
Chapter 4

Statistical Properties of

Seismicity of Fault Zones at

Different Evolutionary Stages

G. Hillers1, P. M. Mai1, Y. Ben-Zion2, and J.-P. Ampuero1

1 Institute of Geophysics, ETH Zurich, Zurich, Switzerland
2 Department of Earth Sciences, University of Southern California, Los
Angeles, USA

To be submitted to Geophysical Journal International

105



106 4 Fault Zones at Different Evolutionary Stages

4.1 Abstract

Active fault zones evolve from early deformation stages toward structural sim-
plicity and increasing regularity of the associated seismic response. The ge-
ometry of immature faults appears to be highly disordered which leads to a
wide range of size scales and their physical properties change on small spatial
scales. Progressive deformation is assumed to coalesce and reduce the range
of size scales of individual fault segments associated with an increase of cor-
relation lengths. We preform in a systematic parameter space study of a 3-D
elastic continuous fault model governed by rate- and state-dependent friction
the seismic response of faults with different degrees of structural complexity.
Geometric irregularity is parameterized by different spatial distributions of
the critical slip distance L. The distributions are used to represent different
stages of fault zone evolution by the parameters range of size scales, spatial
correlation length, and Hurst exponent. We use a number of seismicity and
stress functions to characterize seismic response types associated with fault
zone maturity. We test hypocenter locations against distributions of parame-
ters to investigate the dependence of earthquake nucleation on spatially vary-
ing physical properties, where hypocenters are found to correlate significantly
with small L values. Final sizes of earthquakes are correlated with physical
properties at their nucleation site, indicating the rupture process is to some
degree deterministic. Scaling relations suggest the self similarity of synthetic
seismicity and hence the applicability of the chosen approach.

4.2 Introduction

A large number of multi-disciplinary observations and various theoretical frame-
works, summarized by Ben-Zion and Sammis [2003], indicate that faults evolve
toward structural simplicity and increasing regularity of the associated seis-
mic response [e. g., Tchalenko, 1970; Wesnousky , 1994; Stirling et al., 1996;
Lyakhovsky et al., 2001]. Immature fault zones are formed as highly disor-
dered structures associated with wide range of size scales and short correlation
lengths of structural features. Continuing deformation seems to lead to pro-
gressive regularization manifested by coalescence, reduction in the range of size
scales of fault segments, and development of larger correlation lengths [Ben-
Zion and Sammis, 2003, and references therein]. Observational and theoretical
studies indicate that geometrical heterogeneity plays a dominant role in the
seismic response of a fault [e. g., Wesnousky , 1994; Ben-Zion, 1996; Zöller
et al., 2005c]. Disordered structures at early deformation phases like the San
Jacinto fault appear to produce seismicity patterns that can be described, like
regional seismicity, by power law relations. On the other hand, mature local-
ized structures like the San Andreas and the North Anatolian faults appear to
produce more regular patterns associated with some periodicities.
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In this work we perform a parameter space study of the seismic response of
structures at different evolution stages, represented by different spatial distri-
butions of the critical slip distance L in the rate- and state-dependent friction
framework. The employed distributions attempt to characterize the fault ma-
turity with the following three parameters: range of size scales, spatial cor-
relation length, and Hurst exponent. Our parameter space study examines
systematically the response of model realizations associated with different sets
of those parameters using a number of seismicity and stress response functions.
The empirical rate- and state-dependent (RS) friction law used in this study
was shown to be a powerful tool in modeling various stages of the seismic cycle,
including preseismic slip and nucleation, the growth of dynamic instabilities,
healing of fault surfaces, earthquake afterslip, aftershocks, and long deforma-
tion histories [Tse and Rice, 1986; Rice, 1993; Dieterich, 1992, 1994; Ben-Zion
and Rice, 1995; Marone, 1998; Rubin and Ampuero, 2005]. Previous studies of
spatio-temporal evolution of slip on planar fault representations governed by
RS friction [e. g., Rice, 1993; Ben-Zion and Rice, 1997; Tullis, 1996; Lapusta
et al., 2000] employed frictional properties corresponding to fairly homogeneous
faults, where the only types of heterogeneities were lab-based depth-variations
of the parameters a and b, and normal stress. More recently Liu and Rice
[2005] and Hillers et al. [2006] used, respectively, spatial variations of a, b, and
the critical slip distance L, to account for heterogeneous physical properties
based on structural variations of fault zones. The physical basis for variations
of the critical slip distance in natural fault structures is associated with the
observations that L is correlated with the width of the gouge zone [Marone,
1998, and references therein] and with the dominant wavelength that charac-
terizes the roughness of sliding surfaces [Ohnaka, 2003, and references therein].
The available observations indicate that the width of the gouge zone in the
brittle crust decreases with depth [Sylvester , 1988; Chester and Chester , 1998;
Ben-Zion et al., 2003b] and that the roughness of sliding surfaces depends
on the observation scale [Perfettini and Campillo, 2003] and cumulative slip
[Ben-Zion and Sammis, 2003].

Laboratory and field observation reveal that fault zones and associated sliding
surfaces at different evolutionary stages differ in their structural and hence
frictional properties, leading to typical differences in their seismic responses.
Observational [e. g., Wesnousky , 1994; Stirling et al., 1996] and numerical [Ben-
Zion, 1996; Zöller et al., 2005c] studies show that fault zone structure evolves
from immature stages governed by geometrical disorder and strain harden-
ing rheology to mature stages with increased geometrical regularity controlled
by strain weakening rheology [Ben-Zion and Sammis, 2003]. Faults at initial
deformation phases such as the San Jacinto fault produce seismicity pattern
that can be described by the Gutenberg-Richter frequency size distribution,
whereas more localized faults like the San Andreas and the North Anatolian
Fault Zone produce characteristic event type seismicity. Motivated by the
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above field, laboratory and theoretical studies, we parameterize fault zones
with different degrees of maturity using correlated 2-D L distributions. More
specifically, distributions with wide range of size scales of the controlling pa-
rameter L, short correlation lengths and small Hurst exponent are used to
represent immature faults at early evolution stage, while distributions with
narrow range of size scales, long correlation lengths and large Hurst exponent
are used to represent mature faults with large cumulative slip. Using the algo-
rithm of Hillers et al. [2006], designed to represent geometrical and frictional
properties on a planar 2-D fault geometry, we aim to isolate the relative impor-
tance among the tuning parameters during fault zone evolution. In agreement
with previous results of Ben-Zion [1996]; Ben-Zion et al. [2003a]; Zöller et al.
[2005c]; Hillers et al. [2006] we find that the range of size scales is the most ef-
fective parameter. In addition, comparisons of results with those of the related
work by Hillers et al. [2006], suggest that for equivalent ranges of size scales
the topology of the L distribution controls details of the seismicity pattern.

The remainder of the paper is organized as follows. We continue with a brief de-
scription of the numerical model, the governing equations and their implemen-
tation in the numerical scheme. In Section 4.4 we discuss some basic choices
of frictional parameters and explain the generation of correlated 2-D distribu-
tions of the critical slip distance, L, parameterized as random-field models with
properties governed by the above introduced tuning parameters. Section 4.5
explains the compilation of a seismic catalog and introduces physical quantities
to describe the response of our simulations. Using these quantities, we discuss
in Section 4.6 the effects of variations in the 2-D L parameterization (different
correlation lengths along strike and down-dip; changing Hurst exponent; differ-
ent L value distributions) on simulated seismicity. We then combine different
correlation lengths to a set of hybrid models to represent fault zones with vari-
able roughness. In Section 4.7 we first introduce a testing procedure before we
evaluate the dependence of hypocenter locations on physical properties at the
site of the hypocenter. In Section 4.8 we explore the effect of different binning
strategies on our statistical evaluation, after which we discuss the magnitude
dependence on physical quantities. Finally, we present scaling relations using
fundamental observable quantities and discuss the overall applicability of our
approach.

4.3 Numerical Model

Stress-Slip Relation The model geometry and coordinate system (Fig. 4.1a)
follows Rice [1993]; Ben-Zion and Rice [1995, 1997] and Lapusta et al. [2000].
On a discretized vertical strike-slip fault plane in a 3-D elastic medium of
rigidity G and shear wave velocity vs, the integral relation connecting slip,
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Figure 4.1: (a) Rate and state controlled vertical strike-slip fault plane embedded in a
3-D elastic half space, loaded by aseismic slip rate v∞ = 35 mm/year at
its downward extension. Frictional properties apply over a depth range of
Zdepth = 24 km along a fault of length Xlength = [100, 200]km. (b) Employed
profiles of frictional scaling parameters, a, b and a − b. Standard distribution
without velocity-strengthening zone at shallow depth. (b) Pressure profiles.
Lithostatic normal stress, σn, pore pressure, p, and effective normal stress, σe.

u(x, z, t), and shear stress, τ(x, z, t), can be expressed as [Chinnery , 1963]:

τij(t) = τ 0 + τ r
ij(t) − vij(t) η0. (4.1)

The background stress τ 0 is chosen to keep τij > 0 in cases where slip is
possibly overshooting. Shear stress redistribution due to loading and slip on
the fault is given by

τ r
ij(t) =

nx∑

k=1

nz∑

l=1

K|i−k|,j,l (v
∞t − ukl(t)) . (4.2)

Indices i, k and j, l denote cell locations on the numerical grid along strike and
depth, respectively, and nx, nz corresponding dimensions of the numerical
grid. The elastostatic kernel (or stiffness matrix) K [Chinnery , 1963] relates
the slip at cell kl, ukl, to change of stress at cell ij, τij, at some time t, and is
calculated assuming 10 periodic repetitions of the fault along strike to approx-
imate infinite periodic boundary conditions. A constant driving plate velocity,
v∞, is imposed at the downward extension of the fault, and u̇ij(t) = vij(t)
is the slip rate of cell ij. The term η0 in Equation 4.1 accounts for seismic
radiation damping and is equal to G/2vs [Rice, 1993]. It allows stable cal-
culations during dynamic instabilities, without requiring the computationally
expensive calculations of the exact elastodynamic solution [e. g., Ben-Zion and
Rice, 1997; Lapusta et al., 2000; Lapusta and Rice, 2003].

Friction To describe the frictional resistance between two adjacent fault walls
we apply the rate- and state-dependent Dieterich-Ruina description of the fric-
tion coefficient, µ(x, z, t) [Dieterich, 1979; Ruina, 1983; Dieterich, 1994], which
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depends on sliding velocity, v(x, z, t), and a state variable, θ(x, z, t),

µ(x, z, t) = µ0 + a(z) ln

(
v(x, z, t)

v0

)
+ b(z) ln

(
v0 θ(x, z, t)

L(x, z)

)
(4.3)

The state variable θ is interpreted as being a measure of maturity of contacts
on a fault surface, and has units of time. For the Dieterich-Ruina (“slowness”
or “ageing”) form of the law, the state evolves according to

∂θ(x, z, t)

∂t
= 1 −

v(x, z, t) θ(x, z, t)

L(x, z)
. (4.4)

In Equation 4.3, µ0 is the nominal friction coefficient and v0 is a normalizing
constant (here: v0 = v∞). In velocity stepping experiments, a and b are
temperature- (and hence depth-) dependent constitutive parameters relating
changes in slip rate and state to frictional strength (Fig. 4.1b). The parameter
a characterizes the increase in strength with accelerated slip, and b reflects
the increase in strength with increasing total area. The characteristic slip
distance L is a length scale over which a new population of contacts between
two surfaces evolves. Laboratory values of L depend on the fault roughness
and gouge width. Typical values in rock sliding experiments done to date are
in the range 10−6− 5 × 10−4 m [Ohnaka, 2003]. The coefficient of friction, µ,
relates the shear stress on a fault, τ , to the effective normal stress, σe, via

τ(x, z, t) = µ(x, z, t) σe(z) (4.5)

= µ(x, z, t) (σn(z) − p(z)) ,

where σn is lithostatic normal stress on the fault and p denotes the pore pres-
sure in the fault zone (Fig. 4.1c). Inserting Equation 4.3 into 4.5 and dif-
ferentiating the resulting equation with respect to time leads to the velocity
evolution

∂v(x, z, t)

∂t
=

(
τ̇ r(x, z, t)

σe(z)
−

b(z) θ̇(x, z, t)

θ(x, z, t)

)
·

(
η

σe(z)
+

a(z)

v(x, z, t)

)−1

, (4.6)

where over-dots denote time derivatives. We use the effective damping pa-
rameter η = fd · η0 [Hillers et al., 2006], with fd being a factor controlling
quasi-dynamic (fd = 1) or overdamped quasi-dynamic (fd � 1) simulations.
See Rice [1993] for a discussion of slip evolution with fd � 1. The response of
the system is thus governed by two ordinary differential equations of the state
variable θ and slip rate v. Shear stress is computed using Equation 4.1 with
τ 0 = 100MPa.

Computation Technique We solve the set of three resulting first order or-
dinary differential equations (Eq. 4.4 and 4.6 plus u̇ = v) using an explicit
Runge-Kutta method with adaptive step-size control, DOP853 [Hairer et al.,



4.4 Parameter Setting 111

1993]. We use the Fast Fourier Transform (FFT) to compute the along-strike
contribution of the stress redistribution, τ r, executing a matrix multiplication
including the stiffness kernel K|i−k|,j,l [Rice, 1993; Stuart and Tullis, 1995; Rice
and Ben-Zion, 1996].

4.4 Parameter Setting

Nucleation Size To solve the problem in the continuum limit it is necessary
to prevent the discrete cells from failing independently of neighbored cells.
This is guaranteed if their size h is smaller than a critical size hn [Rice, 1993;
Lapusta et al., 2000]:

hn
R93 = ξ

GL

σe (b − a)max

. (4.7)

The geometrical factor ξ depends on the aspect ratio q of the cell. Here q = 0.96
and ξ = 1.02. The cell size is controlled by the minimum of hn

R93(x, z) over
the fault plane, which in our models (Figure 4.1b) scales with Lmin. This
places strong constraints on the computational efficiency, since cpu time scales
with 1/h. Thus, calculating slip histories within the continuum framework
can be done at present only for values of L chosen to be one to two orders
of magnitudes larger than laboratory values. With typical values from our
study at seismogenic depth, a = 0.015, b = 0.019, G = 30 GPa, σe = 50 MPa
we obtain hn

R93 ≈ 768m and h/hn
R93 = 0.25 in regions where L = Lmin = 5mm,

but a much better resolution in most parts of the fault. However, this classical
criterion is not always sufficient to ensure proper resolution of the smallest
scale features of slip. A relevant scale, which should be well resolved, is the
smallest size of a slip localization zone reached during nucleation [Dieterich,
1992; Rubin and Ampuero, 2005, further discussed in the Appendix]:

hn
D92 = 2.76

GL

b σe

. (4.8)

Although this has not been emphasized in the literature, for high values of
a/b this length leads to a more stringent constraint on h than the classical
condition based on hn

R93. Here hn
D92 = 435m and h/hn

D92 = 0.44, which may
place our simulations at the edge of resolution on locations where L = Lmin.

Frictional Scaling Parameters Following the discussion in Hillers et al.
[2006], we employ a modified a − b profile that differs from a standard depth
profile suggested by the interpretation of data obtained by Blanpied et al.
[1991]. We keep a constant negative a − b value for the entire range from the
surface to z = −15 km (Fig. 4.1b), promoting instabilities over the entire
seismogenic width, whereas the standard profile has an additional velocity-
strengthening (a − b > 0) region above z = −3 km.
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Correlated 2-D L Distributions The main focus of this study is to investi-
gate seismic responses to 2-D L distributions that approximate fault zones at
different evolutionary stages. We represent different stages in the evolution of
fault zones from geometrical disorder towards geometrical simplicity by vari-
ations in the range of size scales and characteristic length scales along-strike
and down-dip. In this framework, immature faults are described by distribu-
tions with wide range of L values, short correlation lengths, and small Hurst
exponent (see details below). More mature fault zones are represented by
distributions with narrow range of L values, long range correlations in their
physical properties and a large Hurst exponent.

To generate heterogeneous two-dimensional fields of L values controlled by
these tuning parameters, we deploy a spatial random field model, originally
developed for characterizing slip distributions of large observed earthquakes
[Mai and Beroza, 2002]. A spatial random field is characterized either in space
by its auto correlation function, C(r), or in the spectral domain by its power
spectral density, P (k), where k is the wave number. In this study we apply the
von Karman auto correlation function to model 2-D L distributions of variable
degree of heterogeneity; its power spectral density is given as

P (k) =
4πH

KH(0)
·

ax · az

(1 + k2)H+1
(4.9)

with k2 = a2
xk

2
x+a2

zk
2
z, the Hurst exponent, H, and the modified Bessel function

of the first kind (order H), KH. The characteristic length scales in Equation
4.9 are the correlation length along-strike, ax, and down-dip, az; the Hurst
exponent describes the spectral decay at high wave numbers, and therefore
partly controls the connectivity of L patches. Small values of H generate
highly heterogeneous, disconnected maps, while values of H close to unity
result in more continuous distributions. Strictly speaking, H is limited to
the range 0 ≤ H ≤ 1, however, in a particular example we use a value of
H = 1.2 to show its effect on the seismic response more clearly. Figure 4.2
illustrates random field examples for several correlation lengths, ax and az,
but constant Hurst exponent (H = 0.8). Correlation lengths ax in the range
1 ≤ ax ≤ 100 km are considered, with a main emphasize on models where both
1 ≤ ax ≤ 10 km, and 1 ≤ az ≤ 10 km. Based on the chosen correlation lengths
and Hurst exponent, we calculate the power spectral density P (k) (Eq. 4.9);
the 2-D L function is then obtained assuming a uniform-random phase (in the
interval [−π π]), applied to the 2-D inverse Fourier transformation. The 2-D
inverse FFT is then carried out under the requirement of Hermitian symmetry
to ensure a purely real-valued L distribution.

As will be demonstrated, the most effective tuning parameter in these L maps
is the actual range of values representing different size scales associated with
real faults. Our random field simulations use the spectral synthesis approach
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Figure 4.2: A set of typical correlated 2-D L distributions. All maps are generated with the same parameter set,
i. e., same phase and Hurst exponent, H = 0.8 (see Sec. 4.4). (a)−(d) Increase in correlation length
along strike and depth, ax and az , respectively, where values on the plane are distributed uniform (“Ld

uniform”). (e)&(f) Spatial distributions of L values correspond to those in (a)&(b), with Ld Gaussian.
Corresponding horizontal profiles of the spatial L distributions are shown in Figure 4.3. Histograms in
(g)&(h) illustrate Ld uniform and Gaussian, respectively. They differ in the effective range of values of
the physical parameter L, which is used to characterize different ranges of size scales associated with fault
zone maturity.
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[Pardo-Iguzquiza and Chica-Olmo, 1993] which generates a zero-mean Gaus-
sian distribution with unit standard deviation considering all points on the
2-D plane. We rescale these fields such that the L values fall into the desired
range of −2.3 ≤ log10(L) ≤ −1m (i. e., 0.005 ≤ L ≤ 0.1m). Figure 4.2h
shows a Gaussian distribution of L values, centered around the mean value
(log10(L) = −1.65m), where small or large L values occur with smaller prob-
ability (narrow effective range of values). Correspondingly, the 2-D L maps
(Fig. 4.2e&f) are dominated by grey areas, while the end-member values of
high and low L—indicated by black and white, respectively—are poorly repre-
sented. To achieve a uniform distribution of L values, as used by Hillers et al.
[2006], we resample the Gaussian distribution onto a uniform distribution in
the range [Lmin Lmax], as illustrated in Figure 4.2g (wide effective range of
values). The resulting spatial L distributions, shown in Figure 4.2a−d, reflect
this resampling approach by having larger regions of high and low L values,
which also translates into steeper gradients of L (cf. Fig. 4.3). The different
topography of uniform and normal distributed L values is also quantified in
the corresponding standard deviations: σuniform ≈ 0.26, while σGauss. ≈ 0.11, as
well as in highly variable and strong gradients in case of the uniform L distri-
bution. In the following we will use the abbreviation Ld to indicate (Gaussian
or uniform) distributions of L values across the 2-D (L−) maps.

4.5 Earthquake Parameters

Catalog & Stress Functions To compare seismicity of model faults at dif-
ferent evolutionary stages we determine several quantities from our simula-
tions that are comparable to seismic observables listed in earthquake catalogs.
We extract a seismic catalog from the continuously simulated slip velocities
generated by our numerical experiments using criteria for a seismic event in-
troduced by Hillers et al. [2006]. Cells are slipping seismically as long as the
slip rates are larger than a certain velocity threshold, and the hypocenter is
determined to be the cell that reached this threshold first (see Appendix).
The algorithm measures the cumulative slip of a compact zone of cells from
the time when the hypocenter becomes unstable until all participating cells
dropped below the threshold. The event size is measured by the scalar po-
tency P (sum of seismic slip times rupture area in [km2cm]) associated with
seismic slip [Ben-Zion, 2003]. The corresponding event magnitude ML is ob-
tained by an empirical quadratic scaling relation of Ben-Zion and Zhu [2002].
The resulting earthquake catalog will be displayed and evaluated in common
representation of frequency size (FS) statistics. Seismicity rate r = N/ts is de-
termined by dividing the number of generated events, N , by simulated time, ts,
neglecting initial quiescence—whose duration depends on initial and boundary
conditions—ending at the first event, respectively. We follow Ben-Zion et al.
[2003a] in monitoring stress functions related to seismicity and criticality. In
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Figure 4.3: Horizontal profiles of 2-D L distributions at z = −9 km. (a) Correlated L
distribution, Ld Gaussian (→ narrow range of size scales), with ax = az =
1 km and ax = az = 10km, respectively (cf. Fig. 4.2d). (b) Correlated L
distribution, Ld uniform (→ wide range of size scales), with ax = az = 1 km
and ax = az = 10km, respectively (cf. Fig. 4.2a&d). (c) Example of a
2-D chessboard L distribution discussed in Hillers et al. [2006], Ld uniform
(→ wide range of size scales), with 8 × 1 and 64 × 8 patches along strike and
depth, respectively (cf. Fig. 9a&d in Hillers et al. [2006]). Topology differences
between (b) and (c) explain changes in response types between models sharing
the same tuning parameter ‘range of size scales’.



116 4 Fault Zones at Different Evolutionary Stages

particular, we track the average stress, AS, and standard deviation of stress
on the fault, SD, for z > −15 km to exclude minor stress variations in the ve-
locity strengthening part at depth. In addition, we calculate spatial and scalar
seismic coupling, χ(x, z) and χ̄ (for z > −15 km), respectively, to measure the
partition of strain release between seismic and aseismic components

χ(x, z, t) =
u(x, z, t)seismic

u(x, z, t)total
(4.10)

χ̄(t) =

∑
x

∑
z u(x, z, t)seismic∑

x

∑
z u(x, z, t)total

,

respectively.

4.6 Statistical Properties

4.6.1 Variable ax, az

General Response In a first set of simulations we focus on different response
types of a set of eight models with variable correlation lengths ax, az, using
ax = az = [1, 2, 5, 10] km (cf. Table 4.2, Group I). The set is divided into two
times four models with uniform and normal distributed L values across the
fault plane (Fig. 4.2), which translates into sets with wide and narrow effec-
tive range of size scales (Fig. 4.2g&h), respectively. Figure 4.4a−d summarizes
results obtained from models with identical ax, az, H but different range of
L values. As illustrated by the black histograms (wide range of size scales),
small correlation lengths (ax = az = [1, 2] km) lead to preferred nucleation in
regions where L is small. The corresponding FS statistics show relatively good
agreement with the reference slope of the Gutenberg-Richter (GR) law char-
acterizing seismicity pattern of global strike-slip events shallower than 50 km
[Frohlich and Davis, 1993]. Hence this parameterization represents relatively
immature fault zones with geometrical disorder leading to GR statistics over
almost the entire magnitude range. This behavior is usually referred to as
“critical” [Main, 1996; Klein, 1993]. However, the simulations generate quasi-
cyclic behavior of seismicity where periods of quiescence alternate with periods
of clustered seismic activity. The only difference in seismicity evolutions be-
tween 4.4a&b is that periods of quiescence last longer for ax = az = 1km,
which is due to larger stress drops associated with largest events, leading to
larger coupling coefficients (Tab. 4.2). This indicates that the small scale
connectivity of physical properties favors the growth of instabilities into large
events. However, the difference in χ̄ between CL017 and CL018 is negligi-
ble compared to the coupling values of the ax = az = [1, 2] km models with
normal distributed L, since they release about four times as much slip seismi-
cally. This is associated with a small seismicity rate, r, reflecting the periodic
repeat of very large characteristic earthquakes (ML ≈ 7.5) rupturing the en-
tire fault length. The state of the system may thus be called “supercritical”,
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Figure 4.4: Statistics in response to 2-D L distributions with variable correlated lengths
along strike and depth, ax = az = (a) 1 km, (b) 2 km, (c) 5 km, (d) 10 km
(cf. Fig. 4.2). Left panels: Distribution of hypocenters as a function of L at
the hypocenter. Middle panels: FS statistics; dashed line shows a reference
slope. Right panels: Temporal seismicity evolution. Black bars/solid circles:
Ld uniform. White bars/open circles: Ld Gaussian. For result classification
see Table 4.1.



118 4 Fault Zones at Different Evolutionary Stages

where the elevated probability of large, system wide events is promoted by
2-D L distributions that correspond to less pronounced heterogeneities (cf.
Fig. 4.2e&f). The FS statistics of the simulations using the Gaussian L dis-
tribution are consistent with the characteristic earthquake response pattern
of mature, localized fault zones having a narrow effective range of size scales.
The tendency of hypocenter clustering around average log10(L) values reflects
the underlying normal L distributions. A straightforward interpretation of this
observation is that most of the fault is occupied by moderate log10(L) values
(cf. Fig. 4.2e&f). Since nucleation size scales with L, accelerating patches
are relatively large and can not be arrested by sharp contrasts in the state
variable or shear stress distribution because of the smooth spatial character of
the governing L distribution (cf. Fig. 4.3a).

Using larger correlation lengths, ax = az = [5, 10] km (4.4c&d), the pattern
of the FS statistics changes for both Ld. In cases of wide range of L values
we observe an increased tendency of earthquake nucleation towards sites with
intermediate L values. Interestingly, for an underlying narrow effective range
of L values and az = 10 km earthquakes tend to nucleate over the entire L
interval. The slopes of the FS statistics are flattening, but show nevertheless
a power law behavior for seismicity with ML < 7. Compared to this behavior,
large events occur with a reduced probability, indicating a “subcritical” state
of the system, where the largest events do not cross the entire area of the model
fault due to large spatial material heterogeneities (cf. Fig. 4.2d, extended L
patches at x = [25, 60, 90] km). Despite the similarity between the FS distri-
bution of both approaches, the size of largest earthquakes differs almost by
one magnitude (at least for az = 5km), leading to significant differences in
seismic coupling. Based on the above results we conclude that for small cor-
relation lengths and a constant Hurst exponent, the range of size scale is the
most effective controlling parameter. Models with wide and narrow range of
size scales produce seismic patterns associated with early stages of deformation
and mature fault zones, respectively. For larger correlation lengths however,
the FS statistics and seismicity evolution of models with normal distributed L
values on the fault plane do not differ significantly from those of the uniform
L distribution. Hence, for relatively large ax, az the dominating feature of the
2-D L distributions are spatially extended clusters of similar L values that
parameterize large scale segmentation of the model fault (Table 4.1).

Temporal Clustering In Figure 4.5 we plot the coefficient of variation of
interevent times, CV , as a function of lower magnitude cutoff for both model
classes Ld Gaussian and uniform, respectively. The parameter CV is defined as
the ratio of the standard deviation and mean value of the interevent time distri-
bution. The value CV = 1 corresponds to a random Poisson process, CV > 1
denotes temporally clustered seismicity, and CV < 1 represent (quasi- ) pe-
riodic temporal activity. The results of Figure 4.5a can be compared to the



4.6 Statistical Properties 119

Figure 4.5: The coefficient of variation, CV, defined as the ratio of standard deviation
and mean value of the interevent time distribution, as a function of lower
magnitude cutoff. Large CV denote clustered activity as for the uniform Ld

models with small correlation lengths. Low values of CV represent (quasi-
) periodic seismicity as in the corresponding Gaussian Ld models (cf. Fig.
4.4a&b, right column). CV = 1 indicates a random process.

associated temporal seismicity evolution shown in Figure 4.4, revealing the pe-
riodic repeat of large events for models with small correlation lengths. Larger
CV at smaller values of the lower ML cutoff indicate clustered activity for all
correlation lengths, and for ax = az = [5, 10] km the temporal distributions
are approximately random. For the Ld uniform model the earthquakes are
more clustered than for the Gaussian Ld (Fig. 4.5b), most significantly for
ax = az = [1, 2] km. The CV function shows an inverse linear dependence on
the lower cutoff magnitude, and only largest events tend to occur regularly in
time.

Stress Functions Figure 4.6 illustrates the differences between models con-
trolled by variable parameters in terms of stress functions AS (average stress)
and SD (standard deviation of stress) over the rupture plane. The average
stress for models with short correlation length (ax = az = 1km) and Gaus-
sian L distribution (open lines) reflects the corresponding seismicity evolution.
Stress functions show a regular pattern of largest amplitude fluctuations cor-
responding to the periodic repeat of a ML > 7 event (cf. Fig. 4.4a). Large



120 4 Fault Zones at Different Evolutionary Stages

correlation lengths, ax = az = 10 km, lead to less regular but still periodic
changes in AS and SD, where amplitudes show a less unique behavior com-
pared to Figure 4.6a. Similar to the ax = az = 1km case, the periodic oc-
currence of ML > 7 events control the stress evolutions (cf. Fig. 4.4d). In
contrast, the AS evolution for a uniform L distribution shows the most irreg-
ular occurrence of stress drops presented here (Fig. 4.6c&d). For small ax and
az, significant stress drops of variable amplitude correlate with the occurrence
of large ML ≈ 7 events (Fig. 4.6d), but are not equidistant in time. Longer
correlation lengths lead to a more regular pattern with smaller amplitudes but
higher frequency of ML ≈ 7 occurrence (Fig. 4.6d). Compared to cases with
small correlation lengths, relatively small drops in AS are accompanied by
relatively large deflections in the standard deviation. However, both functions
in Figure 4.6c&d are not as heterogeneous as the output of the discrete model
realizations of Ben-Zion et al. [2003a]. This indicates that even problems with
small-scale L fluctuations solved in the continuum limit do not produce as high
stress fluctuations as discrete models do.

For distributions with a narrow range of L values the stress functions are more
homogeneous than corresponding functions of models with wide L range. Note
that the average stress levels of models with large correlation lengths are gener-
ally larger than those of the corresponding small scale correlation simulations.
This indicates that large ax, az do not necessarily smooth the response type of
these systems, in accordance with the corresponding FS statistics. Moreover,
average temporal stress levels for uniform L distributions are larger than those
of normal distributed values of the critical slip distance, indicating that a wide
range of size scales determines a state of higher criticality. This dependence is
also seen in loading sequences of dynamical models with heterogeneous stress
distributions (J. Ripperger, pers. comm.). Small scale stress fluctuations from
chessboard models with the largest degree of heterogeneity (64 × 8 patches
along strike and depth) in Hillers et al. [2006] are larger than those of the case
shown in Figure 4.6c. This is interpreted as a result of steeper topography
in the 2-D L distribution in the chessboard models (cf. Fig. 4.3b&c), since
L gradients at patch boundaries are larger than L gradients in the present
uniformly distributed L models. This shows that for models with an equally
wide range of size scales, differences in the 2-D L topography becomes a tun-
ing parameter. The comparison of stress evolutions between Figure 4.6a&b
and 4.6c&d, and between Figure 4.6a&c and Figure 4.6b&d highlights the dif-
ferences in effectivity between tuning parameters ax, az and the range of size
scales, as outlined above.

To summarize, the range of size scales is the most effective tuning parame-
ter for the characterization of the maturity of fault zones (cf. Tab. 4.1). It
is most prominent at short correlation lengths, whereas for larger ax, az the
large scale segmentation of L clusters control the seismic response. The re-
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121Figure 4.6: Average stress, AS, and its standard deviation, SD, in the top 15 km of the fault for models with short

(a)&(c) and long (b)&(d) correlation lengths. The stress functions reflect temporal seismicity evolution of
simulations shown in Figure 4.4, right panel.
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Parameterization Short correlation lengths Large correlation lengths

FS: characteristic approx. power law
Ld Gaussian ES: mature —–

→ Narrow range SYS: supercritical subcritical
of size scales DF: range of size scales segmentation

FS: GR approx. power law
Ld uniform ES: immature —–

→ Wide range SYS: critical subcritical
of size scales DF: range of size scales segmentation

Table 4.1: FS denotes frequency-size distribution, ES the evolutionary state, SYS the sys-
tem state and DF the dominating feature of the L parameterization. GR ab-
breviates the Gutenberg-Richter power law distribution.

sults demonstrate that the range of size scales is limited by finite size effects,
such as the cell size, the width of the seismogenic zone, W , and the fault
length. The spatial dimension of a computational cell is about 200m, which
leads to an approximate random 2-D L distribution for small ax, az. Larger
correlation lengths are of the same order as W , leading to the discussed seg-
mentation of the fault regardless of the particular Ld. Moreover, the fault
length Xlength = 100 km possibly influences the response statistics because of
periodic boundary conditions. Additional but computationally cumbersome
simulations with a much larger model space are needed. In particular we have
to investigate models with a reduced grid size (h ' 100 m) to expand the L
value range, and a larger fault (Xlength = [200, 400] km) to minimize effects of
circular boundary conditions.

4.6.2 Variable ax, Constant az

Next we vary the correlation length along strike, ax, but keep az = 10 km=
const., while the distribution of underlying L values is normal leading to a
narrow effective range of values (Table 4.2, Group II). Figure 4.7a shows the
number of hypocenters for the range of L values at the hypocenter location for
ax = 20 km. The inset plots the corresponding cumulative frequency distri-
bution for ax = [20, 50, 100] km. As in Figure 4.4 the bell-shaped distribution
of hypocenters as a function of L at the hypocenter reflects the underlying
Gaussian Ld. The distribution of hypocenters is not very sensitive to the ac-
tual ax as revealed by the similarity of the cumulative frequency distributions.
The resulting FS statistics (Fig. 4.7b) confirms that the response is not very
sensitive to changes in ax ≥ 20 km. The slope of the statistics indicates a
relatively low ratio of large to small events, consistent with the observation
made in models with ax = [5, 10] km. A relatively low seismicity rate, r, and
large values for χ̄ (Table 4.2) indicate that slip deficit is mainly released by
few large earthquakes, consistent with the behavior of relatively mature fault
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Figure 4.7: (a) Number of hypocenters as a function of L at hypocenter location for models
with variable ax and az = 10 km = const., H = 0.8 = const. The inset shows
corresponding cumulative density functions to illustrate the similarity of the
discussed results. Black line: ax = 20 km. Grey line: ax = 50km. White line:
ax = 100km. (b) FS statistics. Dashed line indicates reference slope. The
three simulations produce very similar statistics, indicating that the correlation
length along strike is no tuning parameter for ax > 10 km.

zones.

4.6.3 H as a Tuning Parameter

In the previous sections we used variable correlation lengths with a constant
Hurst exponent to parameterize different degrees of heterogeneity. An alterna-
tive parameterization is to keep ax, az constant and to vary H. Figure 4.8a−c
shows three different realizations of H = [0.5, 0.8, 1.2] to mimic increasing seg-
mentation (i. e., decreasing number but increasing size of connected patches
with similar L), keeping ax = az = 5 km = const. and L uniformly distributed
(note that H = 1.2 is, strictly speaking, not admissible, but has been chosen for
modeling purposes only). The most significant difference revealed by FS statis-
tics (Fig. 4.8d−f) between models with Gaussian and uniform L distributions
(open and solid circles), respectively, appears for H = 0.5. Here, the Gaussian
L model produces only one single event (ML = 8.0) rupturing the entire fault,
whereas FS statistic of the uniform L model shows a GR behavior over almost
the entire magnitude range. For H = [0.8, 1.2] differences between models with
different ranges of L values are less significant having a relatively flat distri-
bution. As revealed by values of coupling coefficient χ̄ (Table 4.2, Group III)
models with a narrow range of sizes scales are dominated by a higher number
of large events than the corresponding wide range distributions. Comparing
the results displayed in Figures 4.4 and 4.8, we find similarities in the behavior
of random-like and fragmented models generated with ax, az variable, H con-
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Figure 4.8: (a)−(c) 2-D L distributions for variable H and ax = az = 5 km = const. to demonstrate the use of the
Hurst exponent as a tuning parameter for roughness (Ld uniform; Colorrange as in Fig. 4.2). (d)−(f)
Corresponding FS statistics. Dashed line: Reference slope.
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stant and ax, az constant, H variable. In agreement with previous findings,
seismicity of models with small scale spatial heterogeneity (small H) is most
effectively controlled by the range of size scales, whereas fragmented models
(large H) with different Ld tend to have more similar responses. This con-
firms that the range of values dominates the response for very heterogeneous
L distributions, whereas this parameter becomes less effective when zones of
similar L values reach the size of the seismogenic width. In the following sec-
tion we examine further models with variable correlation lengths and constant
Hurst exponent. We tested two more sets with constant ax = az = [1, 2] km,
respectively, and variable Hurst exponent (Table 4.2). These six simulations
produce very similar response types that are comparable to the model with
ax = az = 2km and H = 0.8 (Sec. 4.6.1). We detect no significant difference
amongst the simulations (similar r, χ̄) indicating that the response is not sen-
sitive to the Hurst exponent for correlation lengths less than five.

4.6.4 Hybrid Models

We discuss two hybrid models which are composed of 16 different areas along
strike on a fault with Xlength = 200 km, each area being 24 km deep and 12.5 km
long. Each patch contains an L distribution with different ax and az, where
pairs of ax/az range from 1/1 km to 40/10 km, approximating variable degrees
of heterogeneity along a fault zone. By comparing the results of two simula-
tions with a Gaussian and uniform Ld, respectively, to the previously discussed
behavior related to constant correlation lengths, we can infer which portion of
the fault controls the seismic response. We find that regions of small correla-
tion lengths dominate the seismic slip accumulation, indicated by the coupling
coefficient χ(x, z, t) (not shown). This trend is also observable for the Gaussian
Ld model, but less pronounced. Although the correspondence is significant,
it might be biased by two factors. First, transitions in L across area bound-
aries are more abrupt between areas of smaller ax, az, which might lead to
preferred nucleation because of stress concentrations. Second, areas with long
correlation lengths are dominated by large L values which tend to stabilize
the slip response (cf. Fig. 7 in Hillers et al. [2006]). This last aspect of the
simulation represents one possible realization among a large number of similar
models. Large L values could also be concentrated in small fault regions (i. e.,
be characterized by short correlation lengths), and hence would stabilize the
system’s response on more local scale.

The histograms in Figure 4.9a highlight the difference in the response type
between the two approaches. The model with Ld uniform produces a signifi-
cantly higher seismicity rate, and hypocenters tend to nucleate in regions where
L is small.The FS statistics show a steeper and hence more realistic slope com-
pared to the Gaussian Ld model. The predominating occurrence of medium L
values and resulting smoothness of the state variable and shear stress leads to
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Model ax az H Ld ts N r χ̄ Fig.
Name [km] [km] [years] No.
Group I − Variable ax, az

CL010 1 1 0.8 Gauss 1780 136 0.08 0.81 4.4, 4.5, 4.3, 4.6, 4.11, 4.12, 4.14
CL009 2 2 0.8 Gauss 1791 93 0.05 0.83 4.4, 4.5, 4.13
CL008 5 5 0.8 Gauss 1295 83 0.06 0.61 4.4, 4.5
CL005 10 10 0.8 Gauss 1299 94 0.07 0.63 4.4, 4.5, 4.3, 4.6, 4.11, 4.12, 4.14
CL017 1 1 0.8 Unif. 1284 535 0.42 0.27 4.4, 4.5, 4.3, 4.6, 4.11, 4.12, 4.14
CL018 2 2 0.8 Unif. 1297 565 0.43 0.18 4.4, 4.5, 4.13
CL019 5 5 0.8 Unif. 1327 160 0.12 0.22 4.4, 4.5
CL020 10 10 0.8 Unif. 1327 203 0.15 0.28 4.4, 4.5, 4.3, 4.6, 4.11, 4.12, 4.14
Group II − Variable ax, Constant az

CL004 20 10 0.8 Gauss 695 47 0.07 0.40 4.7
CL002 50 10 0.8 Gauss 629 57 0.09 0.49 4.7
CL003 100 10 0.8 Gauss 710 54 0.08 0.45 4.7
Group III − Variable H
CL013 1 1 0.5 Gauss 1778 103 0.05 0.46 —–
CL010 1 1 0.8 Gauss 1780 136 0.08 0.81 —–
CL014 1 1 1.2 Gauss 1275 69 0.05 0.78 —–
CL015 2 2 0.5 Gauss 1783 68 0.04 0.82 —–
CL009 2 2 0.8 Gauss 1791 93 0.05 0.83 —–
CL016 2 2 1.2 Gauss 1781 65 0.04 0.76 —–
CL011 5 5 0.5 Gauss 1792 25 0.01 0.83 4.8
CL008 5 5 0.8 Gauss 1295 83 0.06 0.61 4.8
CL012 5 5 1.2 Gauss 1785 112 0.06 0.57 4.8
CL026 5 5 0.5 Unif. 803 278 0.35 0.48 4.8
CL019 5 5 0.8 Unif. 1327 160 0.12 0.22 4.8
CL022 5 5 1.2 Unif. 1325 287 0.22 0.40 4.8
Group IV − Hybrid Models
CL024 var. var. 0.8 Gauss 797 106 0.13 0.49 4.9
CL023 var. var. 0.8 unif. 784 425 0.54 0.27 4.9

Table 4.2: For all models: Lmin = 0.005 m, Lmax = 0.1 m, h/hn
D92 = 0.4 Zdepth = 24 km,

nz = 128. Group specific invariant parameters are: Group I: Xlength =
200 km, nx = 1024, fd = 100. Group II: Xlength = 100 km, nx = 512, fd = 100.
Group III: Xlength = 100 km, nx = 512, fd = 100. Group IV: Xlength =
200 km, nx = 1024, fd = 1. Note that rates, r, of models with different Xlength

need to be normalized to be comparable.

larger events (ML > 7), as discussed for previous models. Significant difference
between the two response types is also illustrated by temporal seismicity evolu-
tion. Comparing Figure 4.9c&d with Figure 4.4 indicates that the response of
the hybrid uniform Ld model is similar to the models with homogeneous short
correlation lengths (Fig. 4.4a&b). In contrast, the hybrid Gaussian Ld model
generates seismicity which matches behavior of models with homogeneous long
correlation lengths (Fig. 4.4c&d). The results are in agreement with those of
Section 4.6.1 and 4.6.3, confirming that different ranges of size scales dominate
the characteristics of the model response. Specifically, the average stress for
the case with a wide range of L values (Fig. 4.9e) is very heterogeneous, in-
dicating a closer proximity to critical-like behavior and higher correspondence
with immature fault zones. The stress evolution of the model with narrow
range of L values is more regular, and the largest stress drops associated with
the occurrence of repeated ML > 7 events correspond to the characteristic
event response of more mature fault zones.
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Figure 4.9: Results from two hybrid models. (a) Distribution of hypocenter locations as a function of L at the
hypocenter. (b) Corresponding FS statistics. Dashed line: Reference slope. Seismicity evolution for (c)
Ld uniform and (d) Ld Gaussian. Average stress on the upper 15 km of the fault for (e) Ld uniform and
(f) Ld Gaussian.
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4.7 Hypocenter Locations

4.7.1 Testing Procedure

A typical hypocenter distribution, taken from model CL018 (Table 4.2), is
shown in Figure 4.10a. Nonrandom spatial distribution of hypocenter loca-
tions (HL) is a striking feature and we investigate here its relation to the
heterogeneous physical properties along the fault. The location of a hypocen-
ter (centroid) is the outcome of the earthquake nucleation process. Relevant
properties of nucleation under rate and state friction are reviewed in Appendix.
The ability of a fault patch to initiate an instability is primarily controlled by
the ratio of two lengths: the patch size and the nucleation size. If the patch
size is fixed, the amount of moment released seismically depends as well on this
ratio. At any given fault location, the concept of a patch size is mechanically
related to the effective stiffness of the local loading conditions prevailing during
nucleation. This depends on the spatial distribution of barriers and asperities
on the fault, and might be non stationary across the seismic cycles or contain
a broad mixture of length-scales. In contrast to the patch size, the nucleation
size is an intrinsic property related to friction parameters and effective normal
stress. We will compare hypocenter locations to the spatial distributions of
parameters defined on the basis of the nucleation size as follows:

The original L distribution (cf. Fig. 4.2b). Since a/b and σe are uniform
in most of the seismogenic region, the local value of the nucleation length
hn

D92(x, z) is basically proportional to L(x, z).

To take into account the heterogeneity of hn in the vicinity of each site we
temptatively define an effective nucleation size, hs(x, z), as the local average
of hn

D92 over a circular region surrounding (x, z). The radius of the averaging
region is set according to the following rationale. We hypothesize that nu-
cleation starts at the scale of the effective nucleation length hs and that the
nucleation process tends to smooth heterogeneities of shorter scales. A consis-
tent averaging scale to compute hs is then hs itself. This implicit definition is
implemented such that we make filtered versions hn(D) of the hn map, with
running averages over circular patches of diameter D. At each location (x, z),
hs is defined as the smallest D for which hn(D) = D, i. e., the patch diameter
that equals its locally averaged nucleation size.

Features of loading conditions that are persistent over the cycles can be mapped
by the seismic coupling coefficient, χ (Eq. 4.11; Fig. 4.10c). Moreover, as
stress concentrations are expected at the boundaries between regions of high
and low coupling, the norm of the gradient of χ, dχ (Fig. 4.10d), might indi-
cate preferred sites for earthquake nucleation.
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Figure 4.10: Example to illustrate the correlation procedure described in Section 4.7.2.
(a) Hypocenter distribution of model CL018. (b) Effective nucleation size,
hs

D92, based on the estimate of hn
D92 in Equation 4.8. (c) Normalized spatial

distribution of the coupling coefficient χ. (d) Normalized spatial derivative
of χ, dχ.

4.7.2 Dependence of Hypocenter Locations

Hypocenter Frequency A strategy to statistically assess which of the param-
eters L, hs, χ and dχ correlates best with HL requires a certain expectation
or hypothesis to be tested [e. g., Schorlemmer et al., 2005; Woessner et al.,
2005]. However, such a statistical treatment is beyond the scope of the present
study. Instead, we simply plot the number of hypocenters at sites with given
parameter value, normalized by the number of occurrence of the parameter
value (e. g., Ld), scaled to the interval [0 1]. Figures 4.11a–h show examples
from each Ld with a short and large correlation length, respectively. We also
plot results taken from Hillers et al. [2006] for comparison.

(1) Correlating HL with L at the hypocenter we observe for models with
ax = az = 1km (Fig. 4.11a) a characteristic functional dependence with a
maximum at small log10(L) values, followed by a decay roughly proportional
to 1/ log10(L). This suggests that once the distribution of size scales is known
it has to be convolved with the ‘1/size scale’ function to estimate the occur-
rence of hypocenter locations in specific areas. The same dependence holds for
large correlation lengths for the Gaussian distributed L values and the 8 × 1
chessboard model (Fig. 4.11e), but not for the model with Ld uniform (cf.
Fig. 4.4d). (2) The correlation of hypocenters to effective nucleation size hs

D92

is similar to the log10(L) dependence (Fig. 4.11b&f). The significant signals
at larger values are due to the correlation of HL to large hs

D92, caused by the
influence of larger hn

D92 values at the a − b transition zone at depth. Neglect-
ing this particular result, we observe that correlations of hypocenters with L
and L-dependent parameters show the same trends. (3) Regions of large cou-
pling coefficients tend to have most likely hypocenter locations (Fig. 4.11c&g).
However, it is difficult to conclude that earthquakes tend to nucleate in these
regions because χ is large there. More likely, χ is large because of properties
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Figure 4.11: Correlation of hypocenter locations with physical parameters L, hs
R93, χ, dχ,

normalized to the underlying distribution of corresponding values, scaled to
the interval [0 1], for (a)−(d) ax = az = 1km, and (e)−(h) ax = az = 10km.
White bars correspond to Ld Gaussian, black bars to Ld uniform, and grey
shaded bars to the chessboard models (top: 64 × 8; bottom: 8 × 1 patches)
from Hillers et al. [2006], where also Ld uniform. Note the relatively good
correlation between the occurrence of hypocenter locations and small values
of L, hs

R93 at the nucleation site.
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that promote nucleation in these areas. The peak at ax = az = 10 km for Ld

uniform reveals that a significant fraction of earthquakes can nucleate in re-
gions of small coupling. The comparison of L−, hs

D92− to χ−statistics for small
correlation lengths implies that regions of high coupling coincide with regions
of small L values. This trend is also observable for large correlation lengths,
limited by the Ld statistics. (4) Our original assumption that earthquakes
nucleate preferably in regions between locked and creeping parts has not been
been confirmed unevoquially based on the correlations in Figure 4.11d&h. We
find a significant tradeoff between models having different ranges of size scales
for small and large correlation lengths, respectively. Results taken from the
chessboard-type models having a wide range of L values match those generated
by the present models with a wide range of size scales and small correlation
lengths. However, for ax = az = 10 km they tend to follow the same trends
observed for models with a narrow range of size scales.

Fraction of Sites While the normalized hypocenter locations in Figures
4.11a–h provide a relative measure of how many events nucleate in a cer-
tain parameter range (bin), the histograms in Figures 4.12a&b quantify the
normalized number of hypocenter locations (cells) as a function of increasing
L value range. In particular, the x−axis plots the increasing L value range in
which hypocenters nucleate (i. e., [Lmin Lν], with ν = 1, N/20, 2N/20, . . . , N ,
where N is the total number of events per simulation). The y−axis shows
the number of sites (cells) in the increasing [Lmin Lν ] range that contain a
hypocenter, normalized by the total number of cells occupied by values in that
range Ntotal. Large values of Nhypo/Ntotal at small ν suggest that many cells
within that [Lmin Lν ] range act as hypocenters, i. e., many sites with a small L
value become hypocenters. In contrast, larger ratios at larger ν indicate a less
localized nucleation process, where only a few sites with small L values act as
hypocenters. There, physical properties of a larger scale control the growth of
instabilities.

The panels ii–iv on the right in Figure 4.12 show the spatial distributions
of hypocenter locations for Ld uniform and Gaussian, respectively. For small
ax, az (i, ii) hypocenters are spread over the entire fault plane if Ld is uniform,
but spatially constrained for Ld Gaussian. This can be understood by the spa-
tial distribution of smallest L values across the fault. Common to all models is
that most earthquakes nucleate around along-strike position x = 20 km where
L values are smallest (Fig. 4.2). This particularity is controlled by the phase-
angle distribution in the random field generation, but not picked deliberately,
i. e., the position of high and low L values is not a tuning parameter. For large
ax, az (iii, iv) we observe an inverse behavior compared to i and ii. For Ld

uniform, hypocenters become more localized, whereas for Ld Gaussian they
are more spread. However, the distributions in iii and iv are similar, confirm-
ing the dominant role of fault segmentation parameterized by large correlation
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Figure 4.12: Spatial distribution of hypocenters for (a) ax = az = 1 km and (b) ax =
az = 10km. Left panels show the normalized number of cells containing a
hypocenter in a certain L range, defined by the stepwidth of the normalized
vector that contains sorted L values at which earthquakes nucleate. Right
panel shows spatial distributions of hypocenters of corresponding models (i)
CL017, (ii) CL010, (iii) CL020, (iv) CL005 (see Table 4.2). Models in (i) −
(iii) have minimum L values around x = 20km, (iv) at around x = 50km,
explaining the clustering of hypocenters at these locations. For details see
text.

lengths.

4.8 Magnitude Dependence

4.8.1 Variable Binning

In section 4.7.2 we investigated hypocenter locations as a function of four
spatially distributed physical parameters independent of magnitude. Now we
focus on relations between properties at the nucleation site and the magnitude
of the event. This is of special interest since it is still an open question whether
early stages of slip instability, which are assumed to be controlled by local con-
ditions, scale with the final size of the earthquake. Before we discuss results of
the whole model set we look at the effect of different binning strategies. Figure
4.13 and Table 4.3 illustrate the effect of variable magnitude intervals, MI, on
the quality of the inferred correlation. Figures 4.13a, c&e show an example of
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Sampling MI = 0.2 MI = 0.5 MI = 1
Model

Threshold β R2 β R2 β R2

Ld Gaussian
1 0.11 0.60 0.11 0.93 0.10 0.83

CL009
10 0.11 0.99 0.11 0.91 0.10 0.83

Ld uniform
1 0.07 0.29 — — — —

CL018
10 0.10 0.60 0.07 0.52 0.08 0.97

Table 4.3: Results of linear regressions to data presented in Figure 4.13. MI: Magnitude
interval or bin width. The slope of the linear regression is denoted by β, and
R2 is the correlation coefficient (0: no fit; 1: perfect fit).

a simulation generating few events (Model CL009, cf. Tab. 4.2), juxtaposed
with an example producing many model earthquakes (Fig. 4.13b, d&f, Model
CL018). The results are split into two sets, one containing all datapoints
(sampling threshold 1, open circles), while in the second only average values
containing at least 10 events were considered (solid circles). We determine the
mean L value in each bin and its standard deviation, and fit the datapoints
with a linear regression determining the slope, β, and the correlation coeffi-
cient, R2. As displayed by Table 4.2, for model CL018 the correlation increases
with increasing bin-width, MI, due to the decrease in datapoints. The effect
is more significant for the model with many events, leading to R2 = 0.6 for
MI = 0.2, showing almost no correlation, to R2 = 0.97 for MI = 1, a positive
correlation. For model CL009, the results are more ambiguous due to the lack
of datapoints. The best correlation is found for narrow bins and a sampling
threshold of 10 events, decreasing toward larger MI. In general, we view the
results to be more expressive when the mean magnitudes of ≥ 10 events are
considered. Based on the presented examples we observe a positive correlation
of the average log10(L) value at HL with magnitude, noting that the exact
quality of the fit depends on MI.

4.8.2 Magnitude Dependence

Figure 4.14 shows example average parameter values as a function of magnitude
ML. For each of the model classes an example with short and large correlation
lengths is shown. As discussed in earlier sections, medium L values occupy
most parts of the fault plane when Ld is Gaussian (cf. Fig. 4.2h). This leads to
less significant trends for short correlation lengths (Fig. 4.14a), but an increase
of log10(L) and hs

D92 values as a function of magnitude for ML < 7 events, if
ax, az ≥ 5. The increase in physical imposed values determining the nucleation
size is persistent at models with a wide range of size scales (Fig. 4.14c&d). As
in Figure 4.14b, we observe a positive correlation between the L, hs

D92 value
and the final size of the event for small and moderate earthquakes. The break
in scaling for ML ≥ 7 events is also significant for all cases considered. These
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Figure 4.13: Average log10(L) value at nucleation sites for different magnitude intervals,
MI. (a), (c)&(e) Ld Gaussian, N = 93 (CL009). (b), (d)&(f) Ld uniform,
N = 565 (CL018; cf. Table 4.2). For both models ax = az = 2 km,H = 0.8.
Upper row: MI = 0.2. Middle row: MI = 0.5. Bottom row: MI = 1.
Solid circles represent data points determined with ≥ 10 events, open circles
contain < 10 events, and open circles without errorbar represent one single
event. Dotted lines denote minimum L value, Lmin = 0.005 m.
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Figure 4.14: Collection of average parameter values as a function of magnitude ML, with
(a)&(b) Ld Gaussian, MI = 1, (c)&(d) Ld uniform, MI = 0.5. Solid circles
represent data points with minimum 10 events, open circles contain less than
10 events. Dotted lines denote minimum values.

results confirm the general trend found by Hillers et al. [2006, their Fig. 14].
The comparison of the positive relation between imposed physical properties
and ML to the less pronounced relation to χ, dχ (not shown) implies that local
boundary conditions determine the hypocenter location more efficiently than
evolving quantities. Most significant are the correlation values supporting an
increase of log10(L) and hs

D92 at nucleation sites with increasing magnitude for
ML < 7. Together with the breakdown of scaling including large events, this
finding suggests a different scaling for nucleation of small/moderate and large
earthquakes. Interestingly, the distinction between moderate and large events,
leading to different statistics, occurs at the size where the width of earthquakes
is saturated by the downward extension of the seismogenic zone. This suggest
that early deformation stages during accelerating slip are influenced by the
properties of the nucleation site. In agreement with Olson and Allen [2005],
this finding implies that the rupture process is to some degree deterministic.
However, large error bars indicate that the final size of the slip event is not
exclusively controlled by nucleation properties.

4.9 Scaling Relations

We merge data from several simulations illustrating the applicability of the
chosen approach to study statistical properties of synthetic seismicity. Fig-
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ure 4.15 shows a frequently use scaling relation using fundamental measurable
quantities compiled from generic slip maps (cf. Fig. 15 in Hillers et al. [2006])
of ML ≥ 6 events collected from models with small and large correlations
lengths and narrow and wide range of size scales, respectively. In addition, we
include data from four chessboard models studied by Hillers et al. [2006] to
demonstrate the statistical independence of particular model implementations.
The effective area denotes the sum of cells that slipped during an instability,
and the potency is an integral measure of seismic slip on them. The collapse of
the data to a narrow zone reveals that the statistics of individual events is not
controlled by the statistical distribution of size scales on the fault itself. Thus,
ML = 6.5 events occurring on faults whose parameterization corresponds to
mature and immature fault zones, respectively, can not be distinguished by
their scaling properties. Hence, the presented approach produces overall self-
similar earthquakes, suggesting its efficiency to generate model earthquakes
with properties comparable to natural seismicity [Kanamori and Anderson,
1975]. The realistic area-potency stress-drop dependencies indicate that the
synthetic dataset is suitable for detailed investigation of further scaling rela-
tions difficult to assess based on the available observed data. Such a systematic
treatment will be explored in a subsequent study [Mai and Hillers, 2006].

4.10 Discussion and Conclusions

A number of laboratory and field observations and various theoretical frame-
works indicate that faults evolve from early, geometrically disordered defor-
mation phases toward structural simplicity [Ben-Zion and Sammis, 2003, and
references therein]. Tse and Rice [1986]; Rice [1993]; Ben-Zion and Rice [1997];
Lapusta et al. [2000] showed that continuum fault models with homogeneous
or weakly heterogeneous frictional properties do not produce realistic seismic
response. Hence, strong spatial heterogeneity is required to produce spatio-
temporal nonuniform seismic behavior. Geometrical discontinuous fault seg-
ments have been represented by discrete numerical elements in a variety of dis-
crete models, capable of producing generic slip complexities over broad ranges
of scales [e. g., Burridge and Knopoff , 1967; Langer et al., 1996; Carlson and
Langer , 1989a,b; Carlson et al., 1991; Bak et al., 1987, 1988; Bak and Tang ,
1989; Ito and Matsuzaki , 1990; Lomnitz-Adler , 1993; Ben-Zion, 1996; Zöller
et al., 2005b,c; Dahmen et al., 1998]. The inherent discreteness in those models
allows the elements to fail independently in small slip events, while cascades
of failures of a number of elements represent moderate and large earthquakes.
The present study combines essentials features of previous investigations suit-
able for the study of realistic seismicity within the continuum class of models.
The planar representation of the fault is an efficient design to accomplish nu-
merical experiments with a suitable resolution in space and time. The treat-
ment of the problem in the continuum limit eliminates the grid size dependency
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Figure 4.15: Standard area-size scaling for ML ≥ 6 events. Data are collected from 12
models, in particular from four models with Ld Gaussian, four models with
Ld uniform (cf. Fig. 4.4), and four chessboard-type models from Hillers et al.

[2006], respectively. The scaling relation suggest the overall self-similarity of
earthquakes generated with models having 2-D L distributions with different
statistical properties and topologies.
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of the inherently discrete models. The use of nonuniform spatial distributions
of the critical RS slip distance, L, allows a controlled parameterization of im-
posed geometrical heterogeneity.

We performed a systematic parameter space studies to investigate the rela-
tive importance of three possible tuning parameters—the range of size scales,
correlation lengths along strike and depth, and Hurst exponent—on seismicity
pattern associated with fault zones at different evolutionary stages. Models
with variable range of size scales—parameterized by the effective range of L
values on the fault—and different correlation lengths show significant differ-
ences in response types at short correlation lengths. The frequency size statis-
tics, temporal seismicity evolution, temporal clustering and stress functions
reveal that models with a narrow range of size scales produce characteristic
event type seismicity, which is associated with localized, mature fault zones
like the San Andreas and the North Anatolian faults. In contrast, models with
a wide range of size scales generate seismicity patterns with a GR statistics
over almost the entire magnitude range, expressing geometrical disorder re-
lated to fault zones at early deformation stages. At larger correlation lengths,
differences in response types become less pronounced, indicating a transitional
deformation regime. Choosing the Hurst exponent to control the heterogene-
ity reproduces results from simulations where correlation lengths are variable.
In particular, models using a small H (relatively heterogeneous 2-D L distri-
butions) show a significant difference between response types of models with
wide and narrow range of size scales, respectively, emphasizing the essential
role played by the range of size scales. Lower degrees of imposed heterogeneity
lead to similar results between wide/narrow range of size scales, suggesting a
transitional pattern. Hybrid models with variable correlation lengths confirm
that the range of size scales is the most effective tuning parameter controlling
seismic responses corresponding to fault zones at different deformation stages.

The investigation of earthquake nucleation on physical properties at hypocen-
ter locations reveals that events tend to begin in regions of low L values. We
observe a ‘1/ log10(L)’ functional dependence of nucleation frequency. The
correlation becomes less significant at large correlation lengths, supporting
the interpretation of a less defined and hence transitional deformation regime.
Due to the functional dependence of the nucleation size on L, the correlation
of effective nucleation size with the number of hypocenters follows the same
trend as the L correlation, whereas the dependence on seismic coupling indi-
cate a tendency of nucleation in areas of large coupling coefficients. Normalized
hypocenter dependence taking into account the ratio of slipped to total cells
within a given range illustrates again the efficiency of the range of size scales
to control the seismic response.

For models having a wide range of size scales representing fault zones in early
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deformation stages we observe a positive correlation between the magnitude
and the L, hs

D92 values at hypocenter location, respectively. This trend is ob-
servable for small and moderate earthquakes, and we find a clear break in scal-
ing for large events [Pacheco et al., 1992], indicating that the nucleation process
may be different between seismicity with ML ≤ 6 and large earthquakes, re-
spectively. This suggest that early deformation stages during accelerating slip
are influenced by the properties of the nucleation site. In agreement with Ol-
son and Allen [2005], this finding implies that the rupture process is to some
degree deterministic and has possible implications for early warning. Realistic
area-potency stress-drop scaling relations for a collection of synthetic events
generated by models using various realizations of parameters imply an overall
self-similarity of model seismicity. In addition to other statistical properties
similar to those of natural seismicity, the obtained scaling relations support
the applicability of heterogeneous 2-D L distributions in a continuum model
to parameterize fault zone heterogeneity. Although some aspects of natural
seismicity are shown to be reproduced, other important observations such as
aftershock sequences are not generated by our simulations. Future studies with
more sophisticated treatment of the rheology on a planar fault may be able
to produce smaller events and hence aftershock patterns. An alternative ap-
proach can account for the occurrence of off-fault seismicity [Lyakhovsky et al.,
2001].

Appendix

Earthquake nucleation is the stage that precedes fast dynamic rupture prop-
agation. We give here a brief review of aspects of nucleation under rate-and-
state that are relevant to our analysis of hypocenter locations, with emphasis
on the length scales involved. Dieterich [1992] characterized the nucleation
process by two stages: an early phase where slip localizes into a small region,
followed by slip acceleration without lateral expansion. Based on the effec-
tive linear slip weakening behavior of the aging version of rate-and-state high
above steady state, where healing can be neglected, and on 2D quasistatic
simulations of the nucleation process of single events (no cycles) with non-
uniform initial conditions and friction properties, Dieterich [1992] proposed
the following expression for the minimal size of the nucleation zone:

hn
D92 = ξ′ Lb (4.11)

where

Lb =
GL

b σe
. (4.12)

The factor ξ′ = 2.5 results from the relation between stiffness and length
scale and generally depends on geometry and boundary conditions. Rubin and
Ampuero [2005] revisited in detail the nucleation problem and showed that the
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Figure 4.16: Correlations of the number of hypocenters on effective nucleation size, de-
pendent on potentially smaller (a) and larger (c) nucleation sizes, hn, with
respect to the standard hn

R93 estimate (b) (cf. Fig. 4.11b). The smaller the
assumed nucleation size, the better the correlation between small values and
the number of nucleation sites.

minimum localization length follows Equation 4.12 with ξ ′ = 2.75. This length
differs by a factor (1− a/b) ξ ′/ξ from the length hn

R93, defined in Equation 4.7,
which was derived by a linear stability analysis with respect to uniform steady
sliding [Ruina, 1983]. For an appropriate description of the nucleation process
hn

D92 must be well resolved by the numerical discretization. If a/b > 1 − ξ/ξ ′

this imposes more stringent requirements on the numerical cell size than the
often cited criterion based on hn

R93. Present values lead to hn
D92 = 435m and

hn
R93 = 768m where L = Lmin.

For large a/b, including the typical value a/b = 0.79 in the present study, Rubin
and Ampuero [2005] found a different nucleation regime: after slip localization
the nucleation zone expands quasistatically, analogous to sub-critical crack
growth, and tends to a larger final size at which slip rate accelerates to the
dynamic range. Based on classical energy concepts in fracture mechanics they
showed that the final nucleation size may be as large as

hn
RA05 ≈

2

π

(
b

b − a

)2

Lb. (4.13)

In the simulations summarized in Figure 8 of Rubin and Ampuero [2005] the
size of the region of dominant slip rate when “dynamic” slip rates (≈ 1m/s)
are first reached is 1/2 hn

RA05 ≈ 8 Lb if a/b = 0.8. This is a natural scale to
consider for the analysis of hypocenter locations. Here, hn

RA05 = 2268m with
L = Lmin. However, hn

RA05 was originally defined for an infinitely long fault
with uniform friction parameters and driven by slow load. The conditions of
our study might affect nucleation in a number of ways. Strong heterogeneities
of available stress drop (resulting from the earthquake cycle) or effective frac-
ture energy (proportional to L), can limit the late expansion stage of nucle-
ation. In regions of short L constrained to a size smaller than hn

RA05 by regions
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of larger L, dynamic events can be frustrated. Moreover, slip rate can reach
the dynamic range on scales smaller than hn

RA05 if there is a fast and strong
stress trigger from a neighboring event (see Rice [1993] for similar a comment).

Given these uncertainties, we explore the effect of potentially smaller and
larger nucleation sizes by calculating additional maps of effective nucleation
sizes, hs, based on alternative nucleation sizes, 1/2hn

D92 and 2hn
D92, respectively.

(Note that the smoothing algorithm does not allow the linear transformation
hs

D92 = f(hn
D92) → 1/2 hs

D92 = f(hn
1/2 D92).) Results showed in Figure 4.16 ex-

plores the effect on the quality of the correlation between hypocenters and
nucleation size at hypocenter locations. Figure 4.16b illlustrates the original
estimate (cf. Fig. 4.11a), whereas Figure 4.16a&c account for smaller and
larger estimates, respectively. We observe a better correlation between small
hs values and the hypocenter the smaller the original hn estimate. However,
this particular result depends on the definition of the hypocenter and its de-
termination in a 3-D continuum model with heterogeneous L distributions, as
revisited next.

Nucleation Sites In the present study we define the hypocenter to be at
the location of the accelerating cell that first becomes larger than a certain
threshold velocity. To be consistent with seismological observations it would
be appropriate to define a dynamic event by a threshold in potency rate instead
of a maximum slip rate. However, our quasi-dynamic simulations neither gen-
erate realistic potency rates nor slip rates; because we aim to compare present
results to results from previous work [Hillers et al., 2006] we choose a threshold
velocity to define a seismic event. Rubin and Ampuero [2005]’s 2-D analysis
provide an alternative estimate for hypocenter analysis, since nucleation takes
the form of an expanding quasi-static crack, with slip rate concentrations at its
edges, analogous to sub-critical crack growth. Hence, the dynamic threshold
(of our definition) may not be reached at the center of the nucleation zone,
but at one at the edges, which requires the hypocenter to be in the center of
the accelerating centroid. To compare our definition with the centroid esti-
mate, we compute the x and z component of the velocity centroid Cx and Cz,
respectively, at the time of nucleation (when first the slip rate of a cell reaches
the threshold value), tnuc

Cx(tnuc) =
1

p(tnuc)

∑

x

x v(x, z, tnuc) (4.14)

Cz(tnuc) =
1

p(tnuc)

∑

z

z v(x, z, tnuc),

where p(tnuc) is the potency rate. However, we find that velocity differences
between stable sliding and dynamic regimes are not pronounced enough to use
Equation 4.15 as an alternative approach.
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5.1 Abstract

This study analyzes seismicity catalogs from multi-cycle earthquake simula-
tions [Hillers et al., 2006] with respect to their overall source-scaling behavior
by comparing area-moment, slip-length and length-moment relationships of
the simulated earthquake catalog against alternative data sets. We find that,
in general, the overall scaling trends of bulk source properties of the simu-
lated rupture models are in very good agreement with observations for past
earthquakes, both on a set of historical data on maximum slip and length mea-
surements as well as for a compilation of finite-source rupture models. Distinct
deviations from the common constant stress drop scaling can be attributed to
effects of the (quasi-)dynamic rupture process which are not accounted for in
classical earthquake scaling. Our investigations also show that the catalog of
simulated source models provides a useful resource on physically self-consistent
scenario earthquakes for near-source ground-motion simulations. To that end,
we examine the waveform character and ground-motion intensity maps from
ground-motion calculations for a suite of scenario earthquakes obtained from
the simulated seismicity catalog.

5.2 Introduction

Scaling relations between measurable quantities due to the related physical
processes may help to reveal underlying, but difficult to assess, mechanisms.
In this study we investigate source-scaling relations of earthquake rupture by
comparing observations, taken both from the literature and a database of finite-
source rupture models, with simulated earthquake catalogs. This diverse set
of data enables us to carry out a comprehensive analysis of the scaling rela-
tionship between rupture length L and average (maximum) displacement D
(Dmax) for moderate to large strike-slip earthquakes. Such scaling relations are
not only interesting to better understand earthquake mechanics [Scholz , 1982;
Romanowicz , 1992; Scholz , 1994; Bodin and Brune, 1996; Yin and Rogers,
1996; Matsuura and Sato, 1997; Mai and Beroza, 2000; Shaw and Scholz , 2001;
Miller , 2002], but they also have direct implications for ground-motion esti-
mation (and calculation) and seismic hazard analysis [Wells and Coppersmith,
1994; Hanks and Bakun, 2002].

There has been a long-lasting controversy in the seismological literature con-
cerning the scaling of large strike-slip earthquakes. The question at stake is
whether or not seismic moment Mo scales with rupture length as Mo ∝ L, or
Mo ∝ L2, for rupture whose rupture length far exceeds the width of the seismo-
genic crust, Wc (i. e., L � Wc). Such earthquakes are constrained to propagate
farther in the horizontal direction only, and their rupture width W = Wc is
thus essentially constant. Based on early measurements of average displace-
ments and rupture length, Scholz [1982] advocated that average slip D scales
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with rupture length, leading to Mo ∝ L2. This so-called “L-model” contradicts
the expectation from dislocation theory that the displacement should in fact
scale with the smaller fault dimension W (called the “W -model”). In a series
of articles, several data compilations and corresponding interpretations were
presented [Romanowicz , 1992; Romanowicz and Rundle, 1993; Scholz , 1994;
Mai and Beroza, 2000; Romanowicz and Ruff , 2002] that tried to resolve this
debate—so far, no convincing final answer has been given.

One of the fundamental issues that this scaling debate touches on is whether
or not stress-drop is scale invariant. Since the early 1970s, a large number
of studies have shown evidence that stress drop is independent of earthquake
size [e. g., Aki , 1972; Kanamori and Anderson, 1975], where stress drop may
depend on the tectonic setting in that intra-plate earthquake have large stress
drop (≈ 10MPa) compared to inter-plate events (≈ 3MPa). While these mea-
surements are mainly based on estimates of rupture area (based on aftershock
locations or surface rupture) and seismic moment, recent data compilations
using stress-drop estimates based on waveform spectra [Ide and Beroza, 2001;
Ide et al., 2003] provide a very similar conclusion. In these studies, apparent
stress (proportional to the ratio of seismically radiated energy, Er, to the seis-
mic moment, Mo) appears to be scale invariant over 17 orders of magnitude
in moment, while individual data sets (covering only 2-4 orders of magnitude)
may show the tendency of increasing apparent stress with increasing moment.
Obviously, the (potential) scaling of stress-drop with earthquake size is not
yet fully understood, and various interpretations and explanations are closely
related to the particular data set that has been examined.

However, all of these studies have one common feature: what is called “stress-
drop” in this context is in fact the static stress drop, averaged over the fault
plane. The standard relation in that case is given as

∆τstat = G c
D

L̃
(5.1)

where ∆τstat denotes the final static stress-drop, and L̃ represents a charac-
teristic length scale for the earthquake rupture; c is a geometrical constant of
order unity (for strike-slip earthquakes, c = 2/π), and G is the shear modu-
lus. This static stress drop does not reflect the underlying physical processes
of dynamic rupture propagation, but merely serves as a proxy to characterize
some average “dynamic” process. For example, a seismic event of moment
Mu

o on a fault plane of area Au on which a dislocation with uniform slip Du

occurs will have the same static stress drop as an event on the same fault
of equal moment, but with slip Ds � Du occurring in a small patch of area
As � Au. The latter event, however, will have locally a much higher (dynamic)
stress drop, hence very different ground-motions in the near-field, and there-
fore should be treated separately from a simple uniform-slip rupture. Stress
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drop computed according to Equation 5.1 does not reflect this crucial distinc-
tion. Likewise, the above mentioned scaling debate did not consider at all the
fact that stress drop on the fault plane is a spatially variable quantity (though
the study by Mai and Beroza [2000] made a first step into that direction), as
can be inferred from a multitude of finite-source rupture models that image
the spatio-temporal slip evolution of past earthquakes [Mai and Beroza, 2002,
http://www.seismo.ethz.ch/srcmod)].

In the light of the preceding discussion, we address earthquake scaling prop-
erties using a combined, yet diverse data compilation. First, we exploit a
unique set of simulated earthquake models, obtained in quasi-dynamic multi-
cycle seismicity simulations under rate-and-state-dependent friction with spa-
tial variations of the critical slip distance, Lc [Hillers et al., 2006, 2005]. In
their systematic simulations of slip in a continuum model of a 2-D strike-slip
fault, Hillers et al. [2006] parameterized the depth dependence of the a−b and
Lc frictional parameters in an innovative way that is consistent with available
laboratory data and multi-disciplinary field observations. Through numerous
realizations of heterogeneous Lc distributions, either chosen from a uniform
random distribution or according to a von Karman correlation function with
variable correlation lengths and Hurst exponent, they examine the effects of
structural variations of fault zones on the spatio-temporal evolution of slip.
Their work demonstrates that models with heterogeneous Lc distributions can
produce realistic features of seismicity and slip distributions on a fault within
the continuum class of models. These numerical simulations on model faults
of width W = 24 km and length L = 100 km (or L = 200 km) produces a
vast catalog of seismic events, where the size of smallest events is constrained
by the grid-size (in this case dx ≈ 0.2 km, hence Mmin ≈ 4.0 since they re-
quire 10 contiguous cells to become unstable in order to constitute a seismic
event), while the largest ruptures comprise the entire fault plane, reaching up
to Mw = 7.5. Since we are interested in the scaling properties of large earth-
quakes, we extract a subset from this simulated seismicity catalog, ranging
from 5.5 ≤ Mw ≤ 7.5. Figure 5.1 displays the distribution of source parame-
ters of interest in this study for the 970 events we consider in our analysis.

The last aspect of this study addresses the problem of near-source ground-
motion prediction. One of the greatest challenges in seismology and earthquake
engineering is to accurately predict the range of expected ground-motions for
potential future earthquakes. While standard empirical attenuation models
are easy and straight-forward to apply, they can only serve as a general refer-
ence that hardly includes the aspects of the diversity of the dynamic rupture
process. Dynamic rupture modeling for a large set of scenario earthquakes, on
the other hand, is desirable, yet computationally expensive, but it has one dis-
tinct short-coming: it inherently lacks the information on self-consistent initial
stress fields, i. e., stress fields that result from tectonic loading on previously
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Figure 5.1: Distributions of source parameters of the combined earthquake catalog ob-
tained in rate and state controlled seismicity simulations. The fault-average
stress drop refers to the average stress drop on those computational cells on
the model fault that actually slipped during the seismic event, and hence is
distinctly different from a classical “static” stress drop estimate.

ruptured faults. While recent work on earthquake dynamics under heteroge-
neous initial stress has proven its usefulness to understand seismic observables
[Oglesby and Day , 2002, J. Ripperger, pers. comm.], the question on “How is
the this stress complexity generated, and how does it change due to past and
future ruptures” remain unanswered. However, the seismicity simulations by
Hillers et al. [2005] are self-contained in this aspect since they are controlled
by a heterogeneous distribution of a frictional parameter which governs the
stress evolution on the rupture plane, both coseismically and inter-seismically.
The resulting quasi-dynamic rupture models are therefore a “natural” conse-
quence of the previous seismic activity on the model fault and the current state
of stress, and present a self-consistent model for earthquake source complexity.

To further investigate the use of the model seismicity for ground-motion cal-
culation (and ultimately seismic hazard studies), we extract a series of rupture
models with magnitudes greater than 7 from the entire simulated catalog. In
the present application, we use only the slip information since the duration of
quasi-dynamic ruptures is large due to the numerically tractable spatial and
temporal resolution, and no unique back-transformation to a proper time-scale
on the order of 20-30 seconds total rupture duration for the ruptures of inter-
est could be found (this will be part of a future study). In order to construct
the temporal rupture evolution, we therefore resort back to a pseudo-dynamic
source characterization [Guatteri et al., 2003, 2004]. It generates dynamically
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constrained rupture propagation and rise time distributions based on the slip
related stress change on the fault plane and empirical relations for the scaling
of fracture energy. We then compute near-source ground-motions on a dense
grid of sites, with a specific geometry that is meant to illustrate potential
ruptures on the Main Marmara fault (NW Turkey) and the expected ground
shaking in the Istanbul metropolitan area.

The paper proceeds that we first discuss some general features and scaling
properties of the model catalog before we compare its slip-length and length-
moment scaling behavior to the other two data sets. We then compare the
properties of two-dimensional slip maps—including the hypocentral position—
of the model seismicity to the finite-source rupture model database. This leads
us to conclude that the extended slip distributions in simulated seismicity cata-
logs show very similar characteristics as images of past earthquakes, and hence
are useful for near-source ground-motion calculations. The study finishes with
shaking intensity maps for the city of Istanbul.

5.3 Source Scaling Properties

5.3.1 Area-Moment Scaling

We first investigate how the model seismicity behaves when displayed in a
classical area-moment diagram [Kanamori and Anderson, 1975] (Fig. 5.2).
Overall, the data almost perfectly align along the constant stress drop lines
(with slope m = 2/3), but deviations can be seen in that the large events tend
to plot towards the higher stress-drop curves. Similarly, we observe that the
larger events seem to have higher on-fault average stress drop (indicated by the
grey-scales of the symbols). Note that there is no difference in the resulting
area-moment scaling depending on which heterogeneity class (Gaussian Lc

fields, uniform or chessboard, see Hillers et al. [2005] for details) the events
belong to. Figure 5.3 displays a similar graph for the finite-source rupture
model database. In this case, no detailed stress-drop information is shown,
but we note that the strike-slip earthquakes follow the expected trend. The
comparison between the data in Figures 5.2 and 5.3 clearly shows that the
overall scaling properties of the simulated catalog is in good agreement with
seismological observations. This observations leads us to infer that the data
of the seismicity simulations can in fact be used to study in more detail the
scaling of large-strike slip earthquakes.

5.3.2 Slip-Length Scaling

In this section we investigate how the average (or maximum) displacement of
large strike-slip earthquakes scales with the inferred rupture lengths. For his-
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torical earthquakes, these data can be very uncertain, and we therefore do not
put much weight on such data (see Figure 5.4). In contrast, measurements of
rupture length and slip on the fault plane are very accurate for events in the
finite-source database and the simulated seismicity catalog. Nevertheless, it
is interesting to note that all the different data sets show essentially the same
trend: slip increases with increasing rupture length, but at a decreasing rate
beyond a some critical fault length. For very large ruptures, the displacements
seems to approach a constant value, while small to moderate ruptures appear
to exhibit rather a linear increase of slip with lengths (Figs. 5.4, 5.5, 5.6).

The slip-length scaling seen in these diverse data set are in general in good
agreement with the results of Bodin and Brune [1996]; Shaw and Scholz [2001],
and Mai and Beroza [2000], indicating that truly large earthquakes are gov-
erned by “W -model” mechanics and that the displacement saturates for rup-
tures with large aspect ratios L/W . To guide the interpretation, we display
model calculations in which the slip-length scaling is pore-pressure dependent
[Miller , 2002] by using a generic static stress-drop value and a depth-averaged
λ (where λ is the ratio of the pore pressure, p, to the lithostatic (normal) stress,
σn) for different locking depth, W . We make no attempt to optimize either λ
or the static stress drop, but simply want to indicate the general applicabil-
ity of this model to such scaling observations. The pore-pressure dependent
slip-scaling model appears to provide a very good first-order approximation
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Figure 5.4: Scaling of maximum displacement Dmax with rupture length for a global cat-
alog of moderate to large strike-slip earthquakes (modified after Manighetti

et al. [1990]; open symbols denote historic events in the 13th - 16th century
for which the given data are very uncertain. The curves depict the scaling
behavior according to the pore-pressure dependent model by Miller [2002] for
different locking depth W . We assume an average ratio λ of pore pressure
p to lithostatic (normal) stress, σn, of 0.6 and a median static stress drop
∆τ = 5.0MPa. The overall trend of the slip-length scaling is well modeled
with this approach for the very long ruptures, while for shorter fault a linear
slip-length scaling appears to be more appropriate.
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Figure 5.5: Similar graph as shown in Figure 5.4 for the finite-source database, but now
shown for the maximum slip on the fault plane (top) and the average displace-
ment (bottom). The pore-pressure dependent scaling model is shown as well,
with parameters that are slightly adjusted to match the trend of the data.
Note that we made no attempt to fit the data optimally in order to infer λ or
∆τ , but we rather want to show the general applicability of this model.
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dent slip-length scaling is also shown, where we simplify the depth-dependent
λ distribution for the simulations [see Hillers et al., 2005] using the median
value over the seismogenic width.

to the observed data, assuming a constant static stress drop for events of all
magnitudes.

However, we want to point out several important distinctions. First of all,
the data compilation in Figure 5.4 and the simulated catalog (Fig. 5.6) clearly
indicate that moderate-size earthquake deviate from this “W -model” scaling
in that slip appears to increase linearly with rupture length, out to aspect
ratios L/W ≤ 4. These observations indicated that the dynamics of the earth-
quake rupture process may play an important role in governing the slip-length
scaling since from simple geometrical arguments, the transition from linear
slip increase to a more gradual one should occur when the fault length reaches
the size of the seismogenic width. Shaw and Scholz [2001] argue that this
transition is expected at L ≈ 2W due to a free-surface effect, but they also
find, similar to Bodin and Brune [1996], a transition at 3-5 times the lock-
ing depth. The second important aspect is related to the on-fault stress drop
for the simulated ruptures. As can be seen in Figure 5.6, the averaged on-
fault stress drop for large events is not only considerable larger than the static
stress drop used to compute the scaling model, it also clearly increases with
rupture length. This observation of scale-dependent stress drop is also evident
in Figure 5.2. To clarify: we are now distinguishing the overall static stress
drop ∆τstat (Eq. 5.1) which is basically geometrically determined, from an
estimate of stress drop on the fault plane, ∆τ , which takes into account the
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Figure 5.7: Compilation of two-dimensional slip distributions, obtained by numerical mod-
eling of rate-and-state-dependent seismicity. Slip on the fault plane is variable,
concentrated in one or more high-slip patches, surrounded be regions of little
displacement. The white dots indicate the hypocenter position, which are lo-
cated at the edges of the large slip patches (“asperities”), similar to what has
been found for imaged slip maps of past earthquakes [Mai et al., 2005].

(quasi-)dynamic rupture process. In this context, we evaluate ∆τ by only con-
sidering those cells on the rupture plane whose slip-velocity is larger than a
predefined threshold value [Hillers et al., 2006]. The extracted rupture models
are still rectangular in shape, but do show regions of no slip (Fig. 5.7); the
calculated on-fault stress drop uses only the non-zero slip regions on the fault,
and therefore partly reflects the underlying dynamic rupture process.

How can we reconcile the apparent conflict between an overall scale-invariant
constant stress drop scaling of slip with fault length (or similarly of rupture
area with seismic moment), while having an increasing on-fault stress for in-
creasing earthquake size? We believe the answer lies in the spatio-temporal
complexity of the earthquake rupture process which is not at all considered
in classical dislocation theory and the resulting scaling models based on a
constant stress drop assumption. Finite-source rupture models show spatio-
temporal complexity of earthquakes at all scales [Mai and Beroza, 2002], and
therefore the underlying dynamic processes have to exhibit a similar (or even
higher) degree of heterogeneity. In fact, almost all dynamic rupture mod-
els developed for past earthquakes [e. g., Beroza and Ellsworth, 1996; Ide and
Takeo, 1997; Nielsen and Olsen, 2000; Zhang et al., 2003] show strongly vary-
ing dynamic stress drop. We find that also the stress maps obtained for the
simulated earthquake catalog display a similar degree of stress heterogeneity
on the fault plane. Locally very high stress drops on the fault plane can be
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expected as the degree of complexity increases; at the same time, recent work
on characterizing spatially variable slip distributions has shown that the size
of “asperities” (regions of large slip on the fault plane) increases with increas-
ing magnitude [Mai and Beroza, 2002; Somerville et al., 1999], and with that
the maximum displacement anywhere on the fault also scales with seismic mo-
ment [Mai et al., 2005]. The higher local stress drops on the fault plane for
large strike-slip earthquakes are therefore a necessary condition such that the
“small” initial earthquake can in fact grow into a truly large rupture that ex-
hibits locally very large displacements. This general concept is in agreement
with the conjecture of Heaton [1990], and finds further evidence in recent large
strike slip earthquakes (like the 2001 Denali earthquake and the 2002 Kunlun
rupture). The simulated seismicity catalog presented in this study provides
the first experimental/numerical results corroborating this model, that large
strike-slip earthquakes may have a higher initial stress drop (or a patch of very
high stress on the plane) to grow into a large rupture.

5.3.3 Length-Moment Scaling

We conclude the section on source scaling by briefly discussing our findings on
the relationship between rupture length and seismic moment. The inferences
of length-moment scaling has received considerable attention in the literature
in the past [Scholz , 1982; Romanowicz , 1992; Wells and Coppersmith, 1994;
Mai and Beroza, 2000; Henry and Das, 2001] since it is directly linked to the
“L-model” and “W-model” debate, but more importantly to seismic hazard
estimates. The question at stake is how accurately one can infer the potential
seismic moment from a given estimate of rupture length (for example from mea-
sured surface-trace length of a fault). The discussion circled around whether
or not there is a break exists in slope at some cross-over seismic moment, as for
instance proposed by Shimazaki [1986]. While Scholz [1982, 1994] advocates
that there is no pronounced change in scaling and that for large earthquakes
seismic moment scales as L2, other studies infer that a clear break in the scaling
for large strike-slip events such that moment scales linearly with L [Romanow-
icz , 1992; Romanowicz and Ruff , 2002]. Without going too deeply into the
length-moment discussion of the past, we point out that a possible transition
from self-similar scaling (Mo ∝ Ln, with n = 3) to a “W-model”-type of scal-
ing (M ∝ L) cannot be excluded based on the simulated seismicity (Fig. 5.8)
or the finite-source database (Fig. 5.9). However, we would like to point out
that this transition is much more gradual than previously proposed, and seems
to occur over a moment range 5 × 1018 ≤ Mo ≤ 3 × 1019 Nm for the synthetic
rupture model catalog. The source-model database (Fig. 5.9) appears to show
a similar trend, albeit much less clear due to the large scatter. We attribute
this smooth transition to the strong influence of the dynamic rupture process
under the presence of heterogeneous stress at all scales that masks purely ge-
ometrical contributions, and hence spreads out this transition over a wider
magnitude range.
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Figure 5.8: Length-moment scaling obtained for the simulated seismicity catalog. Grey
shades in the symbols indicate on-fault stress drop. Lines for self-similar scaling
(n = 3) and “W-model” behavior (n = 1) are shown for reference.

5.4 Ground-Motion Calculations

In this section we explore to what extent the catalog of simulated rupture mod-
els may serve as a resource for near-source ground-motion simulation. Ground-
motion prediction, i. e., anticipating the level and variability of ground shaking
that has to be expected for future earthquakes, is one the most challenging
aspects of seismology and earthquake engineering. While “classical” methods
are based on empirical ground-motion attenuation relationship [e. g., Abraham-
son and Shedlock , 1997] to predict a scalar measure of ground-motion intensity
(PGA, PGV , or spectral acceleration SA) at a given site for a magnitude of
interest, there is the growing need to use entire time histories of ground shak-
ing to characterize the potential response of a building. However, databases of
ground-motion recordings are sparsely populated at very near-source distances
for larger earthquakes, and even in larger distances, the data only represent
a small collection of possible source-rupture properties that can be expected.
Therefore, accurate ground-motion calculation at very near-source distances
for a variety of possible scenario earthquakes, all characterized self-consistently
in terms of the underlying rupture physics, are needed to better understand
the near-source ground-motion variability.

As shown previously (Fig. 5.7), the slip models generated by rate-and-state-
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Figure 5.9: Same as Figure 5.8 for the database of finite-source rupture models.

dependent earthquake-cycle simulations [Hillers et al., 2005] contain almost
all aspects of source complexity known from past earthquakes. We therefore
harvest the simulated earthquake catalog in order to obtain source-rupture
models for ground-motion calculation. Figure 5.10 displays a small collection
of such rupture models, here constrained to have a magnitude M ≥ 7, but
to be of rupture length L ≤ 100 km (the length constraint is simply due to
computational simplifications). The source-receiver geometry (Fig. 5.11) is
chosen to illustrate ground-shaking effects in the Eastern Marmara Sea, close
to the mega-city of Istanbul, for potential large earthquakes occurring on the
Main Marmara Fault. We simplify the geometry of the spatially complex fault
system of the Northern North-Anatolian Fault Zone (NNAFZ) in this pilot
study by considering only events rupturing the (almost) straight fault segment
just west of Istanbul. A dense network of virtual receivers allows us to in-
vestigate directivity effects, while we place additional observers at points of
existing broad-band stations in the city of Istanbul to analyze details of the
waveform characteristic.

We use a discrete-wavenumber/finite-element method by Spudich and Xu [2002]
for calculating the near-source motions; synthetics seismogram, containing
both near- and far-field contributions from the source, are computed for a
frequency range 0 ≤ f ≤ 1Hz, using an on-fault grid size of 1×1 km. A future
study will also include high-frequency scattering contributions to the near-
source motions, but here we restrict ourselves to the low-frequency “determin-
istic” part of the wavefield as radiated from the source. For parameterizing
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Figure 5.10: Source-rupture models (7.1 ≤ Mw ≤ 7.3), extracted from the CL008-catalog
of Hillers et al. [2005] (Gaussian distribution of the critical slip-distance Lc,
with correlation lengths ax = az = 5.0 km and Hurst exponent H = 0.8.)
used for strong-motion calculations. Grey-shades indicate slip on the fault
plane (in meter), the black contour lines depict the propagating rupture front
at every 2 sec, starting from the hypocenter (white star). Along-strike coor-
dinates are shown according to the geometrical setup (Fig. 5.11).
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Figure 5.11: Receiver distribution for near-source ground-motion calculations in the East-
ern Marmara Sea (small triangles), with an additional three stations in the
city of Istanbul (SIT, HIS, BUS). Thin lines depict the coast line, the thick
broken line show the simplified fault trace of the Northern North Anatolian
Fault Zone (NNAFZ) as it traverses the Marmara Sea. The bold line, ex-
tending from [−100 0] km along-strike represents the surface projection of the
vertical fault plane at depth onto which we place the source-rupture models
for ground-motion calculation.

the spatio-temporal rupture model, we deploy the pseudo-dynamic source-
modeling approach: Based on the input slip model and a specified hypocenter
(both given from the synthetic seismicity catalog), an on-fault distribution of
fracture energy is calculated following empirical relations [Guatteri et al., 2003,
2004]. The fracture energy is then used to calculate spatially variable rupture
velocities, and from that rise times, where both the stress change on the fault
plane as well as the hypocenter position factor into the final space-time source-
rupture model. Albeit the numerical rupture models from the synthetic catalog
do contain information on the rupture-onset times at each point on the fault,
we choose not to use them in this study because currently unknown correc-
tions for the computational time constant (on the order of years) would be
necessary. Also, the rupture stopping times are not known currently. By using
the pseudo-dynamic approach, we obtain physically self-consistent earthquake
source characterizations for a suite of scenario events, based on the slip models
generated in the earthquake-cycle simulations.

5.4.1 Site-Specific Ground-Motions

We start investigating site-specific ground-motion synthetics; for brevity we
restrict the discussion to site SIT only, results for site HIS and BUS are qual-
itatively similar. Figure 5.12 displays the three-component motions for the
rupture models shown in Figure 5.10; we observe that both PGV and PGA
vary strongly between the different scenarios, accompanied with considerable
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variations on the waveform characteristics. While some of the horizontal mo-
tions are dominated by a single, large velocity pulse, others have multiple
pulses of strong shaking, implying a very different building response than a
single-pulse motion. A site-specific seismic hazard study could, in principle,
make now use of these ground-motion synthetics.

5.4.2 Ground-Motion Distribution in the Istanbul Area

Figure 5.13 and 5.14 depict the shaking intensity in the greater Istanbul area
in terms of PGV and PGA for two scenario events, both of about the same
magnitude. In both cases we observe the symmetric pattern (due to the choice
of a vertical strike-slip fault) of the directivity effect (in both PGV and PGA)
which enhances the motions in the forward-direction of rupture propagation.
However, the absolute level of shaking varies considerably between the two
scenario events, reflecting the different seismic moment, source length and
hypocenter position. The largest differences in the shaking, however, stems
from the differences in the source-rupture models in terms of spatial variability
of slip and rupture timing. Note that for instances one model would result
in significant motions in the city of Istanbul, with amplitudes of PGA ≈
1.0m/s, and PGA ≈ 0.3 g extending over a large region in the surroundings of
Istanbul (Figure 5.13), while the other source model yield much lower motions,
spread over a much smaller area (Figure 5.13). This again illustrates the
necessity for physics-based ground-motion simulation approaches in order to
better understand and quantify the level and variability of intensities in the
near-field of large earthquakes.

5.4.3 Limitations of Ground-Motion Synthetics

At this point we want to briefly discuss the limitations of our current imple-
mentation for the ground-motion calculations. First, for computational reasons
we restrict ourselves to low-frequencies (0 ≤ f ≤ 1.0Hz). Since there is no
large-scale randomness introduced, either in terms of very strong variations in
rupture velocity or rise time, or by means of adding stochastic high-frequency
seismograms, the resulting synthetics look “very clean”, with a sharp, distinct
S-pulse on the horizontal velocigrams. Due to this rather deterministic behav-
ior, the directivity effects are likely to be slightly exaggerated, but the overall
spatial pattern will remain. The fact that high-frequency contributions are
missing strongly affects the PGA values, while PGV , a more low-frequency
measure, does not strongly depend on the high-frequency content. We there-
fore expect that, once scattering operators are included to also generate high-
frequency motions, the PGA distributions will change significantly. Obviously,
the fault system in the Marmara Sea represents a complex network of large
and small faults, and the ground-motions due to a large, through-going multi-
segment rupture are expected to reflect part of this geometrical complexity.
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Figure 5.12: Ground-motions at site SIT (Figure 5.11) for the scenario earthquakes shown
in Figure 5.10. While some of the synthetics are dominated by a single,
large velocity pulse, others show more complex waveforms. Note that the
two horizontal components (EW equals fault-parallel, NS is the fault-normal
component) are drawn at the same scale while the vertical component (UD)
is shown at a different scale.
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Figure 5.13: Ground-motion map for a scenario rupture of magnitude M = 7.2, starting
at X = −65km and propagating eastwards, toward the city of Istanbul. Both
peak-ground velocity (PGV , left) and peak-ground acceleration (PGA, right)
show strong directivity effects.

Here we have strongly simplified the geometry by considering a single, straight
fault segment only. Future work will resolve the complex source-rupture models
onto segmented fault, making these types of simulations one step more real-
istic. Finally, we have worked with a simple one-dimensional velocity model,
and hence we omit all effects due to 3D-structure and topography. This will
be particularly important for the city of Istanbul, which is built on ridges and
valleys (partly with thick sediments), and we thus expect that the site specific
ground-motion variability will be in fact considerably larger.

5.5 Conclusions

In this study we analyze seismicity catalogs from multi-cycle earthquake simu-
lations [Hillers et al., 2005] with respect to their overall source-scaling behavior,
and compare the resulting area-moment, slip-length and length-moment rela-
tionships to two alternative data sets. We find that in general the overall scal-
ing trends of bulk source properties of the simulated rupture models are in very
good agreement with observations on past earthquakes, both on a set of histori-
cal data on maximum slip and length measurements as well as for a compilation
of more recent and more accurate finite-rupture models. However, despite the
general agreement we observe distinct deviations from the common constant
stress drop scaling which we attribute to effects of the (quasi-)dynamic rup-
ture process which are not accounted for in classical earthquake scaling. Our
investigations also show that the catalog of simulated source models provides
a useful resource on physically self-consistent scenario earthquakes for near-
source ground-motion simulations. To that end, we compute full-waveform
synthetics by means of a discrete-wavenumber/finite-element method [Spudich
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Figure 5.14: Same as Figure 5.13 for a magnitude M = 7.3 earthquake which starts at
X = 93km. Due to the longer rupture length, the slightly higher magnitude,
but particularly the more complex slip distribution on the fault plane (Figure
5.10), the maximum PGV and PGA values are larger. Note also that for this
case a much larger area experiences severe shaking.

and Xu, 2002] on a dense grid of receivers for a suite of scenario earthquakes
of magnitude M ≈ 7.2. The resulting ground-motions exhibit large variations
in terms of their waveform character and also in their PGV and PGA values;
we also observe distinctly different directivity patterns, pointing out the large
variability of near-source ground-motions that can be expected for earthquakes
of similar magnitude and identical source mechanism, but different dynamic
rupture properties.
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Conclusions and Outlook

Conclusions

We presented four numerical studies investigating the origin of earthquake
complexity in continuous 3-D earthquake fault models governed by rate and
state friction. In particular, we explored the efficiency of fluid related mech-
anisms and the role of fault zone heterogeneity in producing observed earth-
quake complexities, and an application using generated synthetic slip maps as
a basis for strong ground-motion simulations. The similarity of the numerical
procedures and the demonstrated independence on the spatial resolution of
the discretized model faults allows a direct comparison of results generated by
each approach.

In Chapter 1 we demonstrated the ability of a 3-D hydro-mechanical fault
model to produce nonuniform spatio-temporal slip evolution using homoge-
neous distributions of hydraulically relevant parameters diffusivity, pore pres-
sure and a dilatancy coefficient. Complex seismicity patterns are produced by
models with undrained conditions, which are located in a transitional regime
in the phase space between the two end-member cases unstable and stable
sliding, depending on physically possible pore pressures and the magnitude of
the dilatancy coefficient.

The study presented in Chapter 2 extended the work discussed in Chapter 1
by focusing on heterogeneous pore pressure distributions along a sealed and
thus undrained strike-slip fault. We found a linear relationship between pore
pressure and response type, i. e., regions with low pore pressure respond seismi-
cally, whereas highly overpressured parts of the fault tend to slip stably. This
leads to the observed correlation between hypocenter locations and regions of
low pore pressure, and final slip maps of model earthquakes with properties
similar to those observed for natural seismicity.

While the study presented in Chapter 2 investigated spatially variable dis-
tributions of pore pressure, which implicitly assumes heterogeneous material
properties, Chapter 3 neglected possible hydro-mechanical interactions and fo-
cused on the role of structural heterogeneity in producing realistic response
patterns in general. We chose heterogeneous 2-D distributions of the rate and
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state slip weakening distance to parameterize geometric complexity of fault
zones. We showed that it is possible to generate seismicity spanning 4.5 or-
ders of magnitude, with realistic statistical properties. The model bridges
the gap between previous studies associated with the smooth-continuum and
inherently-discrete models, supporting previous conclusions on the dominant
role of fault heterogeneities on the simulated response, and the suggestion that
they may act as a tuning parameter of the dynamics.

Using the approach presented in Chapter 3, we parameterize fault zones in
Chapter 4 at different evolutionary stages using correlated spatial distributions
of the rate and state slip weakening distance. We showed that the seismic re-
sponse of fault zones with different degrees of maturity can be tuned by the
parameters range of size scales, spatial correlation lengths and Hurst expo-
nent. Among these, the range of size scales, associated with structural spatial
dimensions of individual fault segments, is demonstrated to be the most effec-
tive parameter. Statistical properties of synthetic seismicity is shown to match
observed relations such as the overall self-similarity of model events regardless
of the chosen parameter set.

Several scaling relations discussed in Chapter 5 between measurable quanti-
ties from our synthetic catalogs including fault dimension, earthquake size and
stress drop are shown to reproduce essentially all aspects of observables from
natural seismicity. This demonstrates the efficiency of the chosen approach pre-
sented in Chapters 3 and 4 to account for structural heterogeneity in models of
the continuum class. The extended-slip distributions in the seismicity catalog
show very similar characteristics as images of past earthquakes, and hence are
useful for near-source ground-motion calculations. We showed that on the ba-
sis of these physically self-consistent scenario earthquakes example waveforms
and shake intensity maps for a certain target area can be calculated. This
procedure improves existing methods towards more accurate ground-motion
calculations for a variety of physically plausible scenario earthquakes, leading
to a better understanding of near source ground-motion variability.

It has been shown that the efficiency of approaches in generating earthquake
complexity increases from Chapter 1 to 4. The ranking can be described as
follows. Homogeneous hydraulic properties produce complex slip patterns in
a limited parameter range of the dilatancy coefficient, which characterizes the
magnitude of dilatant hardening mechanisms. Nevertheless, nonuniform slip
evolution is persistent for a broad range of possible pore pressure states in
these models. The results confirm that it is difficult to produce some aspects
of numerous complex earthquake related phenomena with homogeneous phys-
ical properties. However, it succeeded in producing heterogeneous slip, which
has shown to be not possible by using purely elastic models with homogeneous
frictional properties, suggesting the importance of fluid related mechanisms in
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the seismogenic process. Future 3-D studies accounting for a broader range of
physical processes during rapid slip such as shear heating may be more suc-
cessful in the generation of nonuniform slip patterns.

A broader range of complexity has been produced by imposed heterogeneous
pore pressure distributions in a sealed fault. This indicates that some kind
of heterogeneity is required to produce the wide range of observed statistical
properties related to faulting. Inherent in this approach is the implicit as-
sumption of structural heterogeneity which leads to different degrees of over-
pressurization due to changing material properties along-strike and down-dip.
The parameterization of geometrical complexity of fault zones implementing
quenched disorder of variable degree by heterogeneous spatial distributions of
a single frictional parameter extends the idea of using variable pore pressures
regimes. The computationally tractable logarithmic range of L values has
been shown to be a powerful parameterization to account for many orders of
magnitude of spatial length scales related to fault complexity. Results suggest
that structural disorder is essential in explaining seismicity patterns and hence
confirms the view that fault heterogeneity plays a dominant role in producing
the observed earthquake complexities. The precise way of distributing the val-
ues across the model plane has been shown to introduce additional degrees of
freedom in governing computed seismic response. In agreement with previous
studies the range of size scales has been identified as the most effective tuning
parameter with the most direct relevance to statistics of structural hetero-
geneity. Mainly, it controls seismic response types of model faults associated
to (im-)maturity and hence geometrical disorder of evolving fault structures.

Outlook

The approaches and tools presented in this work can be used as a basis for
future research as follows:

Additional Physical Processes To continue work on the generation of slip
complexity in models with homogeneous hydro-mechanical properties it is nec-
essary to consider possible shear heating and pore pressure expanding mecha-
nisms during rapid slip. This could easily be realized by adding the governing
equations (derived by Taylor and Rice [1998]) to the existing formulation,
increasing the number of interrelated ordinary differential equations (see Ap-
pendix). Although the consideration of additional physical processes leads to
an increasingly complex system it is expected to make a valuable contribution
on the origin of earthquake complexity. Furthermore, the bulk of frictional
sliding experiments deduces to derive the RS formulation were performed un-
der drained conditions, i. e., the evolution of fluid related parameters in wet
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and undrained environments and its effects on the frictional resistance during
rapid slip needs more careful investigation.

High Velocity Frictional Experiments Related to this problem is the evo-
lution of the state variable and hence friction coefficient during dynamic slip
regimes. The present rate and state formulation has been developed interpret-
ing the evolution of the frictional resistance only at slow and intermediate slip
rates, and not at slip rates that occur during large earthquakes. Currently, re-
searchers extrapolate the slip rate and state evolution to these velocity regimes,
and it can thus not be ruled out that a constitutive law describing the friction
coefficient at high velocities more accurately generates slip heterogeneities even
with homogeneous frictional properties. However, to obtain these evolutionary
laws, high-velocity laboratory friction experiments have to be executed which
are very difficult to realize.

Expanding the Range of Size Scales Considering the limitation of the
range of size scales—parameterized by the range of L values—by finite size
effects discussed in Chapter 4, it is desired to expand the L value range to-
ward smaller orders of magnitude. Although it is currently computationally
too cumbersome to use size scales of L observed in the laboratory, it would
open new possibilities to extrapolate seismicity patterns to micro-seismicity.
Currently, model- as well as recorded seismicity shows a flattening of the power
law behavior for the frequency size statistics. In numerical simulations, the
smallest event size is determined by the spatial dimension of the computa-
tional grid, whereas for recorded seismicity small events cannot be detected
because of the weakness of the seismic signals. More accurate seismic measure-
ments in environments of intermediate scale between large scale tectonics and
the laboratory (i. e., in mining environments) are expected to close this obser-
vational gap, accompanied by numerical experiments using the same size scale.

3-D Nucleation Properties Working on the correlation of hypocenter lo-
cations with physical properties (Ch. 3,4) the identification of a hypocenter
turned out to be a challenging problem. We found three definitions of the
nucleation size in rate and state models, all based on (slightly) different as-
sumptions. Hence, it is difficult to define the nucleation size or the hypocenter
location, even in a clean numerical experiment. These previous estimates of
the nucleation size are based on simulations with fairly homogeneous frictional
properties in 2-D rate and state models. This made it difficult to extend the re-
sults to our 3-D simulations with strongly varying L distributions. Our studies
thus highlight the need of investigations of nucleation properties in heteroge-
neous 3-D cyclic rate and state models.

Control of Earthquake Size Related to this topic is the observed trend
of a magnitude dependence on physical properties that control nucleation size.
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So far, no systematic observations have been made that indicate a consistent
dependence of the final size of an earthquake on its nucleation properties.
Given the view that rupture spreading is controlled by processes during initial
phases of the rupture (nucleation and early propagation) and stress conditions
encountered during the break-out and continued propagation stages, the de-
veloped 3-D model may serve as a starting tool to investigate these complex
interactions.

Temporal Evolution of Parameters In our simulations we used “quenched”
heterogeneity, i. e., heterogeneous distributions of hydraulic (Ch. 2) and fric-
tional parameters (Ch. 3,4) were implemented as boundary conditions, not
subjected to temporal evolution. A time dependent evolution of hydraulical,
frictional or rheological parameters is expected to complexify responses. It
is supposed to produce some properties of natural seismicity that can not be
generated by the approaches presented, such as aftershock sequences, more
realistic seismicity-time lines and possibly the establishment of long range in-
teractions preceding system wide events.

Realistic Ground-Motion Scenarios As demonstrated in Chapter 5, syn-
thetic slip maps of scenario earthquakes generated by the earthquake cycle
simulations discussed in Chapters 3 and 4 provide a self-consistent, physical
basis for strong ground-motion calculations. Because of limited slip rates in
these simulations, however, we used a pseudo-dynamic approach to extract
simplified slip histories of particles on the fault. Future (quasi- and fully dy-
namic) simulations with finer discretization developing dynamic slip rates in
the m/s range are expected to generate more realistic slip histories that depend
on fault stress states resulting from previous earthquakes and driving forces.
Using these informations to calculate ground-motion scenarios would leave no
strongly simplified assumptions in the procedure from the extended source to
specific sites.

The Role of Structure The key result of the present work is that a strong de-
gree of heterogeneity is required to produce model seismicity with properties
similar to natural seismicity. A strong argument for the successful applica-
tion of our method is the generation of realistic frequency size distributions,
which—as a summarizing observation—follow a power law behavior. Hence,
structural properties of fault zones have to be considered to explain seismicity
patterns. While this relation is known, we showed that a power law distri-
bution of size scales—characterizing for example the often emphasized fractal
appearance of cracks and faults in the Earth’s crust—is not needed to pro-
duce a power law statistics of simulated seismicity. Instead, the most powerful
distribution of size scales to produce GR type behavior is a uniform distribu-
tion (of log10(L) values). Recently, an approach rooting in biology and control
systems emphasizes the role of structure (deliberately ‘designed’ by natural se-
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lection and engineers) in explaining power law behavior of event sizes in these
systems [e. g., Carlson and Doyle, 1999; Zhou and Carlson, 2000; Carlson and
Doyle, 2002]. Because of these similarities the concept of ‘Highly Optimized
Tolerance’ is expected to be applicable to the earthquake-complexity problem,
focusing on the role of structure in the event generating process.



Appendix A

The Numerical Procedure

We describe basic features and ingredients of the numerical techniques used to
carry out the investigations discussed in Chapters 1–4. As has been outlined
in the Introduction, the mathematical description of the elastic and elasto-
hydraulic problem differ only in two equations. As will be shown, this distinc-
tion requires different numerical techniques to solve the two systems.

A.1 Introduction

Set of First Order ODEs As has been outlined in Chapter 1 and 3, both
the elastic and elasto-hydraulic problem is governed by a set of coupled first
order differential equations (ODEs), having the general form

dyi(t)

dt
= fi(t, y1, . . . , yN), (A.1)

with i = 1, . . . , 4 and i = 1, . . . , 6, respectively. For the elastic case, we
introduce the notation

f1 = ẏ1 = θ̇ (A.2)

f2 = ẏ2 = µ̇

f3 = ẏ3 = v̇

f4 = ẏ4 = u̇

where overdots denote time derivatives. We can write the set of four coupled
ODEs as (see Eq. 3.3, 3.2, 3.6)

f1 = f1(y1, y3) (A.3)

f2 = f2(y1, y3, f1, f3)

f3 = f3(y1, y3, f1)

f4 = f4(y3)
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For the elasto-hydraulic case, we have two additional variables

f5 = ẏ5 = φ̇ (A.4)

f6 = ẏ6 = ṗ

Here, the corresponding set of six coupled ODEs is (see Eq. 1.3, 1.2, 1.5, 1.9,
1.7 in Ch. 1)

f1 = f1(y1, y3) (A.5)

f2 = f2(y1, y3, f1, f3)

f3 = f3(y1, y2, y3, y6, f1, f6)

f4 = f4(y3)

f5 = f5(y3, y5)

f6 = f6(y6, f5)

Note that only f1, f3 and f1, f3, f5, f6 in Equations A.3 and A.5, respectively, are
the governing equations and f2 and f4 do not control the system’s response but
have been introduced for convenience to monitor the evolution of frictional
resistance and slip. The above notation refers to the physical formulation of
the problem in general, i. e., the equations describe the evolution of parameters
for one computational cell, representative of the entire system. The problem is
now to solve these two initial value problems, where the exact choice of initial
conditions,

yi(t0 = 0) = yi,0 (A.6)

does not control the system’s overall response once it reached its dynamic
attractor [e. g., Scholz , 1990, Fig. 5.36]. However, initial conditions should be
chosen carefully (physically reasonable) to avoid complications in early stages
of the simulations (N. Lapusta, pers. comm.). Since both algorithms applied
in the present thesis use classical Runge-Kutta (RK) schemes we proceed with
introductory notes on these schemes. It turned out that the elastic problem can
be solved faster by an explicit RK scheme (→ nonstiff problem), whereas the
elasto-hydraulic system needs an implicit RK method to finish computations
in a reasonable amount of time (→ stiff problem). Before we introduce explicit
and implicit RK methods, let’s take a short side trip exploring the implications
of stiff and nonstiff problems.

A.2 Stiffness

Whether a problem is stiff or not calls for different numerical techniques for
solving it. As we started tackling the elastic problem we had good reason to
believe the system is stiff, since Rice [1993] in his 3-D quasi-dynamic approach
solving the elastic problem in terms of v and τ pointed out that “The govern-
ing equations are extremely ‘stiff’ and an implicit integration procedure was
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devised [...]”. Note that stiffness in this sense has nothing in common with
the term ‘stiffness matrix’, K, used in Chapter 1–4. First doubts about the
appropriate tool appeared after learning that Lapusta et al. [2000] “[...] pro-
ceed in the spirit of a [explicit] second-order RK procedure [...]” by solving
the same set of physical equations in a 2-D elasto-dynamic problem. Further-
more, “Stiffness occurs in a problem where there are two or more very different
time scales of the independent variable on which the dependent variables are
changing” [Press et al., 1992]. That seems to match perfectly with the given
problem, since time scales range from interevent times with larger integration
steps (low v, high θ) to coseismic slip regimes (large v, small θ) where integra-
tion intervals are smallest. However, the following statement sounds somewhat
different: “For stiff problems you have two different time scales at the same
time instant. This does not seem to be the case in your situation” (E. Hairer,
pers. comm.). This rating holds true for the elastic problem, where v and θ
change on the same timescale as discussed. Another opinion: “Although it is
common to talk about ‘stiff differential equations’, an equation per se is not
stiff, a particular initial value problem for that equation may be stiff, in some
regions, but the sizes of these regions depend on the initial values and the error
tolerances” [Gear , 1982]. Since it seems to be difficult or even impossible to
give a mathematically precise definition of stiffness, here is a more practical
view: “I would call a problem stiff if an implicit [...] method performs more
efficiently than an explicit Runge-Kutta method” (E. Hairer, pers. comm.),
or more crisp: “Stiff equations are problems for which explicit methods don’t
work” [Hairer and Wanner , 1996, p. 2]. Based on this approach, it turned out
that the elastic problem is a nonstiff problem (explicit RK outperforms implict
RK), whereas the elasto-hydraulic problem is a stiff problem (vice versa). With
this result in mind, we will briefly explain explicit and implicit RK methods
of different order.

A.3 Explicit Runge-Kutta

Runge-Kutta The initial value problem ẏ = ẏ(t, y), y(t0) = y0 can be solved
by an explicit mid-point rule with an Euler predictor, i. e., the advance of a
solution from yn to yn+1 through an interval δt, yn+1 = yn+δt ·f(tn, yn). Using
an explicit midpoint (→ δt/2) rule one obtains

k1 = k1(tn, yn) (A.7)

k2 = k2

(
tn +

δt

2
, yn + k1

δt

2

)

yn+1 = yn + δt k2

The method is called explicit because the new value yn+1 is computed using
the old value yn. The global error of this first step can be determined by
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subtracting the Taylor expansion of yn+1 as a function of δt in Equation A.7
from the Taylor series of the exact solution y(tn + δt) [Hairer et al., 1993]. It
can be shown that the error of the solution is bounded by Cδt2m, where C is
a constant depending on the problem and δtm is the maximal step size. By
adding more Euler steps one obtains the generalized RK scheme:

k1 = k1(tn, yn) (A.8)

k2 = k2(tn + c2δt, yn + δta21k1)

k3 = k3(tn + c3δt, yn + δt(a31k1 + a32k2))

· · ·

ks = ks(tn + csh, yn + δt(as1k1 + · · ·+ as,s−1ks−1))

yn+1 = yn + δt(b1k1 + · · ·+ bsks)

which can be written as

ki = ki

(
tn + ciδt, yn + δt

i−1∑

j=1

aijkj

)
, i = 1, . . . , s (A.9)

yi = yn + δt
s∑

i=1

biki

The number of stages is given by s, and a21, . . . , as,s−1, b1, . . . , bs, c1, . . . , cs

with ci =
∑

j aij are real coefficients where a is not defined for i < 2. The
slopes ki are weighted by bi, and for the classical fourth-order RK method the
bi are chosen as 1/6 · [1, 2, 2, 1]. The order p of a RK method is obtained if the
Taylor series for the exact solution and for yn+1 coincide up to the term δtp

[Hairer et al., 1993; Press et al., 1992]

‖ y(tn + δt) − yn+1‖ ≤ O(δtp+1). (A.10)

Explicit Code All what is left to do to integrate a system from t0 to tend is
to successively apply Scheme A.8 with appropriate choices of δt to keep the
error small. The codes used have an adaptive step size control to assure small
errors. The coefficients a, b, c need to be determined in such a way that the
method has on order as high as possible. Hence, they influence the quality
of the solution but are a matter of choice. The codes DOPRI5 and DOP853
(available at http://www.unige.ch/∼hairer/software.html), explicit RK
methods of order 5 and 8 used to integrate the elastic, nonstiff problem, ap-
ply the coefficients by Dormand and Prince. The explicit Dormand & Prince
methods work fine for the elastic case, although the solver routines sometimes
detect possible stiffness (see Section A.7). However, codes are significantly
faster than an implicit method applied to the system in Equation A.3. This is
not the case for the elasto-hydraulic problem discussed next.
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A.4 Implicit Runge-Kutta

Runge-Kutta Equation A.7 can be rewritten using the backward Euler scheme
yn+1 = yn + δt · f(tn+1, yn+1). This leads to the implicit midpoint rule

k1 = k1

(
tn +

δt

2
, yn + k1

δt

2

)
(A.11)

yn+1 = yn + δt k1

Implicit refers to the evaluation of the right-hand side of the backward Euler
scheme at the new yn+1 location. In terms of Equation A.9, the general s stage
RK method can be written as

ki = ki

(
tn + ciδt, yn + δt

i−1∑

j=1

aijkj

)
, i = 1, . . . , s (A.12)

yn+1 = yn + δt

s∑

j=1

biki

with a, b, c being real numbers. Note that when aij = 0 for i ≥ j the scheme
is an explicit RK method [Hairer et al., 1993]. When solving the backward
Euler scheme iteratively to obtain the desired solution yn+1, one has to solve
1− δt aij ⊗J , where J = ∂fi/∂yj is the Jacobian matrix of the partial deriva-
tives, and ⊗ denotes a tensor product [Hairer and Wanner , 1996]. Thus, to
solve Scheme A.12 for all yn+1 it is necessary to solve a system of equations
simultaneously. The advantage of implicit methods is that they are uncondi-
tionally stable for any step size δt. However, if one takes large time steps the
solution is likely to become inaccurate, so that an appropriate step size control
is necessary.

Implicit Code Solving the elasto-hydraulic problem it turned out that the
implicit 3 stage RK code of order 5, RADAU5 by Hairer and Wanner [1996],
performs far more efficient than the explicit codes, indicating that this is a stiff
problem. RADAU5 uses the so-called ‘Radau scheme’ instead of the midpoint
rule in Equation A.11. (Interestingly, setting at least f5 = 0 or f6 = 0 makes
the explicit method perform better.)

The Jacobian In the implicit method at each step the Jacobian matrix needs
to be inverted. “When applying such a method, one must carefully take ad-
vantage of the banded or sparse structure of the Jacobian matrix. Otherwise
the numerical work involved in the linear algebra would increase with [nxz3],
precisely as for the work for the explicit method [...]” [Hairer and Wanner ,
1996]. Here, nxz is the number of grid points, nx × nz. Since the calling
program passes a vector Y of the size nq = 6 × nxz containing the entire
system to the solver routine, the rearrangement of variables from the six 2-D
initial values matrices (e. g. yi(t0) = dim(nx, nz)) into the 1-D vector (see
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source code of RADAU5) is not trivial. It controls the overall applicability of
the code in terms of memory allocation as will be demonstrated later. Thus,
the system has to be organized such that a Jacobian emerges having a banded
structure. With the notation from Equation A.5 the structure of the Jacobian
for one cell with i, j = 1, . . . , 6 looks like

A =
∂fi
∂yj

=




1 0 1 0 0 0
1 1 1 0 1 1
1 1 1 0 1 1
0 0 1 0 0 0
0 0 1 0 1 0
0 0 1 0 1 1




(A.13)

where 1 represent nonzero entries. The philosophy for arranging six values of
nxz cells into the 1-D vector Y is that the vector is filled cellwise, i. e., the first
six values are y1, . . . , y6 of cell 1, values 7 − 12 are y1, . . . , y6 of cell 2 (down
dip) etc. An alternative scheme is to store first all nxz y1 values followed by
nxz y2 etc. The Jacobian’s structure with A from Equation A.13 for the first
method is

J =




A 0 · · · 0
0 A · · · 0
...

. . .
...

0 · · · 0 A


 (A.14)

The dimension of J is (nq, nq), since it is assembled from nxz A matrices of di-
mension (6, 6). The “identity” structure of J allows the allocation of a double
precision array of the size (2 MUJAC+1, nq). MUJAC is the upper bandwidth
of J , i. e., the number of nonzero diagonals above the main diagonal. Here,
MUJAC = MLJAC = 5 (cf. Eq. A.13), with MLJAC being the corresponding
number below the main diagonal. Obviously, this reduces memory allocation
significantly compared to a full Jacobian and to the alternative arrangement
scheme.

A.5 Interface & Implementation

Using the solver routines requires the specification of the subroutine FCN that
contains the set of ODEs given in Equations A.3 and A.5 for the elastic and
elasto-hydraulic problem, respectively. The implicit code offers the choice of
providing the exact J in the subroutine JAC or leaving it a dummy rou-
tine. For the latter case J is approximated by an internal finite difference
scheme, which has been used in the simulations of Chapter 1 and 2. When
calling the solver routines the main program specifies tend, the end point of
the integration at which the solver provides the final values of the variables
Yi(tend), i = 1, . . . , nq. The subroutine SOLOUT provides the opportunity to
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monitor intermediate results along the integration path t0 → tend and is called
after every successful step. SOLOUT calls user supplied subroutines extracting
the earthquake catalog from the continuous stream of velocity values (cf. Ch.
3, Sec. 3.6.2). Since integration steps δt are not known in advance, SOLOUT
contains interpolation routines to compute results at equidistant time incre-
ments, ∆t. Another approach to save results every ∆t years is to integrate
only from tn to tn+1 = tn + ∆t and continue this procedure until tn+1 = tend.
The main program provides both opportunities since interpolation can take
most of the computational time in case ∆t ≤ 2 years in interseismic periods.

Each of the solver routines can be tuned to the problem at hand by choos-
ing sophisticated parameter setting. Among these, the most significant pa-
rameters are local error tolerances, Ltol, as a sum of weighted relative errors,
Rtol, and absolute errors, Atol. The latter can be chosen to be either scalar
(Ltoli = Rtol × abs(yi) + Atol) or vectors (Ltoli = Rtoli × abs(yi) + Atoli).
Furthermore, the choice of successive integration steps δt can be made safer
by specifying tight bounds for the evolution of δt with respect to the previous
value. For RADAU5, working arrays of size LRW need to be allocated for
the computation of J and accompanying algebra for matrix inversion. As dis-
cussed, the allocation of this array places strong constraints on the numerical
tractability in case J is chosen inappropriate. For example, using the general
size (LRW) for a double precision working array requested by RADAU5,

LRW = nq (LJAC + 3 LE + 12) + 20 (A.15)

a problem with nx = 512 × nz = 128 cells and a full Jacobian (→ LJAC =
LE = nq) requires approximately 5 × 106 MB RAM. However, taking ad-
vantage of the banded structure (→ LJAC = MLJAC + MUJAC + 1, LE =
2 × MLJAC + MUJAC + 1) leads to an initial memory allocation of only 223
MB. To use the implicit method, subroutines for decomposition and backsub-
stitution of linear systems, DC DECSOL, have to be supplied that in turn
use the subroutines of DECSOL. Alternatively, DC LAPACK and LAPACK
can be used. The use of vendor optimized versions of LAPACK for specific
computer architectures may speed up computations.

A.6 Additional Software

The stiffness kernel K is derived using the Chinnery solution [Chinnery , 1963]
for stress due to (strike) slip on a vertical rectangular fault patch following
materials modified from an original code by W. D. Stuart provided by T. E.
Tullis. To compute the stress-slip redistribution, τ r, we use a subroutine that
calculates the convolution of the velocity field (v∞ − vij) with the stiffness
kernel K, taken from J. R. Rice’s program to his 1993 paper, kindly provided
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by Y. Liu. The FFT computation is done by the algorithm TWOFFT from
Press et al. [1992].

A.7 Profiling Examples

We performed several example problems to demonstrate differences in per-
formance due to variable parameter settings, summarized in Table A.1. The
default problem, PROE1, solves the elastic set of equations (Eq. A.3), on a
grid of nx = 512 × nz = 128 cells, leading to 262144 equations. Solver re-
lated parameters other than default values are Rtol = [10−4, 10−3, 10−4, 10−3],
Atol = [10−6, 10−6, 10−6, 10−6] for y1, . . . , y4, respectively, 0.2 < δtnew/δtold <
1.5, and the maximal number of allowed steps is 5 × 106. Physical param-
eters are L = 0.025 m = const., η = 104 × η0 and σe = 100MPa. Solu-
tions should be obtained at tend = 500 years with initial conditions y1(t0) =
L/v0 years, y2(t0) = µ0 σe, y3(t0) = v∞/100 m/year, y4(t0) = 0 m. The profiling
was done applying the following procedure [Dowd and Severance, 1998]

>> f90 -o program.exe program.f90

>> atom -tool pixie program.exe

>> ./program.exe.pixie

>> prof -pixie program.exe > program.prof.

As can be inferred from Table A.1, the 8th order method is slightly slower
than the 5th order method (PROE1 vs. PROE5), but differences in the results
are negligible. Figure A.7 displays the profiling result of PROE1, indicating
that 83.2% of computational time are spent for the FFT procedure calculating
stress redistributions. For PROE1, the automatic stiffness detector in DOP853
[Hairer and Wanner , 1996, p. 21 ff.] prints the following messages to the
standard output

>> THE PROBLEM SEEMS TO BECOME STIFF AT X = 88.09133862

>> THE PROBLEM SEEMS TO BECOME STIFF AT X = 311.05775174

>> THE PROBLEM SEEMS TO BECOME STIFF AT X = 330.36134807

>> THE PROBLEM SEEMS TO BECOME STIFF AT X = 422.72139293

>> THE PROBLEM SEEMS TO BECOME STIFF AT X = 422.72825303

>> THE PROBLEM SEEMS TO BECOME STIFF AT X = 437.98450403.

Figure A.7 indicates the occurrence of these warnings throughout the seis-
mic cycle. Nevertheless, the explicit solver performs far more efficient than
an implicit solver does for this problem. DOPRI5 detects the same cor-
respondence, but at t = [311.1783, 311.1796, 422.5245, 422.5251, 422.5256,
422.5259, 422.5263] years, respectively. PROE2 saves intermediate results ev-
ery ∆t = 1year, provided by SOLOUT. Note the significant increase (factor
70) in cpu time, which is due to the interpolation scheme CONTD8, requiring
98.7% of the total run time (Fig. A.7). To avoid these delays, PROE3 demon-
strates the use of the ‘splitting’ option described earlier. It is still slower by
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Figure A.1: Profiling results of model PROE1. ‘instrs %’ counts the percentage of executed
time of a particular procedure, and ‘cum %’ is a measure for cumulative
percentage of execution time.

a factor of 2 than PROE1 (no or continuous output), but significantly faster
than PROE3. These particular results depend strongly on the problem at
hand. For η = η0, more and finer time steps are needed in coseismic periods,
leading to a better ratio of no or continuous output to equidistant output set-
tings. Furthermore, a larger L value speeds up computation as well due to an
accompanying increase in δt, in agreement with the time stepping procedure
in Lapusta et al. [2000]. In PROE4 we took advantage of the DO loop based
algorithm in the FFT routines by automatically parallelizing them using a
KAP precompiler installed on a local VMS machine. Typing

>> kapf /conc/minconcurrent=100/psyntax=openmp

/cmp=programOMP.f90 program.f90

(with a blank between openmp and /cmp) is rewarded with an optimized
and parallelized source code (programOMP.f90) containing OpenMP direc-
tives [e. g., Petersen and Arbenz , 2004]. Since the FFT routines take 83.2% of
cpu time in the default problem PROE1, distributing their execution to two
cpus on a shared memorey architecutre results in a gain of 1/3 (PROE4). We
also show one example of the elasto-hydraulic case, PROH1, using RADAU5
to solve Scheme A.5 with c∗ = 108 1/year (leading to the same physical results
as in the purely elastic case, see Figs. 1.4&1.5 in Ch. 1). We had to reduce the



180 A The Numerical Procedure

Figure A.2: Parameter evolution along the course of integration, PROE1. Arrows mark
possible stiffness detection (see text for details).

Figure A.3: Profiling results of model PROE2.
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Problem Description cpu time [min] steps nq Solver
PROE1 default, no output 97 1022 262144 DOP853
PROE2 eqdist. output, ∆t = 1 year, interp. 6746 1022 262144 DOP853
PROE3 eqdist. output, ∆t = 1 year, split 199 2208 262144 DOP853
PROE4 parallel FFT (2 cpus), no output 65 1022 262144 DOP853
PROE5 default, no output 92 2194 262144 DOPRI5
PROH1 elasto-hydraulic, cont. output 1083 18068 98304 RADAU5

Table A.1: Results were obtained at WAIHEKE, which is part of the HAURAKI Tru-
Cluster at ETH’s Institute of Geophysics, with 667 MHz and 14 GB RAM.
The difference between ‘no ouput’ and ‘cont. output’ in PROE1, PROH1, is
negligible.

Figure A.4: Profiling results of model PROH1.

spatial dimension of the system choosing nx = 256 × nz = 64 → nq = 98304
to finish computations in a reasonable amount of time. Additional error tol-
erances for y5 and y6 are Rtol = [10−3, 10−3], Atol = [10−6, 10−6], respectively,
with inital conditions y5(t0) = 0.1, y6(t0) = phyd. Solver related parameters
are chosen as MUJAC = MLJAC = 5, 0.5 < δtnew/δtold < 5 and the Jaco-
bian should be recomputed after every accepted step. This and the stopping
criterion for Newton’s method, min[0.005, Rtol(1)1/2] (smaller↔safer↔slower,
code’s default: min[0.03, Rtol(1)1/2]) are the main user specified reasons for
the slow progress of A.7. However, less tight parameter settings result in prob-
lems along the integration path and often to terminations of the solver. This
becomes essentially important in case of heterogeneous hydraulic properties
across the fault plane. Specific values for certain solver specific parameters
might lead to an increase in speed for fairly simple problems but are not
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handled individually by the calling main program and leave hence room for
improvements. For the presented example PROH1, we used vendor optimized
versions of the LAPACK routines (/usr/shlib/libcxml.so on a Compaq
Tru64 UNIX V5.1B OS). Although the system is by a factor of 2.7 smaller
than the elastic problem (in terms of nq), cpu time required to integrate it over
500 years is significantly larger (compared to PROE1). For PROE1, 6.62% of
the total run time are spent on core integrator DP86CO, and 4.27% on cal-
culating the derivatives in FCN. Contrary, for PROH1 12.95% are spent on
the integrator RADCOR, and 12.75% on FCN, indicating the increased ratio
of numerical algebra routines used to solve for the Jacobian. Table A.1 shows
the relatively slow progress of the stiff system due to smaller time steps during
the integration, indicated by the large number of successful time steps. In
Chapter 2 we presented results with heterogeneous λ distributions on the 2-D
fault plane, i. e., λ values occupy the range indicated by the vertical lines in the
phase diagram shown in Figure 2.4b. Another interesting approach would be
to investigate systems with heterogeneous distributions of other fluid-related
parameters, such as variable c∗ or ε. However, imposing heterogeneous 2-D
c∗ or ε distributions whose values on the abscissa cross boundaries between
stability regimes indicated in Figures 2.4a and 2.4b, respectively, lead at some
point during the course of integration to the standard output message

>> MATRIX IS REPEATEDLY SINGULAR,

accompanying the abortive end of the computation.

A.8 Concluding Remarks

Although different codes were available to me at the beginning of the doctoral
project (i. e., a code kindly provided by H. Hirose, solving a 3D rate/state
problem on a subduction geometry using an explicit fifth-order Runge-Kutta
scheme from Press et al. [1992]), I started creating my own program ending
up with the described solver routines by E. Hairer and G. Wanner. The de-
cision to start from scratch was motivated by a working MATLAB version of
the code developed by myself, using solver from MATLAB’s ODE suite. First
attempts creating my own FORTRAN code failed because of ongoing prob-
lems with routines from Press et al. [1992]. These problems might partly be
due to poorly developed FORTRAN programming skills of mine at that stage,
but I learned the routines are not kindly regarded throughout the program-
mers community due to their stability performance (E. Hairer, L. Shampine,
pers. comm.). I declined the suggestion of writing my own RK algorithm (H.
Igel, pers. comm.), since many tested programs are out there (e. g., DVODE,
VODE, ODEPACK, solver within the NAG libraries, etc.) developed by pro-
grammers with a lot more skills and experience than I will ever have. It has
become clear that I treated the solver routines like ‘black boxes’. However,
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these boxes provide several tuning knobs and interfaces for appropriate and
user friendly applications. Although I did not screw the boxes apart to un-
derstand each of its springs, I tried to capture the main principles of their
assemblage as outlined above. In summary, all essential ingredients necessary
for the forward calculation like the stiffness kernel generator, the stress-slip
convolution using FFT and the RK solver routines, with the implicit one de-
pending on linear algebra routines, were available. The simple task was to put
the pieces together in just the right fashion. . .

Finally, I want to take the advantage of a malleable thesis’ appendix to ac-
knowledge all those people who helped setting up my programs in one or the
other way and to get and keep them running on various machines: E. Hairer
and W. P. Petersen, I. Oprsal, S. Goes, K. Regenauer-Lieb, Bongo, T. Racic,
G. M. Sigut, P. M. Mai, S. A. Miller, Y. Ben-Zion, D. Schorlemmer, J. Woess-
ner, J. Ripperger, Y. Liu, B. Kaus, J. Kierzenka, A. Candel, H. Hirose, and L.
Shampine.
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of the fault. (d) Seismicity evolution. (e) Cumulative Benioff
strain release. Circles in (d) and (e) mark corresponding large
earthquakes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

3.13 Spatial distribution of hypocenters for two P2-models (16 × 2
patches), (a) MP5 and (b) MP6 and two P3-models (32 × 4
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Dashed line in (a), (b), (d), (e) marks lower bound of the seis-
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3.14 Mean (solid circles) and median (open circles) log10(L) value at
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853. ‘Magnitude range’: Datapoint at e. g. ML = 4.5 contains
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3.15 Examples of final slip distributions. Events with four different
magnitudes are taken from four simulations corresponding to
L distributions (a)−(d) in Figure 3.10. Magnitude, ML, and
maximum slip, umax, are given in the lower left corner of each
slip map. Grey-intensity is scaled to umax of each single event.
White dots denote hypocenters. The distances along strike and
depth correspond to the actual position on the 200 km × 24 km
fault. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

3.16 Left panel: Response to model MH1, (a) 2-D depth dependent
L distribution, 32×2 patches between z = −3 and z = −15 km;
a− b profile 2 of Figure 3.3a. Right panel: Response to model
MH3, (a) 2-D depth dependent L distribution, 64 × 4 patches
between z = −3 km and z = −15 km; a− b = −0.004 = const.
For both models: Lmin = 0.005m, α = 103. (b) Spatial distri-
bution of hypocenters. (c) Hypocenter location as a function of
L and resulting FS statistics. (d) Average stress AS, (e) Stan-
dard deviation of stress, SD, in the top 15 km. (f) Temporal
seismicity evolution. . . . . . . . . . . . . . . . . . . . . . . . . 99

4.1 (a) Rate and state controlled vertical strike-slip fault plane
embedded in a 3-D elastic half space, loaded by aseismic slip
rate v∞ = 35 mm/year at its downward extension. Frictional
properties apply over a depth range of Zdepth = 24 km along a
fault of length Xlength = [100, 200] km. (b) Employed profiles of
frictional scaling parameters, a, b and a−b. Standard distribu-
tion without velocity-strengthening zone at shallow depth. (b)
Pressure profiles. Lithostatic normal stress, σn, pore pressure,
p, and effective normal stress, σe. . . . . . . . . . . . . . . . . . 109

4.2 A set of typical correlated 2-D L distributions. All maps are
generated with the same parameter set, i. e., same phase and
Hurst exponent, H = 0.8 (see Sec. 4.4). (a)−(d) Increase
in correlation length along strike and depth, ax and az, re-
spectively, where values on the plane are distributed uniform
(“Ld uniform”). (e)&(f) Spatial distributions of L values cor-
respond to those in (a)&(b), with Ld Gaussian. Corresponding
horizontal profiles of the spatial L distributions are shown in
Figure 4.3. Histograms in (g)&(h) illustrate Ld uniform and
Gaussian, respectively. They differ in the effective range of val-
ues of the physical parameter L, which is used to characterize
different ranges of size scales associated with fault zone maturity.113
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4.3 Horizontal profiles of 2-D L distributions at z = −9 km. (a)
Correlated L distribution, Ld Gaussian (→ narrow range of
size scales), with ax = az = 1km and ax = az = 10 km,
respectively (cf. Fig. 4.2d). (b) Correlated L distribution, Ld

uniform (→ wide range of size scales), with ax = az = 1km
and ax = az = 10 km, respectively (cf. Fig. 4.2a&d). (c)
Example of a 2-D chessboard L distribution discussed in Hillers
et al. [2006], Ld uniform (→ wide range of size scales), with
8 × 1 and 64 × 8 patches along strike and depth, respectively
(cf. Fig. 9a&d in Hillers et al. [2006]). Topology differences
between (b) and (c) explain changes in response types between
models sharing the same tuning parameter ‘range of size scales’.115
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Right panels: Temporal seismicity evolution. Black bars/solid
circles: Ld uniform. White bars/open circles: Ld Gaussian.
For result classification see Table 4.1. . . . . . . . . . . . . . . 117

4.5 The coefficient of variation, CV, defined as the ratio of stan-
dard deviation and mean value of the interevent time distri-
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4.7 (a) Number of hypocenters as a function of L at hypocenter
location for models with variable ax and az = 10 km = const.,
H = 0.8 = const. The inset shows corresponding cumulative
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4.8 (a)−(c) 2-D L distributions for variable H and ax = az =
5 km = const. to demonstrate the use of the Hurst exponent
as a tuning parameter for roughness (Ld uniform; Colorrange
as in Fig. 4.2). (d)−(f) Corresponding FS statistics. Dashed
line: Reference slope. . . . . . . . . . . . . . . . . . . . . . . . 124

4.9 Results from two hybrid models. (a) Distribution of hypocen-
ter locations as a function of L at the hypocenter. (b) Corre-
sponding FS statistics. Dashed line: Reference slope. Seismic-
ity evolution for (c) Ld uniform and (d) Ld Gaussian. Average
stress on the upper 15 km of the fault for (e) Ld uniform and
(f) Ld Gaussian. . . . . . . . . . . . . . . . . . . . . . . . . . . 127

4.10 Example to illustrate the correlation procedure described in
Section 4.7.2. (a) Hypocenter distribution of model CL018.
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hn

D92 in Equation 4.8. (c) Normalized spatial distribution of
the coupling coefficient χ. (d) Normalized spatial derivative of
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4.11 Correlation of hypocenter locations with physical parameters
L, hs

R93, χ, dχ, normalized to the underlying distribution of
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ax = az = 1km, and (e)−(h) ax = az = 10 km. White bars
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8×1 patches) from Hillers et al. [2006], where also Ld uniform.
Note the relatively good correlation between the occurrence of
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4.12 Spatial distribution of hypocenters for (a) ax = az = 1km
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sent one single event. Dotted lines denote minimum L value,
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4.15 Standard area-size scaling for ML ≥ 6 events. Data are col-
lected from 12 models, in particular from four models with Ld
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4.16 Correlations of the number of hypocenters on effective nucle-
ation size, dependent on potentially smaller (a) and larger (c)
nucleation sizes, hn, with respect to the standard hn
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(b) (cf. Fig. 4.11b). The smaller the assumed nucleation size,
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5.1 Distributions of source parameters of the combined earthquake
catalog obtained in rate and state controlled seismicity simula-
tions. The fault-average stress drop refers to the average stress
drop on those computational cells on the model fault that ac-
tually slipped during the seismic event, and hence is distinctly
different from a classical “static” stress drop estimate. . . . . . 147

5.2 Area-moment scaling for the catalog of simulated seismicity
(5.3 ≤ Mw ≤ 7.4), indicating a general trend of the data to
exhibit constant “static” stress drop scaling. The inclined lines
depict the classical constant stress drop model, and slight de-
viations towards higher static stress drop for larger events can
be observed. Note also the symbol colors indicate the aver-
age on-fault stress drop for the slip-patches, and hence car-
ries some information on the quasi-dynamic rupture behavior.
The graph indicates also the on-fault stress drop increases with
magnitude. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
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5.3 Area-moment scaling for strike-slip (inverted triangles) and
dip-slip (diamonds) events in the finite-source rupture model
database. The graph indicates that these data in general fol-
low self-similar scaling Mo ∝ A3/2, but slight deviations from
the general trend cannot be excluded. . . . . . . . . . . . . . . 150

5.4 Scaling of maximum displacement Dmax with rupture length
for a global catalog of moderate to large strike-slip earthquakes
(modified after Manighetti et al. [1990]; open symbols denote
historic events in the 13th - 16th century for which the given
data are very uncertain. The curves depict the scaling behav-
ior according to the pore-pressure dependent model by Miller
[2002] for different locking depth W . We assume an average
ratio λ of pore pressure p to lithostatic (normal) stress, σn, of
0.6 and a median static stress drop ∆τ = 5.0MPa. The over-
all trend of the slip-length scaling is well modeled with this
approach for the very long ruptures, while for shorter fault a
linear slip-length scaling appears to be more appropriate. . . . 151

5.5 Similar graph as shown in Figure 5.4 for the finite-source database,
but now shown for the maximum slip on the fault plane (top)
and the average displacement (bottom). The pore-pressure de-
pendent scaling model is shown as well, with parameters that
are slightly adjusted to match the trend of the data. Note that
we made no attempt to fit the data optimally in order to infer
λ or ∆τ , but we rather want to show the general applicability
of this model. . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

5.6 Same as Figure 5.4, plotted for the maximum displacements
of the earthquakes in the simulated seismicity catalog. The
Miller-model for pore-pressure dependent slip-length scaling is
also shown, where we simplify the depth-dependent λ distri-
bution for the simulations [see Hillers et al., 2005] using the
median value over the seismogenic width. . . . . . . . . . . . . 153

5.7 Compilation of two-dimensional slip distributions, obtained
by numerical modeling of rate-and-state-dependent seismicity.
Slip on the fault plane is variable, concentrated in one or more
high-slip patches, surrounded be regions of little displacement.
The white dots indicate the hypocenter position, which are
located at the edges of the large slip patches (“asperities”),
similar to what has been found for imaged slip maps of past
earthquakes [Mai et al., 2005]. . . . . . . . . . . . . . . . . . . 154

5.8 Length-moment scaling obtained for the simulated seismicity
catalog. Grey shades in the symbols indicate on-fault stress
drop. Lines for self-similar scaling (n = 3) and “W-model”
behavior (n = 1) are shown for reference. . . . . . . . . . . . . 156
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5.9 Same as Figure 5.8 for the database of finite-source rupture
models. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

5.10 Source-rupture models (7.1 ≤ Mw ≤ 7.3), extracted from
the CL008-catalog of Hillers et al. [2005] (Gaussian distribu-
tion of the critical slip-distance Lc, with correlation lengths
ax = az = 5.0 km and Hurst exponent H = 0.8.) used for
strong-motion calculations. Grey-shades indicate slip on the
fault plane (in meter), the black contour lines depict the prop-
agating rupture front at every 2 sec, starting from the hypocen-
ter (white star). Along-strike coordinates are shown according
to the geometrical setup (Fig. 5.11). . . . . . . . . . . . . . . . 158

5.11 Receiver distribution for near-source ground-motion calcula-
tions in the Eastern Marmara Sea (small triangles), with an ad-
ditional three stations in the city of Istanbul (SIT, HIS, BUS).
Thin lines depict the coast line, the thick broken line show the
simplified fault trace of the Northern North Anatolian Fault
Zone (NNAFZ) as it traverses the Marmara Sea. The bold line,
extending from [−100 0] km along-strike represents the surface
projection of the vertical fault plane at depth onto which we
place the source-rupture models for ground-motion calculation. 159

5.12 Ground-motions at site SIT (Figure 5.11) for the scenario earth-
quakes shown in Figure 5.10. While some of the synthetics are
dominated by a single, large velocity pulse, others show more
complex waveforms. Note that the two horizontal components
(EW equals fault-parallel, NS is the fault-normal component)
are drawn at the same scale while the vertical component (UD)
is shown at a different scale. . . . . . . . . . . . . . . . . . . . 161

5.13 Ground-motion map for a scenario rupture of magnitude M =
7.2, starting at X = −65 km and propagating eastwards, to-
ward the city of Istanbul. Both peak-ground velocity (PGV ,
left) and peak-ground acceleration (PGA, right) show strong
directivity effects. . . . . . . . . . . . . . . . . . . . . . . . . . 162

5.14 Same as Figure 5.13 for a magnitude M = 7.3 earthquake
which starts at X = 93 km. Due to the longer rupture length,
the slightly higher magnitude, but particularly the more com-
plex slip distribution on the fault plane (Figure 5.10), the max-
imum PGV and PGA values are larger. Note also that for this
case a much larger area experiences severe shaking. . . . . . . . 163

A.1 Profiling results of model PROE1. ‘instrs %’ counts the per-
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