainty sources (i.e., uncertainty on the probability map of new vent opening and
uncertainty on the density distribution of the PDC invasion area), by repeating the simulation of a single
PDC, a large number of times randomly changing vent location and inundation area, and then aggregating
the zone 0/1 values obtained to estimate their means, it is possible to approximate, by the law of large
numbers, the probability that each location of the map is reached by a PDC conditional on the occurrence
of an explosive eruption. To limit computation time, most of the maps are produced using a regular
Cartesian grid of cells with 500m sides, although simulations were also performed with higher resolutions
to investigate the sensitivity of results to this numerical parameter. For instance, a grid of cells with 250m
sides produced maps similar to those using 500m resolution. Based on the 500m grid and due to the
nested structure of the Monte Carlo procedure, each invasion map requires the execution of over half
million model simulations.

Figure 5 shows the PDC invasion probabilities in terms of a mean map and maps of the 5th and 95th
percentiles, assuming the vent opening probability maps of Figure 1 and the probability distribution of
invasion areas associated with the 5 ka data set (see Figures 3a and 3c). The PDC invasion probability maps
assume that each new event would be able to produce PDCs just from a single vent located in the on-land
portion of the caldera. With reference to the mean map, from the distribution of isolines of equal invasion
probability it emerges that, consistent with the deposit data [e.g., Orsi et al., 2004], the central eastern part
of the caldera is the most exposed to PDC hazard with peaks of probability of invasion of about 53% in the
Agnano plain. Probabilities above 45% are also computed in the Astroni area and above 30% in the area
of Solfatara. Note that mean probability values above 5% apply to almost all parts of the caldera (with the
exception of a small portion of the Capo Miseno peninsula), and a large part is associated with mean values
exceeding 10% PDC invasion probability. Values between about 5 and 10% affect some areas outside the
caldera border (e.g., Collina di Posillipo and some neighborhoods of Naples). The plots showing 5th and
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95th percentiles (Figures 5a and 5c)
enumerate the substantial uncertainty on
these mapped probabilities of PDC
invasion with respect to the sources of
epistemic uncertainty described above.
These maps apply only to the propagation
of PDCs over the landward portion of
the caldera; isolines of the probability of
invasion in offshore parts of the caldera are
shown in outline to give a first approximation
of the potential hazard represented by PDCs
traveling over the sea. We assume the sea
surface as flat ground topography with no
effect of the water on the PDC propagation
(thus neglecting any specific heat and mass
transfers between flow and sea), although
theoretical studies have pointed to a
reduced mobility of PDCs over water [e.g.,
Dufek and Bergantz, 2007]. The data of the
three maps shown in Figure 5 are reported
in the Data Sets S1, S2, and S3, respectively,
in the supporting information.

Figure 6 shows the same maps as Figure 5
but in this case assumes the probability
distribution of invasion areas derived from
events over the last 15 ka (see Figures 3b
and 3d). The maps are very similar to those
of Figure 5, with a slight increase in areas
affected by low probabilities of invasion
(see, for instance, the 2–10% isolines) and
an associated slight decrease of the peak
values computed in the central eastern
part of the caldera. As mentioned above,
these effects are the result of the slightly
fatter tail of the distribution related to the
15 ka history compared to that of the 5 ka
record (see Figure 3).

Several other maps, for the sake of brevity
not described here, were also produced,
some of which are reported in Figure 7.
These investigate the effects on the
PDC invasion probability maps of (i) the
procedure followed for the definition of
the vent opening map (i.e., kernel function
versus partitioning of the caldera, see
Bevilacqua et al. [2015], for explanations)
(Figure 7b); (ii) neglecting fault, fracture,
and homogeneous distribution maps
in the definition of the vent opening
map (see again Bevilacqua et al. [2015]
(Figure 7c); (iii) considering only the vent
locations of Epoch III in the definition of the
vent opening probability map (Figure 7d);

Figure 5. PDC invasion probability maps computed by assuming
the vent opening distribution described in Figure 1 and the spatial
density distribution of invasion areas of the last 5 ka, shown in
Figure 3a. The maps assume that PDCs originate from a single vent
per eruption and that the vent is located in the on-land part of
the caldera. Contours and colors indicate the percentage probability
of PDC invasion conditional on the occurrence of an explosive eruption.
The maps relate to (a) the 5th percentile, (b) the mean spatial probability,
and (c) the 95th percentile, respectively.
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(iv) different physical properties of the
flows adopted in the PDC invasion model
(Figure 7e), and (v) the vent opening
probability map of Selva et al. [2012]
(Figure 7e). Some more details on the
specific parameters used to produce these
maps are given in the caption to the figure.
As it emerges from the comparisons,
despite some significant differences
observed locally in specific areas of the
caldera, our main findings about the spatial
distribution of PDC invasion probabilities
remain largely valid.

Our method also enables us to draw
probabilistic invasion maps that consider
eruption events constrained below a
defined upper scale limit (in our analysis,
up to a defined PDC invasion area). This
can be obtained straightforwardly by
truncating the eruptive scale distributions
of Figures 3c and 3d at a given limit. For
instance, Figure 8 shows PDC invasion
maps representative of the mean, and 5th
and 95th percentiles of the distribution,
when the limiting value corresponds to
5% exceedance probability of the PDC
invasion areas with reference to the 5 ka
curve (Figure 3c). Based on the estimates of
the probability of occurrence at different
eruptive scales, as computed by Orsi
et al. [2009], such a limit approximately
corresponds to the occurrence of explosive
eruptions of small and medium scale but
not large-scale events (e.g., the AMS
eruption; the average probability of
occurrence of large eruptions is, in fact,
estimated to be about only 4% of all scale
sizes). Under this restriction, the resulting
PDC invasion maps (Figure 8) remain
similar to those that consider the full
distribution of eruptive scales (Figures 5
and 6). However, in Figure 8 the probability
isolines now affect slightly smaller areas
due to the neglecting of PDCs produced
by large-scale events. Of course, maps of
the same type could be produced for
other thresholds associated with other
probabilities of exceedance of the PDC
invasion areas (Figures 3c and 3d).

Finally, we investigate the possibility
of simultaneous or near-simultaneous
openings of multiple vents in zones of the
caldera significantly distant to each other

Figure 6. PDC invasion probability maps computed by assuming the
vent opening distribution described in Figure 1 and the spatial density
distribution of invasion areas of the last 15 ka, shown in Figure 3b. The
maps assume that PDCs originate from a single vent per eruption
and that the vent is located in the on-land part of the caldera. Contours
and colors indicate the percentage probability of PDC invasion
conditional on the occurrence of an explosive eruption. The maps
relate to (a) the 5th percentile (b) the mean spatial probability, and
(c) the 95th percentile. Note that the color scale used in these maps
is consistent with that used in Figure 5.
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(i.e., not related to vent migration within the same area). Such occurrences are indeed a possible scenario at a
caldera, as shown at Rabaul volcano (Papua New Guinea) in September 1994, with the simultaneous opening
of the vents of Tavurvur and Vulcan volcanoes, on opposite sides of the caldera (8 km distant from each other)
[Roggensack et al., 1996]. Recent work [Isaia et al., 2009] has shown that such a phenomenon likely occurred
also at CF with the contemporaneous eruption, about 4.3 ka B.P., of the Solfatara and Averno centers, located

Figure 7. Ensemble of mean spatial probability maps of PDC invasion showing the effect of different assumptions on the
hazard mapping. (a) Reference mean map assuming the vent opening map of Figure 1 and the spatial density distribution
of PDC invasion areas of the last 5 ka (as in Figure 5b of this paper); (b) PDC invasion mean probability map assuming
the vent opening probability maps of Figures 8a–8c of Bevilacqua et al. [2015], based on the use of kernel functions
(see Bevilacqua et al. [2015], for more details); (c) mean map obtained by neglecting the influence of fault, fracture, and
homogeneous distribution maps on vent opening probability [see Bevilacqua et al., 2015]; (d) mean map obtained con-
sidering only the distribution of vent location of the events of Epoch III; (e) mean map obtained by assuming a value of the
C parameter equal to 1m2/3/s instead of 2m2/3/s, as assumed in all other maps (see Appendix B for more details), and (f )
mean map obtained by assuming the vent opening map of Selva et al. [2012]. Contours and colors indicate the percentage
probability of PDC invasion conditional on the occurrence of an explosive eruption. Note that the color scale used in these
maps is consistent with those used in Figures 5 and 6. See text for more explanation.
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about 5.4 km apart (i.e., the events of
Solfatara and Averno2, Bevilacqua et al.
[2015]. Tephra placed at the same height of
the CF stratigraphic record [e.g., Di Vito
et al., 1999; Smith et al., 2011] and still
not chemically and physically correlated
suggest that other groups of eruptions
could have been simultaneous. Multiple
venting implies therefore the possibility of
an increased area potentially invaded by
PDCs in an eruptive episode, both inside
and outside the caldera.

Based on all the available evidences at CF
and elsewhere, the probability of the
opening of two simultaneous vents is
estimated from expert judgment to be
about 10%, but with an uncertainty range
from about 5% to 25% (corresponding
to the 5th and 95th credible range
percentiles, see Bevilacqua et al. [2015], for
details). Based on these numbers, Figure 9
shows PDC invasion probability maps for
the scenario of two simultaneous vents in
terms of (a) the 5th percentile, (b) the
mean map, and (c) the 95th percentile. No
constraint was imposed on the distance
between the two simultaneous vents.
Based on the probability map of vent
opening, a mean distance between dual
vents of 4.7 km was calculated (assuming
two independent samples from the
same spatial distribution), with 5th
and 95th percentiles of 1.0 and 10.0 km,
respectively.

The maps of Figure 9 are comparable to
those of Figure 5 in the sense that they
assume, for both eruptive centers, the
same probability of vent opening of
Figure 1 and the probability density
function of the PDC invasion area of
the last 5 ka. In this scenario, the area
invaded by the flows generated by two
simultaneous vents is computed as the
union of the areas invaded by the PDCs
that originate from the two distinct vents.
From comparison with the maps of
Figure 5, it emerges that in the scenario
with dual venting the peak probabilities
computed in the Agnano plain are about
5% higher and also that the isolines
representative of the 5% and 10%
probability of invasion occupy, in this
situation, slightly wider areas.

Figure 8. PDC invasion probability maps computed by assuming the
vent opening distribution described in Figure 1 and the spatial density
distribution of invasion areas of the last 5 ka shown in Figure 3a with a
bounding limit corresponding to 5% exceedance probability for invasion
area. The maps assume that PDCs originate from a single vent per
eruption and that the vent is located in the on-land part of the caldera.
Contours and colors indicate the percentage probability of PDC invasion
conditional on the occurrence of an explosive eruption. The maps
relate to (a) the 5th percentile, (b) the mean spatial probability, and
(c) the 95th percentile. Note that the color scale used in these maps is
consistent with those used in Figures 5–7.
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4. Discussion

In this study, we develop an innovative
method to generate probabilistic maps
of PDC invasion in caldera settings
conditional on the occurrence of an
explosive eruption. Our approach allows
different strands of data to be combined
within a probabilistic framework and,
most importantly, enables us to consider
and quantify the influence of some key
sources of epistemic uncertainty present in
the volcanic system. The approach is
particularly relevant for caldera settings
due to the large variations of possible vent
locations and eruption scales that can be
exhibited by volcanoes of this type
(aleatoric variabilities).

In the present case of CF, PDC invasionmaps
are obtained by conflating a probabilistic
distribution for new vent opening position
[Bevilacqua et al., 2015], a distribution of
PDC invasion areas assumed representative
of the range of eruption scales (based on
an updated version of the data set of Orsi
et al. [2004]), and a simplified PDC invasion
flow model able to account for the PDC
scaling properties and the main effect of
caldera topography on the extent of areas
invaded by the flows. These probabilistic
distributions are also able to account for
some of the main epistemic uncertainties
affecting the volcanic system [see Bevilacqua
et al., 2015]. In particular, the analysis
takes account of the uncertain location
of past vents; the number of “lost vents”;
the uncertain correlations between the
distribution of observable features of the
caldera, such as faults and fractures, and
the spatial probability of vent opening; the
incomplete reconstruction of areas invaded
by previous PDCs, and the possibility
to have simultaneous activation of two
distinct vents during the same eruptive
episode. Our analysis relies on evidence
about the last 15 ka of activity of the
volcano and therefore does not include
extreme caldera-forming events such as
the CI or the NYT eruptions. Moreover, all
the maps presented here presume that the
eruptive vent openings take place in the
landward portion of the caldera; offshore
eruptions are, fundamentally, a different
and more difficult problem to tackle.

Figure 9. PDC invasion probability maps computed for PDCs that
originate from two simultaneous vents in an eruptive event, with
the vents located in the on-land part of the caldera. The calculations
assume the vent opening distribution described in Figure 1 and the
spatial density distribution of invasion areas of the last 5 ka, shown in
Figure 3a. Contours and colors indicate the percentage probability of
PDC invasion conditional on the occurrence of an explosive eruption. The
maps relate to (a) the 5th percentile, (b) themean spatial probability, and
(c) the 95th percentile. Note that the color scale used in these maps is
consistent with those used in Figures 5–8.
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We provide PDC invasion maps under different assumptions in order to investigate their relative relevance
and the robustness of the results. Assuming the activation of a single vent per eruptive event, it emerges from
these maps that the whole caldera is significantly exposed to PDC hazard (e.g., Figure 5). Mean invasion
probabilities above 5% are calculated over almost the whole caldera, with peak values just exceeding 50% in
the Agnano plain. The areas of Astroni and Solfatara are exposed with mean values above about 30%. Mean
probabilities of about 10% are also computed in some areas outside the caldera, in particular, over Collina
di Posillipo and in some neighborhoods of the city of Naples. Consideration of the density distribution of PDC
invasion areas over the last 15 ka (see Figure 6) does not affect significantly the probability distribution
described above but just slightly extends the area affected by low-probability isolines, simultaneously slightly
reducing peak value probabilities in the central eastern part of the caldera. Different assumptions about
the vent opening mapping and PDC properties also produce changes to the probability values of about the
same amount, as shown in the additional maps reported in Figure 7.

These maps also allow the influence of different eruption scenarios to be considered. Figure 8, for instance,
relates to the possibility to define an upper limit on the expected eruptive scale of a future event. Specifically,
the probability distribution of the PDC invasion areas (Figure 3) was restricted to its 95th percent value to
produce Figure 8. This limit represents approximately the occurrence of small to medium scale events at CF,
but not large-scale events (such as the AMS event) [Orsi et al., 2009]. Under this constraint, the computed
distribution of probability results is again very similar to that described above but in this case with a general
decrease in mean values of about 2%. Nevertheless, essentially the whole caldera is still characterized by
mean probabilities of flow invasion larger than 5%, and values up to about 10% are again computed in some
eastern areas outside the caldera rim.

Similarly, Figure 9 considers the possibility of simultaneous activation of two separate vents during the same
eruptive event. This possibility has been postulated as having happened already at CF [Isaia et al., 2009]
and has the effect of increasing the area potentially affected by PDC invasion. Assuming that this scenario
could occur in 10% of all eruption episodes, with a credible range between about 5% and 25%, the resulting
mean invasion map produces slightly wider inundation footprints with a general increase of probability
values of about +2% compared to the case of single vent.

An important outcome of our approach is the possibility to identify and quantify some of the sources of
epistemic uncertainty affecting the phenomena of concern. This permits us to generate not only a mean
(or expected value) map of the probability of PDC invasion but also a set of maps that represent 5th and
95th percentile uncertainty spreads. From inspection of the results, the difference in relative percentage
between the 5th or 95th percentiles and the local mean values (i.e., divided by such mean values) can
be approximately quantified inside the caldera typically as ±25% of the mean probability values, with
variability from about ±15% up to ±35% (corresponding to the 5th and 95th percentiles) in different areas
of the caldera. Outside the caldera the average variability rises to about ±55% of the local mean, with
ranges from about ±30% to ±110% from place to place. Despite the significant sizes of such uncertainty
estimates, in the present analysis just some of the relevant sources of epistemic uncertainty were
considered, as previously described. Other possible influences, for instance, dependence of vent location
and temporal patterns on eruptive scale, the effect of eruption duration, the accuracy of the PDC propagation
model, complexities of 3-D topography on flow propagation, as well as the potential influence of atmospheric
conditions, are not included in the present analysis and could represent objectives of future studies.

The limitations of the PDC propagation model and of the stopping criterion should be considered when
evaluating the invasion maps. The integral box model does not take into account complex processes
occurring during PDC propagation, such as partial blocking of the current by topographical barriers, the
generation of buoyant thermals and coignimbrite columns from disruption of the main flow or by passing
over topographic obstacles, and the complex multidimensional and transient effects associated to the
interaction of a flowwith the ground topography [Todesco et al., 2006; Esposti Ongaro et al., 2008b]. The effect
of wind on the propagation of the PDCs is also neglected. Moreover, our maps are computed on a Cartesian
grid with cells of side measuring 500m, meaning that the associated probability should be interpreted as a
mean value over the cell space and that details below this scale are not meaningful. This is the case, for
instance, for some small island-shaped probability contour areas located mostly over Collina di Posillipo
and eastward that are generated by the complex interplay between the envelope of all simulations with
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varying vent location and scale and the rough topography of the caldera. As a consequence, detailed
local-scale zonation of the flow invasion probabilities cannot be achieved using the approach illustrated
here. For that purpose, more accurate transient and multidimensional physical models and more detailed
analyses of local topography should be used.

The probabilities of flow invasion reported in all the maps (Figures 5–9) are conditional, as mentioned
above, on the occurrence of an explosive eruption from a vent or vents in the subaerial portion of the
caldera. This means that to compute the probability of invasion conditional on the occurrence of an
unspecified eruption (i.e., effusive or explosive, with vents located on land or offshore), it is necessary
to multiply all the probability isoline values by (1� P), where P is the probability of being effusive
(assuming, for the sake of simplicity, an equal vent opening spatial distribution for explosive and effusive
eruptions) or the probability of having a vent located in the sea (hence not producing a significant
PDC hazard in the common sense). By assuming a probability of occurrence of an effusive eruption of
about 10% [see Orsi et al., 2009] and a probability of occurrence of an eruption with vent located
offshore of about 25% [see Bevilacqua et al., 2015], the probability values reported on the maps
presented here need to be multiplied by a factor (1� P) of about 0.68 (assuming the two circumstances
to be independent).

Finally, it is possible to highlight the notable probability that a CF PDC originating on land would likely
interact with seawater. Significantly wide areas along the coast of the municipality of Pozzuoli have
associated mean probabilities of flow invasion up to about 40%, with all the coast of the Golfo di Pozzuoli
being potentially affected with mean probabilities above 10%. The generation of a PDC-induced tsunami
should therefore be considered a possibility, such as that observed during the 1994 eruption of Rabaul
[Nishimura et al., 2005] and the eruptive crises of the Soufrière Hills volcano, Montserrat [Mattioli et al.,
2007]. This adds the hazards associated with PDC-induced tsunami waves to those of other hazardous
processes generated by potential explosive events with a vent located offshore, which possibility is
estimated to have a mean probability of occurrence of about 25% (based on Bevilacqua et al. [2015]).

5. Conclusions

PDCs represent one of the most dangerous volcanic hazards for people living in proximity to explosive
volcanoes. The hazard zonation of areas potentially affected by this threat is therefore of paramount
importance and is the first step needed to draw up appropriate mitigation measures. The CF caldera
represents a prime example of this type of high-risk volcano. Despite the fact that CF has been the object
of many studies in recent decades, the mapping of PDC hazard there remains particularly challenging due
to the remarkable variability of potential vent locations and eruption scales, and the complex dynamics of
PDC movement over the caldera topography.

Here we have produced, through the application of a doubly stochastic model, the first quantitative
background (or long-term/base-rate, i.e., in conditions of no unrest) probabilistic maps of PDC invasion able
to incorporate some of the main sources of epistemic uncertainty that influence the models for aleatoric
(physical) variability. In particular, the new method developed combines the spatial probability distribution
of vent opening locations [Bevilacqua et al., 2015], the density distribution of PDC invasion areas, and a
simplified PDC model able to describe the main effect of topography on flow propagation.

Our results clearly suggest that the entire caldera has potential to be affected, with a mean probability
of flow invasion higher than about 5% and the central eastern area of the caldera (i.e., Agnano-Astroni-
Solfatara) having invasion probabilities above about 30% (with local peaks at or above 50% in Agnano).
Significant mean probabilities (up to values of about 10%) are also computed in some areas outside the
caldera border (i.e., over Collina di Posillipo and in some neighborhoods of Naples). Our findings are robust
against different assumptions about several of the main physical and numerical parameters adopted in
the study.

In addition to mean values of probability of PDC invasion, this study provides the first estimates of the
credible uncertainty ranges associated with such probability estimates in relation to some key sources of
epistemic uncertainty. From our analysis, uncertainty spreads on invasion probabilities inside the caldera
typically range between ±15 and ±35% of the local mean value, with an average of about ±25%; wider

Journal of Geophysical Research: Solid Earth 10.1002/2014JB011776

NERI ET AL. ©2015. American Geophysical Union. All Rights Reserved. 16



uncertainties are found outside the caldera, with an average above ±50% and a significantly larger range of
variability from place to place. Despite the several assumptions and limitations of this study, including the
subjectivity of the approach followed, such first estimates of epistemic uncertainty provide crucial
information that needs to be carefully accounted for when quantifying the likelihood of PDC hazards and
risks associated with a future eruption occurring in the CF.

Appendix A: Class of Distributions Representing the PDC Invasion Areas

In order to choose which distribution fits the data sets reported in Figure 3 better, i.e., the 5 ka data set
(D1, Figures 3a and 3c) or the 15 ka data set (D2, Figures 3b and 3d), we performed some analyses and
statistical tests. In particular, we focused on the maximum likelihood (ML) lognormal, the ML Weibull, and the
Pareto distributions.

Recall that the density function of a lognormal distribution of log mean m and log standard deviation s, is

f lN xð Þ ¼ 1

x
ffiffiffiffiffiffiffiffiffi
2πs2

p exp � log2 x �mð Þ
2s2

� �
¼ s

ffiffiffi
2

p

x
ffiffiffi
π

p x �mð Þ� log x�mð Þ:

whereas the density function of a Weibull distribution of mean λ> 0 and shape k> 0 is

fW xð Þ ¼ k

λk
xk�1 exp � x=λð Þk

� �
:

In the first case, the logarithm and the exponential terms of the expression counterbalance each other to
a certain extent and produce a quasi-polynomial decay although faster in the limit. In the second case,
the distribution produces a quasi-exponential tail although slower in the limit. While both distributions fit
quite well the body of the data sets, the lognormal distribution gives higher likelihood to the largest
values. Statistical analyses were performed in order to quantitatively evaluate the effect of this choice.

Some criteria were unable to discriminate between the two distributions. The Akaike information criterion values
(i.e., the logarithm of the maximal likelihood) are very similar for both data sets and therefore could not provide
useful indication as to preference. Similarly, a measure of fitting error was unable to give a clear difference
between the two distributions. We define the fitting error E as the L1 distance between the cumulative function
of our estimation choice and the cumulative empirical function of the observed data, rescaled in proportion to
the range of the data set. In the case of data set D1, the fitting errors of the ML lognormal and ML Weibull
resulted in values about 4.8× 10�2 and 5.5×10�2 respectively; conversely for the data set D2, values of distance
of about 4.6× 10�2 and 2.6× 10�2 were, respectively, obtained for the two distributions.

Therefore, in order to find the best distribution to use, a statistical test that estimates how probable the
observed values are, supposing they are extracted from an ML lognormal distribution or from an ML Weibull
distribution, was carried out. By using simple Monte Carlo simulation, the distribution of the index Ewhen the
observed data sets are substituted with a random sample of the same size extracted from each of the ML
distributions was determined. The calculated p value is the probability of extracting a statistical sample that
produces a fitting error E greater than that associated with the actual data: therefore, a very small p value
means that it is improbable to find the real data set with that distribution and, in contrast, a large p value
means that the distribution is a good candidate to generate realization values similar to those observed. With
data set D1, p values of about 0.45 and 0.17 were obtained for theML lognormal andMLWeibull, respectively,
whereas p values of 0.94 and 0.7 were obtained for the D2 data set, respectively. Based on this test, the
ML lognormal is therefore preferred to the Weibull distribution.

The fact that the ML lognormal distribution fits the tail of the distribution better than an MLWeibull suggests
that the tail behavior is more nearly polynomial rather than nearly exponential. The representative class of
probability measures that have density functions with polynomial tails is the Pareto (power laws), with typical
density expression as follows:

f P ¼ αxα0
xαþ1

;

for all x> x0, and 0 otherwise, the two parameters representing the exponent α> 0 and the threshold x0> 0.
In order to test this type of distribution, the data sets were separated also into two subsets to estimate
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separately the body and the tail of the distributions. Adjusting the choice of x0, a joint Weibull-Pareto
distribution was fitted to the data. However, due to the small number of data that define the behavior of the
tail, even in the case of the full data set D2, this approach was not able to provide better results with respect
to the ML lognormal distribution.

Due to the above considerations and also because the ML lognormal distribution gives an asymptotically
longer tail that seems to fit better the larger elements of the body of the data, theML lognormal was assumed
in our analysis.

Appendix B: Pyroclastic Density Current Box Model

The box model of Huppert and Simpson [1980] allows the kinematic properties of a PDC to be computed under
the assumption that a given volume of pyroclastic mixture is instantaneously released and the flow is assumed
vertically homogeneous (i.e., turbulent and well mixed) and traveling on a subhorizontal surface. These
assumptions allow a simple dynamical system to be stated, providing a relationship for the rate of propagation,
depth, and average particle concentration of the current as a function of time. If u(t) is the velocity of the front of
the current, l(t) is its position and an axisymmetric propagation of the flow is assumed, the model states

u ¼ dl
dt

¼ Fr gpϕh
� �1=2

;

dϕ
dt

¼ �ws
ϕ
h
;

l2h ¼ V :

8>>>>>>><
>>>>>>>:

where Fr is the Froude number, gp the reduced gravity, ϕ the volume fraction of particles in the flow, ws the
sedimentation velocity of particles, and V the volume of collapsing mixture divided by π. After simple
computations we find that the function

l tð Þ ¼ tanh t=τð Þ½ �1=2lmax

solves the above equation, where τ ¼ Fr�1 gpϕ0V
� ��1=2

l2max

� �
=2; ϕ 0ð Þ ¼ ϕ0 is the initial volume

concentration of particles in the mixture, and lmax is the maximum distance reached by the flow (i.e., the PDC
runout) that it is possible to calculate from the other parameters as

lmax ¼ 8ϕ1=2
0 Fr g1=2p V3=2w�1

s

� �1=4

In a similar way to the energy cone approach, the front average kinetic energy is computed and compared
to the potential energy associated to an obstacle of height H. Here the comparison was done considering
simple gravity and also neglecting hydraulic effects associated with flow-obstacle interactions. By using the
above formula of l(t), we derive an expression for u(l) and therefore the following function for H:

H ¼ 1
2g

C l1=3max

x cosh2artanh x2ð Þ

" #2

; C ¼ Fr2wsϕ0gp
� �1=3

=2

where x= l/lmax. This function basically replaces the straight line of the energy cone model. It should be noted
that the parameter C is the only physical parameter of the integrated model, and therefore, its value can be
obtained with different combinations of the variables that form it. Assuming reasonable bounds on the
physical parameters involved for the CF case, such as ws= 0.05–1.2m/s (corresponding to mean Sauter
particle sizes between 10 and 500μm), Fr= 1–1.19 (as resulted from calibration tests), ϕ0= 0.5–1.5%, and
ρp=700–1000 kg/m3, and assuming a uniform probability distribution between these ranges as appropriate
given the large uncertainty affecting these parameters, the mean and median values of the C parameter
result around 2m2/3/s (1.0, 1.8, and 2.4m2/3/s corresponding to the 5th, 50th, and 95th uncertainty
percentiles, respectively; see the inset of Figure 4a for the C probability distribution). Therefore, in most of the
simulations a value of 2m2/3/s was assumed although, to check the effect of this variable on the spatial
probability map, a value of 1m2/3/s (corresponding to the 5th percentile) was also used, as shown in
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Figure 7e. Adopting instead the other extreme value of 2.4m2/3/s (corresponding to the 95th percentile) does
not produce significant changes to the corresponding mean map. Figure 4 shows that a value of C= 1m2/3/s
is representative of a PDC, at constant any other initial variable, richer of fine particles and therefore more
mobile (i.e., able to reach a specific runout distance with a lower amount of collapsing mass) than PDCs with a
value of C= 2m2/3/s or greater.

The integral box model has been extensively tested against laboratory experiments [e.g., Gladstone and
Woods, 2000] and numerical simulations able to describe the dynamics of stratified PDCs. In particular, the
model was validated in nonideal conditions, i.e., in case of significant density differences between the flow
and the ambient and assuming different particles sedimentation rates. As an example, Figure B1a shows
the time evolution of the flow calculated by the numerical model PDAC [Esposti Ongaro et al., 2007, 2008b]
with density contrast of 0.4 and particles of 100μm diameter, whereas Figure B1b shows a comparison
between the numerical model results and the box model predictions in case of sedimenting currents with
different particles sizes (from 100 to 500μm) in Cartesian coordinates. When set to nondimensional variables
(i.e., t/τ and l/lmax) all simulations collapse on the curve predicted by the box model, confirming minor
influences on flow propagation by current stratification and viscous and buoyancy forces.

As mentioned in the main text, the model is applied in an inverse mode in order to produce the invasion
maps. This means that the model is used to estimate the mass (or the equivalent volume) of the collapsed
pyroclastic mixture able to invade the inundation area, as extracted from the density functions derived from
field reconstructions (see section 2.2). Given a specific vent location and associated surrounding topography,
such a calculation is carried out numerically by an iterative procedure based on the secant method, with
an initial condition estimated from inversion of a simple energy line model. The method reproduces invasion
areas with a relative error below 0.05 in 95% of cases and with just about five to six iterations. Calculation
of the area invaded by the PDC is also computed adopting different grid resolutions and numerical
algorithms. For instance, the invasion areas of a single PDC can be obtained assuming both a regular
Cartesian grid up to 50m resolution and a radial discretization of the space in 360 sectors by using a 10m
digital elevation model resolution. Different assumptions were also made on the way topographic reliefs
shade the downstream areas with specific reference to the algorithms implemented to compute the areas;
results indicate some effects of these choices on some limited areas of the final hazard maps that, however,
can be quantified to the order of few percentage points in terms of probability of flow invasion.
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